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Complex Variables
Lecture - 26
The Cauchy theorem

So, we have been setting up the scene to discuss a very important theorem, namely the
Cauchy theorem. And in this lecture, we will look at how the Cauchy theorem comes about,

and also look at some of its consequences, ok.
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The Cauchy Theorem.

Let (z) be analytic in a closed region R and f’(z) be continuous in R. Let C be a simple closed contour in R. Then

32 fl@dz=0.

This goes by the name of Cauchy’s theorem.

Since (z) is analytic in the entire region of interest, expanding £(z) = u(x, y) +i (x, y) we have:

I du dv 0w v
f@= —+i—= +—.
dx  0Ox dy ady

- Writing out the contour integral in terms of the real and imaginary parts of the function f(z), we have:

So, the Cauchy theorem is fairly straightforward to state. So, if f of z is analytic, in some
closed region and f prime of z is continuous in R, right. So, let C be a simple closed contour
in R, right. So, then this contour integral f of z dz is equal to 0, right. So, what is meant by a

simple closed contour?

So, it is a contour which does not cross with itself. Nothing very complicated about it. It is
just as simple as it gets, it is a contour which comes back to its own starting point and without
crossing at any point. And this entire C must lie within your domain, right. It is a closed

region R.



Now, this is the Cauchy theorem which we can actually prove, right. So, it's quite
straightforward to prove when we have these conditions which goes by the name of Cauchy’s
theorem. And there is a slightly modified version which we will also discuss later on, and that

has a slightly different name as well.

So, since f of z is analytic in the entire region of interest, we can write you know its
derivative at all these points, right. So, first of all expanding f of z in terms of the real part
and the imaginary part, so u of x comma y plus i times v of x comma y, we have f prime of z
is dou u by dou x plus i times dou v by dou x which is equivalently which can be written
because you have Cauchy-Riemann conditions which hold as minus i times dou u by dou y

plus dou dou v by dou y, right.

So, dou u. So, in place of dou v by dou x we can put minus dou u by dou y, and in place of
dou u by dou x we can put dou v by dou y. So, this is just a direct consequence of

Cauchy-Riemann conditions.

(Refer Slide Time: 02:36)
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Writing out the contour integral in terms of the real and imaginary parts of the function f(z), we have:

ﬁf §[ux})dx vix, y dy]Hf[vx, )dx+u(x,y) dyl.

The analyticity of f(z) guarantees that u(x, y) and w{x, y) are both continuous in R. Moreover, since f'(z) is continuous in the entire region of
interest, all the first order derivatives of both u(x, y) and v(x, ) are continuous in R, so we can apply Green’s theorem. Therefore we have:

v du du  dv
Séf(zldz—fﬂ—a—x—a—y]dx ff——— dxdy

But the analyticity of f(z) implies the Cauchy Riemann conditions which in turn immediately make the right-hand-side go to zero. Thus, we
immediately see that such a contour integral of an analytic function over any closed contour part of its region of analyticity is zero.

It turns out that the conditions we required to prove the above result are in fact not all essential. It turns out that even with
(@), closed contour integrals are zero. This goes by the name of Cauchy-Goursat thorem which states:

Let f(z) be analytic within and on a simple closed contour C, then

5’91 f@ydz =0.

sh2002

Now, if we write out the contour integral in terms of the real and imaginary parts of this
function f of z, we have this contour integral f of dz is equal to contour integral over C, u of x

comma y dx minus v of x comma y d y. So, this is like the real part plus i times; this another



contour integral with over the same contour, but now you have v of x comma y dx plus u of x

comma y dy. And this is where the Green’s theorem comes in, right.

So, the analyticity of f of z guarantees that both u of x comma y and v of x comma y are both
continuous in R, and moreover f prime of z is also continuous in the entire region, right. So,
this is also part of the conditions which we put into the theorem. And therefore, the first order
derivatives of both u of x comma y and v of x comma themselves are continuous in R. So, all
the conditions which are necessary for Green’s theorem hold, and then we just simply apply

Green’s theorem.

So, invoking Green’s theorem, we see that each of these contour integrals on the right hand
side above can be written as double integrals in the region of interest over R. So, now you
have the first of these becomes minus dou v by dou x minus dou u by dou y, dx dy, then you

have plus i times, another double integral dou u by dou x minus dou v by dou y dx d y, right.

So, but a little bit of thought reveals that, in fact, both of these terms will just go to 0 because
in fact, this is nothing, but you know it looks like the Cauchy-Riemann conditions, right. So,
it is like the two terms in you know one of the Cauchy Riemann conditions which says that

dou u by dou y must be equal to minus dou v by dou x.

So, therefore, you know these together is just 0 and again dou u by dou x must be equal to v
by dou y. So, since Cauchy-Riemann conditions hold in this entire region at every point this
holds, so at every point is 0. And so, doing a double integral of basically 0 over some region.
So, it is just going to be zero and therefore, immediately we see that the Cauchy theorem

holds.

So, it turns out that all these conditions involving you know f prime being continuous, and all
this is actually a little redundant and so, that is what the statement of the Cauchy-Goursat
theorem 1is, right. So, that simply states that if f of z is analytic within and on some simple

closed contour C, that is already sufficient for this result, right.

So, the key point is that your function f of z must be analytic everywhere inside this region
and your closed contour C itself is a simple closed contour C and that is it. And so, a closed

contour integral of this kind f of z dz is going to be zero.
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Example 1

féz"dz

where n is a positive integer over closed contours around the origin is zero. Considering a circular path of radius r centred around the origin

We have seen how the contour integral

z= reiﬁ,smiz = re’.gidﬂ;theconmnrintegml is:

ﬁz"dz:fﬂ(reie)”rewid()

= fntj‘einere‘gids’
0

=i,n+1j7”ei(n+1|6d0
0

i +1[ei(n+1)0 2":
i(n+1)10

since n is a positive integer. This is consistent with the Cauchy theorem, which says in fact that such a contour i
in the complex plane would be zero since the function 2” is an analytic function in the entire finite complex plan

So, let us look at a few examples how this plays out. So, if you look at this integral, right. So,
this we have already seen. So, if you take an integral, closed integral of the function z to the n
dz, where n is a positive integer over closed contours around the origin, right. So, this is

going to be 0, right.

So, consider a circular path of radius r, centred around the origin and you just put z equal to r
times e to the i theta, so dz is equal to r times e to the i theta times i1 d theta and the contour
integral is just given by this. You expand it, you know in place of z to the n you write r times
e to the i theta the whole power n. You have r e to the i theta i d theta, expand everything

nicely and then theta goes from 0 to 2 pi.

So, there are no difficulties, it just goes through, right. So, this is a calculation we are familiar
with. And finally, we get r i times r to the n plus 1 with e to the i times n plus 1 theta divided
by i times n plus 1; and 2 into evaluated at 0 and 2 pi. At both of these points it is going to be
the same and you get 0, right. So, there is no I mean which is because n is a positive integer

you get the same value at the ends.

And so, this is consistent with the Cauchy theorem. We need not have done any of this
calculation because after all z to the n, where n is a positive integer is an entire function. So,

everywhere in the finite complex plane z to the n is analytic. So, if you believe the Cauchy



theorem, then automatically without doing any calculation we should be able to say that this
contour integral is in fact 0, right. But, we have also explicitly checked this using this

calculation.

(Refer Slide Time: 07:19)
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since n is a positive integer. This is consistent with the Cauchy theorem, which says in fact that such a contour integral over any finite closed path
in the complex planz would be zero since the function 2" is an analytic function in the entire finite complex plare.

Example 2

1
5622d2
i

over a closed contour around the origin. Now the integrand is a multi-valued function, so we must specify the branch cut. Suppose we let the
negative real axis be the branch cut, where the polar angle values are restricted to the range -7 < § < x. Considering a circul

Let us work out the contour integral

centred around the origin z = réd ¥ sodz = rsieidﬂ, the contour integral is:
1 ol i
§z2 dz= fl(ile’g)ﬁ re’ide
C -1

Lepen
:fﬂrlel2 reidg
-

Let us look at another example. So, suppose we consider something like z to the one-half,
right, in place of z to the n suppose I look at z to the half, now we have to be a bit more
careful first of all z to the half is a multivalued function. So, you have to specify the branch

that you are in that you are working in and specify the branch cut.

So, now, suppose we restrict the polar angle to lie between minus pi and plus pi, right. So,
this is the principal branch, considering a circular path of radius r. Again just like in the
previous example, now again z is equal to r times e to the i theta from which we can write dz

1s r times e to the i theta times 1 times d theta.

Now, the contour integral is you know given by this expression minus pi to plus pi, right
because that is the you know restriction on the polar angle that we have put. And then we go
from you know r e to the i theta to the whole power half, we can carefully collect these terms
you get r to the half e to the i theta by 2 times r times e to the i theta i d theta. So, you can pull
out i times r to the three-halves, then you are left with just this integral minus pi to plus pi e to

the 1 theta 3 by 2 theta d theta.
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which s clearly not zero and not even independent of 7. A moment's thought reveals that the reason for this is that the function £(z)=z2 is not
analytic in the entire region under consideration. In fact this function has a branch cut, which by convention we take to be along the negative real
axis. The function £(z) is not even continuous across the branch cut, therefore it is not a surprise that this contour integral is non;

The value of the contour integral will also depend on the choice of the branch cut. Suppose we choose the positive real axis|
In this case, we would restrict the polar angle to the range 0 < # < 27, 50

- 7, ol
§%12 dz=L2 ()2 re?iag
L0 .
:f”ﬂ d1rdias
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And so, if you carefully evaluate it, the answer is going to be just minus 4 by 3 times 1 times r
to the three-half. So, we see that indeed this answer is not 0, right. First of all its not 0 and
also it is dependent on 1, right. So, its a path dependent quantity, right and its also I mean it

depends on the size of the circle, right.

So, I mean if you think about this, why did this happen, so the reason this happens is because
this function z to the half is not analytic in the entire region under consideration, right. So,
Cauchy’s, Cauchy-Goursat theorem does not quite hold for this type of a contour integral

because z to the half has a branch cut sitting on the negative real axis.

And therefore, there is no analyticity at that point and therefore, there is no way for this kind
of a you know this contour integral to satisfy the conditions essential for the Cauchy-Goursat

theorem to hold. And therefore, indeed this contour integral is not going to be 0.

So, in fact, the value of this contour integral will depend on the branch in which you are
working, right. So, if you are chosen a different branch cut, right and a different branch,

suppose you have chosen the positive real axis to be the branch cut.
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Example 3

361’1dz
c

where  is any nonzero real number. Using the principal branch

In fact we can work out the more general contour integral

Q) = 22 =180 (1750, -7 < Arglz) <n)

50 we let the negative real axis be the branch cut. Considering a circular path of radius r centred around the orf

In this case, we would restrict the polar angle to lie between 0 and 2 pi. And then the answer
would be you can check this will turn out to be minus 4 by 3 r to the three-half, right. So, I

mean the fact that this depends on the branch you are working on is not a surprise, right.

So, this is a consequence of the fact that your integrand itself is a multivalued function, right.
So, given a certain value of z you will ascribe the some value to this point z to the half, right.

Since, there are many different values, so in this case there are two different values.

So, in general, if you have a multivalued function given a point z; if there are different values
you can ascribe to it you know depending upon which branch you are in this kind of a

contour will certainly give you different answers. So, it's not a surprise.

So, you have to pick your branch and pick your branch cut, and once you have picked your
branch cut, if you want the conditions required by Cauchy-Goursat theorem to hold then you
must ensure that your contour does not cross the branch cut, right. So, there are two aspects.
So, this one is of course, the choice of the branch because you are working with a

multivalued function and then the contour in question.

So, the contour is not allowed to cross the branch cut, if you want analyticity, right. And so,

in this case since it does cross you get an answer which is not 0 and after all there is no



contradiction with respect to the Cauchy-Goursat theorem. So, let us look at one more

example.

So, in fact, we can work out this general result. So, instead of considering z to the you know z
to the half, we can actually look at z to the a and do this kind of a similar contour integral

where a is any nonzero real number, right. So, if you use the principal branch.

So, we have seen how such a function f of z can be really thought of as z to the a, which is e
to the a times log z. And if you work in the principal branch of the log function which
corresponds to the principal branch of the argument function, then you restrict mod z to be

greater than 0 and you restrict the argument of z to lie between minus pi and plus pi.

(Refer Slide Time: 12:20)

50 we let the negative real axis be the branch cut. Considering a circular path of radius r centred around the originz = r ew. sodz=réfid o,

the contour integral is:
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We observe that therefore if a is any integer other than - 1, the above contour integral vanishes. In other words
fﬁz"'lduox (n=%1,£2, ..
[t

It is worth emphasizing here that the above result is a consequene of the Cauchy theorem for 7 positive, but for
be obtained from Cauchy’s theorem since the origin has a singularity.
swetolt

So, again we have taken the negative real axis to be the branch cut. So, now, if you consider a
circular path of radius r centered around the origin, then once again you know these things

are standard: z is equal to r times e to the 1 theta and dz is r times e to the 1 theta 1 d theta.

So, the contour integral is z to the a dz. So, you do this contour integral. Carefully collect all
these sum z times r times e to the i theta to the whole power a, then it becomes r to the a times

r which is r to the a plus 1, there is also an i which comes out which comes from this d theta.



Then, you are left with this integral e to the i times a plus 1 times theta, d theta needs to go
from minus pi to plus pi. So, then this is nothing, but i times r to the a plus 1 is just something

which you pull out.

Then, you have to evaluate this quantity e to the i times a plus 1 theta divided by i times a
plus 1 between plus pi and minus pi, right. And you can write down the answer as 2 times i
times r to the a plus 1 divided by a plus 1 times sin of a plus 1 times pi, right. So, some
thought reveals that if a is any integer other than minus 1, then immediately we see that this

contour integral actually vanishes, right.

So, in other words, we have this result: contour integral of z to the n minus 1, dz is 0 for any
integer which is not 0, right. So, I have shifted this. So, instead of z to the a, [ have taken it to
be z to the n minus 1 and then if n is either plus or minus 1, plus or minus 2, for all integer

values other than 0. So, this integral is 0.

So, this fact is of great importance and we will return to this later on. But it is worth
emphasizing right away, that you know this is a you know the fact that this quantity is 0 can
be extracted from the Cauchy theorem for positive values of n. But for negative values of n,

you cannot use the Cauchy theorem, right.

So, the reason is because for negative values of negative integer values of n, you have a
singularity sitting at the origin. So, you would have something like 1 over z squared or 1 over
z cube and so on. And then it's a problem, you cannot you cannot blindly apply Cauchy

theorem.

But still this integral is called contour integral is actually 0, right. So, this is something that
we have worked out from first principles here. But we also saw this from the anti-derivative

perspective as well, right.
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We observe that therefore if a is any integer other than -1, the above contour integral vanishes. In other words
952”’1 dz=0 (n==l1,+2, ..
fc

It is worth emphasizing here that the above result is a consequene of the Cauchy theorem for » positive, but for negative integers this result cannot
be obtained from Cauchy’s theorem since the origin has a singularity.

‘The special case a = -1, requires a more careful handling:

1 1
ﬁ—dz: " red%idg
CZ —nre‘e

=ﬁid9
-n

=2rmi.

Although this integral is non-zero, it is independent of 7. These results are of great importance and we will return to thy

So, but when a is equal to minus 1, that is very special, we also worked out that particular
integral breaking down the contour into two different parts. But here we see that you know
using this general approach, we can you know we can use an approach similar to this starting
with a equal to minus 1, and then we write in place of 1 over z we write 1 over r times e to

the 1 theta.

Then, dz becomes r times e to the i theta times i times d theta. So, this r times e to the i theta
actually just cancels and then you are left with just i d theta and so you get 2 pi i, right. So,

this is also a valid way of approaching this problem.

And so, indeed this is the same answer which we also found by taking this you know
approach where we wrote down the anti-derivative and worked out the C 1 and C 2 different

portions of your contour integral. And then the final answer is 2 pi i.

So, these results of you know the contour integral of from the function z to the n minus 1, dz
being 0 for all integer values positive and negative, but not 0 and also the fact that the contour
integral of 1 over z dz, where the contour goes you know is encloses the origin is 2 pi i, these
are you know results of great importance. And so, they have applications which we will

return to at a later time, right.



So, but as far as this lecture is concerned, we looked at the Cauchy theorem, the conditions
which go into go into it and how there is a you know a version of the Cauchy theorem which
is called the Cauchy-Goursat theorem where the conditions are you know not as restrictive

and how to make use of some of these.

We will also look at some applications of the Cauchy theorem, and how one has to be careful,
and how one cannot blindly apply it, one has to check the condition carefully. So, that is all

for this lecture.

Thank you.



