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Ordinary Differential Equations
Lecture - 79
Step functions, Translations, and Periodic functions

So, we have been looking at Laplace transforms. We have first of all looked at what the
definition is then we also studied some of its properties. And, how these properties can be
used to evaluate you know Laplace transforms of you know fairly complicated functions

using some of these principles.

So, in this lecture we will look at some special class of functions right, which are you know
whose Laplace transforms we will work out. And we will see how knowing this, it will allow
us to evaluate Laplace transforms of other functions. You know more complicated or you
know composite functions which make use of you know the properties of these special kinds

of function right, you know that is the subject matter for this lecture ok.
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Step functions, Translations, and Periodic functions.

The Laplace transform of certain special types of functions are particularly useful, Let us start with the Heaviside Step function.

Heaviside Step function.

Given a positive real number a, the Heaviside Step function or the unit step function at that point is defined by:

0, t<a
1, t>a

o=

Since we take f to be the time variable, it takes only positive values, and thus a is restricted to positive values. S,

f\ 2
Let us find the Laplace transform of the above Heaviside step function: [ /

So, we start with something called the Heaviside step function right, it's a very useful
function it appears, in physics it appears, in various applications, in engineering electrical
engineers uses all the time. And so, we imagine a scenario where you know something is

turned on at a certain point right. So, up till a certain time the signal is absent and at that



particular time, there is like a switch right you turn it on right its (Refer Time: 01:46) like an

off on button.

And so, in the context of Laplace transforms we are looking at functions which are defined
only for positive times. So, you imagine that this type of a switch is turned on at some time,
which is you know represented by this parameter a. And, so we take a to be a positive value.
Now, at this moment you imagine that this function will be 1, beyond that point and it is 0 up

to that point it's a discontinuous function.
But, it is very useful as you will see and it's also possible to find its Laplace transform.

(Refer Slide Time: 02:29)

Let us find the Laplace transform of the above Heaviside step function:
by st ® st
F(s) = LI6(0)] = | Out)e”"dt=] e”"dt
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The above Laplace transform is defined only if s > 0, so we specify this explicitly:

L60)= 5,550,

When we puta = 0, we immediately recover the familiar result that the Laplace transform of the function f(r) = 1 is simply F(s) =

Many functions may be handled conveniently if we make use of the step function. Let us look at a few examples.
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So, let us work out the Laplace transform of this Heaviside step function, it is simply given
by you know 0 to infinity this theta function e to the minus s t. So, when you have an integral
of you know some discontinuous function. So, we go from 0 to that particular point, where
the discontinuities and then again integrate from a to infinity. And in this case 0 to a it is just

0, because the value of the function is O in this interval.

And, then from a to infinity it is just 1. So, you get integral a to infinity e to the minus s t
which is easy enough to integrate and so, you just have e to the minus s t divided by minus s
from 0 to infinity. So, we end up with the result that the Laplace transform of this Heaviside
step function is simply e to the minus a s divided by s right. So, we can quickly check that if

you put a equal to well I mean it is understood that s is greater than 0 right.



So, we have seen that it's worth writing down explicitly that s is taken to be greater than 0.
Otherwise it will not be a convergent integral ok. So, it's good to put it down explicitly. Now,
let us check that when you take a to 0 right. So, then the function itself is like saying that your

function is 1 for t greater than 0.

And anyway you do not care about what happens for t less than 0. So, for all practical
purposes you can just say that the function is 1. So, we know that the Laplace transform of
the function f of t equal to 1 is simply 1 over s right and that is what this reduces to in any
case. If you put a equal 0 you get 1 over s so, which is nice because you recover a result

which we have already seen.

(Refer Slide Time: 04:26)

Example

We wish to find the Laplace transform of the function:

0 0<t<2,
2 2<t<d,

T3 4<i<s,
0 t>6.

f

We can write the above function in terms of the step function as:
£(0)=268(1) +84(0) - 3 65(1).

Thus its Laplace transform is:

f\ »
i Translation of a function. ‘3 [ /

So, now let us look at a few examples. So, let us look at one example where this is made use
of directly. So, the point is that this Heaviside step function appears in many contexts. And
sometimes it appears in a more complicated form. So, we have worked out the bare form
right. So, you can multiply it by some factor, you can add you know and so on like let us look

at this example.

So, you have f of t is 0 from 0 to two and then it becomes 2 from 2 to 4 and stays at 2 from 2
to 4, and then it's 3 from 4 to 6 and then it drops back to 0 beyond t equals 6 right. So, a
function like this you can imagine has actually more than one step right. The magnitude of
the jump is also something that you can play with, you know and then you can have a switch

in the positive direction, negative direction and so on right.



So, you can have a fairly complicated step function one can imagine. So, the key point is that
you can rewrite this type of function in terms of multiple such Heaviside step functions. So,
first of all we note that from 0 to it is just 0. So, all the action happens at t equal 2 and the size
of the jump is 2. So, we write it down as 2 times theta 2 of t plus, then the next instant where
something happens is at t equal to 4. And so, then we see that the size of the jump there is 1

right it goes from 2 to 3.

So, we just put theta 4 of t and so, if you are in doubt you can check what happens you know
at a time slightly greater than 4. So, then you see that this is going to give us 1 and this is
going to give us 2. So, it's going to be 3 and that is what the value should be between 4 and 6.
And beyond time t greater than 6 for t time greater than 6, we want it to go back to 0. So, this
2 plus 3 will of course, add 2 plus 1 will give you 3 and so, you must subtract 3 so that you

can bring it back to 0 alright.

So, for t less than 6 of course, this does not operate so, it does not matter and for t greater
than O this minus 3 theta 6 of t will ensure that it is going to go to 0. So, this is a very
compact, nice way of expressing the same function. And, now we use the linearity of the
Laplace transform and the fact that we already know the Laplace transforms of each of these

functions, we have worked it out above.

And using that we have the Laplace transform of this function is just 2 times e to the minus 2
s divided by s plus e times minus 4 s divided by s minus 3 times e to the minus 6 s over s,
which can be written simply as 2 e to the minus 2 s plus e to the minus 4 s minus 3 times e to

the minus 6 s the whole thing divided by s. So, that is our answer for this problem.

You can cook up your own you know functions involving many such steps right, write it in
terms of these you know, many Heaviside step functions appropriately and then work out the
Laplace transform right. So, this is the game you can play. So, now, let us look at the second
type of you know scenario, which is useful and where we can work out the Laplace transform

of.
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Translation of a function.

Suppose we are given that the Laplace transform of a function f(r) is F(s) and are interested in finding the Laplace transform of the translated
function g(1):

0 O<t<a

&= { ft-a) t>a.

To find its Laplace transform, we first recognize that this translated function is nothing but:

80 =640) f(t - )

Soits Laplace transform is:
L g = feu(t) ft-aye™'at
= fmf(f—a]e_”dt
a

To evaluate this integral, we introduce the change of variable 7 = 7 - a. Thus we have:

Lg0)] = me(r)e’“(”‘”dr:e’"‘ L‘ wf(r)e”"’dr '
= L f0] = € F(s) ) ( ,

Suppose, we are given that the Laplace transform of some function f of t is F of s. And, we
are interested in finding the Laplace transform of a translation of this function. So, your f of t

is given, but you want to just shift this f of t to some you know future value of time.

So, in other words you are considering a function g of t which you know which is going to
say which is just said to be 0 from 0 to a, a is of course, a positive quantity. And, then the
function entire function whatever information was in f of t is still retained, but it is shifted by
this amount it goes to f of t minus a. So, if you have a scenario like this, then we can find its
Laplace transform and to do this we use this trick that in fact, g of t can be written in this you

know compact form as this theta a of t times f of t minus a.

Because, we have just seen that theta is anyway going to be 0 all the way from 0 to a. So, it's
going to give you the same function. And once we have this so, to find the Laplace transform,
we have to invoke the definition 0 to infinity theta or a of t times f of t minus a times e to the
minus s t d t. And then theta a anyway is 0 from 0 to a. So, it becomes just a to infinity f of t

minus a times e to the minus st d t.

And, now we do a change of variable so, it's convenient to define t minus s tau. So, thus we
have the Laplace transform of g of t is equal to integral 0 to infinity f of tau e to the minus s

times tau plus the whole thing multiplied by d tau.



So, we plot this e to the minus a s, and then now is this integral 0 to infinity f of tau e to the
minus s tau d tau. But, immediately we recognize this as the Laplace transform of the
function f itself. So, we get e to the minus a s times the Laplace transform of the function

itself.

(Refer Slide Time: 09:34)

Thus the Laplace transform of a function that is translated by an amount in the positive direction is given by:

LI6,(t) £t - a)) = e LIf )]

~as
We immediately see that if we put (r) = 1, whose Laplace transform is L we recover the earlir result that Lba0) = —.
§ s

Let us take a look at another example that makes use of this property.

Example
Consider the function:
0 0<i< ;
=1 .
g sin(@) t>7
{ 2
We recognize that this function can be thought of as a translated function:
‘ 0 0<t< g =
f= . 2
cos(r 4t ' f
2) 2 /
[ |
o i

So, the Laplace transform of the translated function is simply given by e to the minus a s
times the Laplace transform of the function itself right. So, basically the information
contained in f of't is still there and in addition, we also have this you know stuff which comes
from this shift or the translation is just this factor e to the minus a s right, it gets tagged along

in the Laplace transform..

So, immediately we see that this like a sanity check we can do is, if you put f of t to be just 1
we already know that its Laplace transform is 1 over s. So, we recover the earlier result that
you know if you put f of t is 1. So, you just get Laplace transform of theta of a is e to the

minus a s times Laplace transform of 1 which is just 1 over s.

So, the Laplace transform of theta a of t is equal to e to the minus a s over s which is a result
which we already obtained right. So, it is a sanity check. So, indeed it's all consistent. So, let
us look at an example where this property is exploited. So, suppose we have a function like

this g of t is 0 from 0 to pi by 2, and its sin of t for t is greater than pi by 2.



So, now we make this observation that in fact, sin of t is the same of as cosine of pi by 2
minus t, but cosine of plus theta and cosine of minus theta are the same so in fact, it is more
convenient to write it here as cosine of t minus pi by 2. So, now, we immediately see that
when you put it in this form so in fact, it is a translated function right its 0 from 0 to pi by 2,
but then you have this you know this form of t minus pi by 2 is also exactly you know it

matches with this a.
So, it is exactly in this form its f of t minus a for t greater than a and a is of course, pi by 2.

(Refer Slide Time: 11:29)
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Its Laplace transform is then immediately written down:

_1s
se 2

= [l@g(!) Cos(t_ Z)] ) 241

Periodic function.

Suppose a function £(¢) is periodic with period . We would like to find the Laplace transform of such a function, We have:

Fo)= £1 0] = f"f(o e

T nr
=J;f(t)e‘“dr+j2 f(t]e'“dt+“.+fm+] fyestde+...
T nT

Let us take a closer look at the integral: R Ve

n+1) T '
f fe*'dr. )
T

So, its Laplace transform is something that we can immediately write down right, using the
property that we already have. So, F of s is Laplace transform of theta pi by 2 of t times
cosine of t minus pi by 2 which is the same as e to the minus a s. So, in this case e to the
minus pi by 2 times s times the Laplace transform of this function itself right f of t so, which

in this case is s over s squared plus 1 right cosine of t.

So, we just have this factor e to the minus pi s by 2 times s over s squared plus 1, you know
as simple as that we have to be careful that you have the correct function here, it should be f
of t minus a for t greater than a ok. So, let us look at the third type of function which we want
to discuss in this lecture, which is suppose you have a function f of t and which is periodic

with period t and we want to find its Laplace transform.



So, we have F of s is you know by definition its from 0 to infinity f of t times e to the minus s
t d t, but this time interval from 0 to infinity can itself be divided into you know intervals of
length T. So, 0to TTto Tto2 T32T 23 Tso, onin general n T to n plus 1 T, and then we

introduce the substitution. So, we look at the generic integral involved here.

So, it is an infinite sum. It's an infinite series of you know summing over many of these
integrals, but the point is that all these integrals are connected right. So, in order to see that let

us look at just one typical integral and T to n plus 1 T f of t to the minus s t d t.

(Refer Slide Time: 13:15)

T 0T
=ff(t)e‘“dt+f f(t]e_“dt+m+fm+ foestde+...
0 T nT

Let us take a closer look at the integral:

n+l) T
f( fe*'dr.
nT

Let us make the change of variable f = r + n T. The above integral then becomes:

ff(ﬂnT)e"”:”"ndr=e's"rflf(r)e'”dr
0 0

The infinite series thus can be written as:
Fo=21f0)= [0
=[1+ e T 2Ty Ty - ff(t) et

which can be written in closed-form as:

IF(s):l_lﬁ f fye™'d ' ! »

Thus we have the useful result for the Laplace tranform of a periodic function with period T':

So, if we make the substitution you know if you introduce a change of variable t is equal to
tau plus n T then, we see that tau will go from 0 to T. So, in place of f of t, we write f of tau
plus n T and then in place of e to the minus s t we write e to the minus s times tau plus n T.

And we have d t in fact, its d tau right d t and d tau are the same.

So, its more correct to write it as d tau. So, let us correct this. So, we have d tau and once
again here also we have d tau ok. So in fact so, we notice that first of all f of tau plusn T is
the same as f of tau. So, it and this factor e to the minus s n T can be pulled out. And, then we
have left with this integral 0 to T f of tau e to the minus s tau d tau, which is nothing, but the

Laplace transform of this function itself.

So, we have F of s is Laplace transform of ok. So, this integral O to T is not quite the Laplace

transform, it just a its just a common integral that you get for every one of these terms. So, we



will pull out this common integral. So, the Laplace transform is this integral from 0 to infinity
f of t e to the minus s t d t. But, then we have you know these various factors that we can tag
along to each of these, but all of them have the same factor which is this integral 0 to T f of't

e to the minus s t dt.

So, it's like doing a Laplace transform, but within just one period right. So, the integral is
carried out in just one period and then you have this infinite series, which is something which

we can sum it's a familiar series.

And, each of these factors are you know less than 1 so, you can it's a convergent series. And,
then we will get a closed form expression for this F of s is nothing, but 1 over 1 minus e to

the minus T s times this integral 0 to T, within just one period f of t e to the minus s t dt.

(Refer Slide Time: 15:31)
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Let us look at a simple example where this property may be applied.

Example

Consider the square wave function of period 2, whose one period is defined by:

fmf{o 0<i1<1
T 1<a<?’

It is periodic with period T = 2. So, using the above property we have:

Fis) = : f fne™'de

1-¢28
1

= -st »
_lifhfesdl '}

et
sonre2 & = 1

So, thus we have this very useful result. So, the Laplace transform of this periodic function
with period T is simply given by 1 over 1 minus e to the minus T s times integral 0 to T fof t
to the minus s t dt. So, let us quickly look at one example where this can be applied. So,
suppose we have a square wave function. So, we have seen how to integrate how to take the

Laplace transform of the cosine function of the sin function.

But, suppose we look at the square wave right, it starts at t equal to 0 and it remains 0 from 0
to 1 and then it becomes 1 between 1 and 2. And, then again it comes back to 0 and then it

goes back to 1 and so on its periodic with period T equal to 2. So, using the property above



we have the Laplace transform of this function is just simply 1 over 1 minus e to the minus 2

s times integral 0 to T f of t e to the minus s t dt.

But, f of t is non zero only in the interval 1 to 2. So, this integral from 0 to 2 2 is reduced to

an integral from 1 to 2 and we can go ahead and evaluate.

(Refer Slide Time: 16:37)

Let us look at a simple example where this property may be applied.

Example

Cansider the square wave function of period 2, whose one period is defined by:

0 0<t<l
1 1<1<2’

f(t)={

It is periodic with period T = 2. So, using the above property we have:
Rz —— fwe'de
l-e 28

1
= fe‘”dl
1_€—2x 1

1 =1
B 1_2—2:’(3__5]?

So, we have 1 over 1 minus e to the minus 2 s times you know this stuff e to the minus s t
divided by minus s evaluated between 1 and 2. So, plugging in for T equal to 2 and T equal to
1 here and subtracting, we have e to the minus s minus e to the minus 2 s divided by s times 1

minus e to the minus 2 s right so, which is the Laplace transform of the square wave right.

So, you can compare this with the Laplace transform of the sinusoidal periodic function. In
fact, you can try to use this method to compute the Laplace transform of the sine function or

the cosine function. But, in the end the labor involved will not be significantly reduced.

If you use this technique, because you still have to do this integral involving you know cosine
of t times e to the minus t or sin of t times e to the minus s t and so, probably some kind of
integration of parts will anyway have to be carried out. But, here you see that for the square
wave you have this you know nice simplification, and then you have this final answer ok. So,

that is all for this lecture.

Thank you.



