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Complex Variables
Lecture - 08
Cauchy-Riemann Equations

So, we have seen how the idea of a derivative is somewhat involved when we are working
with a function of a complex variable and we have seen how differentiability is a rather
demanding condition upon a function. So, in this lecture we will look at what kind of
properties a function which is differentiable at a certain point, what kind of conditions must it

satisfy and which will allow us to derive the so called Cauchy-Riemann conditions.
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Cauchy-Riemann Equations.

We have seen that a general function of a complex variable may be written in the form:

f@ = ulx,y) +ivx,y)

where u(x, y) and v(x, y) are in general independent functions of x and y. We have also seen that if the differentiability of such a function at some
point, is a rather strong condition. Now we investigate what consequences differentiability has on the two functions u(x, y) and w(x, ).

Suppose the function f(z) is differentiable at the point z = 7). The derivative of a function f(z) at a point 7y is given by:

0z ’

fe)=lims.

Since the above limit exists, it implies that the limit must be the same, no matter in which direction the limit is taken.
imposed by differentiability. Let us write 2 = % +iyp and 6z = 6x+i4y in general. If we take the limit along {
Thus we have:

; . (x+iyg+0x) - flxg+iyp)
Sl =limg o (20022000

So, we start with this general form for a function of a complex variable. So, we have f of z is
equal to u of x,y plus i times v of x,y, where both u and v are in general independent
functions of x,y right. So, it turns out that you cannot have any arbitrary functions u and v, if
you want this function to be differentiable at some point even if u and v are extremely nice

functions in functions of two variables.

So, you might think that you know basically the calculus of functions of a complex variable
is really the calculus of functions of two variables, but it is not just that. So, this u of x,y and

v of x,y cannot be anything you wish. So, let us see what conditions are satisfied by a



function which has a derivative at some point z0 and what conditions must these u and v obey

for such a function.

So, let us start with the definition of derivatives. So, f prime of z0 is the limit delta z going to
0 f of z0 plus delta z minus f of z0 the whole thing divided by delta z. Now, well this limit
exists, so, which means that it must be the same no matter in which direction you approach
this point z0 right. So, that is the core of the condition. So, since you have all these infinitely

many different directions.

So, demanding that this limit is the same in all these different directions will force the real
part and the imaginary part of this function to obey some conditions and these will be called

the Cauchy-Riemann conditions. We will work them out.

So, let us see what happens if you take this limit - the limit is defined in a general way at this
point. Suppose we take this limit along the real axis. So, then we would have delta z is equal
to delta x. So, if we do this then we have f prime of z is equal to limit delta x going to 0 and
in place of zO we put x0 plus i times y0 plus delta x because delta z is delta x minus f of z0 is
the same as f of x0 plus i times y0 and then the denominator we have in place of delta z we

write delta x.

So, but we know that this function f of this whole stuff is the same as u of x0 plus delta x you
have the same argument x0 plus delta X. So, that is the real part and then comma y0 plus i
times v of you know the real part X0 plus delta x comma y0 minus | am just expanding out

this function and writing it in terms of u’s and v’s.

So, | have u of x0, y0 plus i times v of x0, y0. So, the whole thing has to be divided by delta

X.
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On the other hand we could have perform the above limiting operation along the imaginary direction. To do this we take the differential 6z = idy.
So we have:
fao+iyo+idy) - fixp +iyo)
idy

x, yo +6) +iv(x0, Yo +6y) - [u(xp, Yo) + iv(xg, Yo
A idy
Ulxg, Yo +83) = Ul Yo) . ¥ G0, Yo +0) = ¥, o)

idy idy

() =limgy
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v (xp, Yo +6) - v(xp, Yo) iu(m,yo+6y)-u(xo.yo)
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dv du
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And so, this is equal to u of X0 plus delta x, yO minus u of x0,y0 the whole thing divided by
delta x plus i times v of x0 plus delta X, yO minus v of x0,y0 divided by delta x. So, now, this
is nothing but the partial derivative of u and of v well there is an i sitting here as well because
when you are taking this limit delta x you are making a slight perturbation only along the x

direction right.

So, you have dou u by dou x and in place of this is the second term is nothing, but i times dou
v by dou x is the partial derivative of this function v at x0, y0. Now, let us see what would
have happened if we had performed the same type of limiting operation, but from a different

direction.

Let us take the y direction suppose we take delta z to be i times delta y. So, there is no delta
X. So, it is just purely i times delta y. So, then we would have invoking the same definition.
So, f prime of z0 is equal to limit delta y going to 0, right. Its i times delta y going to 0 which
is the same as delta y going to 0, f of now in place of z0 plus delta z | will put x0 plus i times

y0 plus i times delta y right.

So, it is like z0 is of course, just X0 plus i times y0, but delta z is i times delta y. Then of
course, | have to subtract f of x0 plus i yO. Now, the whole thing has to be divided by i times
delta y, because that is the small differential element and then we write this as limit delta y
going to 0 u of x0, y0 plus delta y right in place of the function f, I am writing it as the real

part and the imaginary part separately.



So, u of x0,y0 plus delta y plus i times v of x0,y0 plus delta y. So, then we have to subtract
out this function f of x0 plus i yO which I will also write it out explicitly as u of x0, y0 plus i
times v of x0,y0. The whole thing of course has to be divided throughout by i times delta y.
So, then again | separate out these two terms and write it in a suggestive form.

So, I have limit delta y going to 0 u of x0,y0 plus delta y minus u of x0,y0 divided by i times
delta y plus i times v of x0, y0 plus delta y minus v of x0,y0 divided by i delta y. Now, well |

mean it is convenient to put the second term first and the first term second.

So, now, | have v of x0,y0 plus delta so, the i has cancelled and so, we see that the first term
is actually nothing but a small perturbation of delta y, you are asking what happens to the

function v if you change delta y by with the y coordinate by a small amount.

So, the difference divided by delta y. So, it is like a partial derivative and again u also has the
second the first term has become the second term and so, we have a minus u of x0,y0. So, this
should be a minus i times. So, there is an i sitting here. So, | need when | write the next step,

so, there is the i here.
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Since the limit is well-defined only if its value is independent of the direction in which it is taken, this immediately implies:
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Two complex numbers are equal only if the real part and the imaginary part are separately equal. Thus this immediately leads to what are known as
the Cauchy-Riemann conditions:
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In fact the limit could have been taken from an arbitrary direction, not just along the two directions we have

this too would yield exactly the same conditions as above. To do this we take the differential 6z = d€ df=s

flxg+decos() +iyg+idesin(d) - f(xg+iyp)
d€(cos(f) +isin(f))

f'z) =limg g

So, its dou v by dou y minus i times dou u by dou y ok, all of this has to be evaluated at the
point x0,y0. So, the key point is that if you work out this derivative according to first

principles by taking the limit along the x axis along the real axis you get one answer and if



you work out the same derivative you know by taking the limit along the imaginary axis you

got a different answer right.

So, the only way to make sense of these two different answers is to demand that both these
answers have to be the same. So, your u and v have to be such that these two answers must be

the same and so that is what leads to the Cauchy-Riemann condition.

So, immediately it implies that dou u by dou x plus i times dou v by dou x must be equal to
dou v by dou y minus i times dou u by dou y right. When two complex numbers are equal the
only way that can happen is if the real parts and imaginary parts are both separately equal.
So, which means dou u by dou x must be equal to dou v by dou y and dou u by dou y must be

equal to minus dou v by dou x.

So, that is these two Cauchy-Riemann conditions, whenever a function is differentiable at
some point then necessarily it must satisfy the Cauchy-Riemann conditions. So, this is
something that we could have actually obtained by taking the limit from an arbitrary

direction.

It is a little more involved a little more messy in some sense but let us look at what would
have happened if we had taken some other direction other than only x and y right. You should
expect the answer to be the same, regardless of which direction you took it from. So, let us
verify that this two holds. Suppose, we take this delta z to be delta epsilon times e to the i
theta right. So, then we expand it out we have delta epsilon times cos theta plus i times sin
theta.



(Refer Slide Time: 10:11)

4
s o gt g v

du decos(f) + du desin(f) v decos() + dv desin(f)
ax dy . ox dy

= lim(;(_,() S +1 a0
0 €(cos(6) +isin(f)) d€(cos(f) + i sin(6))

au v ;e fay iU
& cos(f) + o isin(g) +i ~ cos(f) - i s sin()

(cos(6) + i sin(f))

Some thought reveals that the only way to make the above quantity independent of # is if the Cauchy-Riemann conditions hold:

when the § dependence from the numerator and denominafor cancel out.

Let us state the Cauchy-Riemann conditions formally once again.

+If a function f(z) = u(x. v) +iw(x. V) is differentiable at a point 20 =Xa +ivn then the first-order vartial

Then if you take the derivative f prime of z0 then you have limit delta epsilon going to O f of
you know this more complicated argument, now X0 plus delta epsilon cos theta plus i yO plus
i times delta epsilon sin theta. So, this just comes from a more complicated delta z minus of
course, just f of zO which is f of x0 plus i yO and in the denominator once again you have

delta epsilon times e to the i theta. So, | have expanded out e to the i theta in the denominator.

Now, we can separate these terms out right conveniently. So, first of all we will write f in
terms of u and v and so, I have and then I will collect terms. So, that u’s appear on the first

term and then v’s appear in the second term right.

So, | have merged a few steps maybe a couple of steps into one and so | have u of x0 plus
delta epsilon cos theta, yO plus delta epsilon sin theta minus u of x0,y0 divided by this

differential element and then plus i times v of x0.

So, there is a perturbation both in the x direction and in the y direction. So, you have to
consider v of x0 plus delta epsilon cos theta, y0 plus delta epsilon sin theta minus v of x0, y0O

divided by delta epsilon you know times e to the i theta.

So, now, we argue that. So, this is nothing but the small perturbation of you know the
arguments slightly away from x0 and slightly away from y0 which is the same as saying dou
u by dou x times dou epsilon cos theta plus dou u by dou y delta epsilon sin theta and then
there will be some higher order terms which anyway will go to 0 because we are going to be



taking this limit delta epsilon. So, we will just keep the terms up to first order and u of x0, y0

anyway will cancel.

So, I mean | am just expanding it is like a Taylor expansion of a function of a real variable
right u and v are functions of real variables. So, this is the usual kind of Taylor series
expansion. So, indeed | get only two terms here and likewise this term which comes along

with this i also needs only two terms because this v of x0,y0 will cancel.

And then the first order terms are all up keeping higher order terms in any case will go to 0,
because you have only delta epsilon sitting in the denominator delta epsilon squared of
course, will just give you 0. So, first order terms are all 1 have to keep and delta epsilon

cancels through all.

So, | collect terms in a suitable way here | get dou u by dou x times cosine theta plus dou v
by dou y times i sine theta. | have collected terms in a suggestive way plus i times dou v by
dou x cos theta minus i times dou u by dou y sin theta the whole thing has to be divided by

cos theta plus i sin theta.

So, what do we expect this quantity to be? We expect that this quantity to be independent of
cos theta plus i sin theta right. So, maybe there is a way to argue for this more rigorously and
maybe you can take like a derivative with respect to theta and show that you know the only
way they will be this quantity will be independent of theta right this is just a this is a function

of a single variable theta.

So, definitely you can argue that if it has to be independent of theta then its derivative with
respect to theta must be 0, right. So, but you can also just directly look at this equation and
immediately convince yourself that the only way that this entire thing can become
independent of theta is if you can pull out a factor of cos theta plus i sin theta from each of

these terms.

So, the first term you will get you can pull out a factor of cos theta plus i sin theta provided
dou u by dou x is equal to dou v by dou y. So, that is the only way this is going to happen and
likewise if dou v by dou x is equal to minus dou u by dou y you can pull it out and then you
will get a; you will get a factor of cos theta plus i sin theta. So, you need another plus sign
here. So, you need dou v by dou x to be equal to minus dou v dou u by dou y which is
nothing but the Cauchy-Riemann conditions right.



So, it is possible to argue in general for considering an arbitrary direction, but it is easiest if
you are working along the x direction and the y direction that gives you the Cauchy-Riemann
conditions in this you know in the standard Cartesian form right. So, these are the Cauchy-

Riemann conditions.
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Let us state the Cauchy-Riemann conditions formally once again.

* If a function f(z) = u(x, y) +iwx, y) is differentiable at a point zy = X +iyy then the first-order partial derivatives of u(x, y) and W, y) must

exist at (xg, ), and satisfy the Cauchy-Riemann conditions:

du _dv
dx dy
du dv

iy__nix

Let us look at some examples to illustrate these rules.

Let us look at some examples of how this plays out. So, but before we do that let us state the
Cauchy-Riemann conditions a little more formally again right. So, whenever a function f of z
is differentiable at some point z naught then well Cauchy-Riemann conditions hold which
immediately which presupposes that these partial derivatives of u and v must exist at that

point x0,y0 and they are not only exist, but they also satisfy the Cauchy-Riemann conditions.

So, you cannot just take two arbitrary functions u of x,y and v of X,y and expect to just make
one of them the imaginary part the other the real part and get a nice overall function of a
complex variable, you have to pick them up in such a way that dou u by dou x must be equal

to dou v by dou y and dou u by dou y must be equal to minus dou v by dou x.
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Example 1
Consider the function
f@=2
'We have already seen that this function is differentiable everywhere and its derivative is:
f@) =2z
To check that it satisfies the Cauchy-Riemann conditions, let us expand and write out the real part and imaginary parts explicitly:
f(z):xj'—)'2+i2xy

‘We can immediately verify that:

sssss

So, let us look at a few examples to illustrate these ideas. So, let us start with our favorite
function f of z equal to z squared, we already seen that this is differentiable everywhere and
its derivative is simply given by 2 z. We already know this. So, let us check the Cauchy-
Riemann conditions for this function. So, the real part and the imaginary parts for this

function also we know u of X,y is just x squared minus y squared and v of x,y is 2 xy.

So, dou u by dou x is definitely equal to dou v by dou y because both of them are equal to x
here and likewise dou u by dou y is just minus 2 y and so, is minus dou v by dou x. So, minus
2 y so, indeed both the Cauchy-Riemann conditions hold ok. So, not a surprise this is a
function whose derivative is well defined and therefore, Cauchy-Riemann conditions hold at

all points.
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Next, let us consider the function
f@=2"=x-iy
‘This corresponds to
ux,y) = x,vx,y) = -y
We can immediately verify that:
du av
— =lbut —=-1
dx ay
thus violating the Cauchy-Riemann condition. Therefore, this function is nowhere differentiable as we have already seen.
Example 3

Next, let us look at the function

e B )

So, it is important to emphasize that the Cauchy-Riemann conditions are necessary conditions
for differentiability right. So, what we have shown is that if a function is differentiable from
first principles then for sure Cauchy-Riemann conditions hold right. So, they are not quite the
sufficient conditions, but you know they are almost, but not quite.

So, we will come back to that point a little bit later, but because there are necessary
conditions for differentiability what it implies is if a function does not satisfy Cauchy-
Riemann conditions at any point then for sure it is not differentiable right. So, this is you
know if a implies b then not b will imply not a right.

So, if a function is differentiable therefore, Cauchy-Riemann conditions hold that is the same
as saying if the Cauchy-Riemann conditions do not hold then it is not differentiable right. So,
let us look at an example of how this plays out. Suppose we consider this function f of z equal
to z star. We already looked at this and we saw how this function is not differentiable right.

So, it is something that we could have you know we could work out using Cauchy-Riemann
conditions, because u of x,y here is equal to x and v of x,y equal to minus y and immediately
we can see that dou u by dou x is equal to 1, but dou v by dou y is minus 1. So, there is no
way that you know these two can be equal and there is no point x,y for which these two will
be equal.



So, therefore, Cauchy-Riemann conditions are not satisfied at any point and therefore, indeed
this function f of z is equal to z star is not differentiable right. So, this is a conclusion that we

already arrived at using first principles using the definition of the derivative.
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A
s o e Naptons 1o

Example 3
Next, let us look at the function
f@)= |z|2 =24y
This corresponds to
ux,y) = 2+3%, 5, ) = 0

We can immediately verify that:

We see that the Cauchy-Riemann conditions don't hold anywhere except at the origin, and thus we are imme) \
function is not differentiable at any point except the origin. At the origin, the Cauchy-Riemann conditions do h
quite sufficient to declare differentiability. However we have already seen that this function is indeed differer
shall look at what are the sufficient conditions for differentiability.

Let us look at one more example where we had difficulties when we were trying to take the
derivative which is the mod of this z squared function which is just x squared plus y squared.
So, this corresponds to u of X,y is equal to x squared plus y squared and the imaginary part is
0 right. So, immediately we can see that dou u by dou x is dou x and dou v by dou y is 0 dou

u by dou yis 2 y and dou v by dou x is 0 because v itself is 0.

So, we see that basically the Cauchy-Riemann conditions do not seem to hold except at one
point and that is the point where x equal to y equal to 0 which is the origin, if z is O then the
Cauchy-Riemann conditions hold right. So, what we can say for sure is when the Cauchy-
Riemann conditions do not hold, which is at every point other than the origin for sure this

function is not differentiable right this is something that we already know.

We have already come to this conclusion from first principles, but the fact that the Cauchy-
Riemann conditions do hold at the origin is not is does not immediately guarantee that it is
going to be differentiable, but we have already seen that it is differentiable at the origin and
therefore, it is indeed we do expect that Cauchy-Riemann conditions will hold as they do in

this case right.



It turns out that the sufficient conditions for differentiability are a little more than Cauchy-
Riemann conditions. So, this is a somewhat of a technical and a subtle point, but we will have
a short discussion about this as well, but in this lecture we just want to point out that the
necessary conditions that a function is differentiable is that it must satisfy Cauchy-Riemann

conditions.

And this can often be used to check for Cauchy-Riemann conditions and see if it does not
hold then for sure the function is not differentiable at a certain point, that is all for this

lecture.

Thank you.



