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Basic Properties of Laplace Transforms

So, we have defined what a Laplace Transform is and based on the you know this first
principle you know the definition of the Laplace transform which will we manage to compute
Laplace transforms of several standard functions. In this lecture we will look at certain
properties of Laplace transforms and how you know these properties can be exploited to work

out.

The Laplace transforms of you know other functions which may be more complicated or in
some time in some cases you know there are we will show how Laplace transforms of
functions which could be worked out directly from first principles may also be obtained using

these properties of Laplace transforms. That is the content for this lecture ok.
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Basic Properties of Laplace Transforms.

The Laplace transform satisfies certain properties, using which the Laplace transform of many complicated functions may be evaluated. Let us
state some of these properties, and show examples of how they may be applied.

Linearity

Let Fi(s) and Fy(s) be the Laplace transforms respectively of the functions fi() and fo(n. The Laplace
f)=cp fi)+c) folt) is given by

F(s) = ¢1 F1(5)+ ¢y Fas)
I

and is defined for all values of s such that both | (s) and F(s) are defined.

Let us look at an example of the application of this property. i}

So, first is linearity right so what does Laplace transform do? it takes a function and gives
you another function right. So, it is a function of s where the value of s is going to be

restricted as we have seen several examples. Now given 2 functions f 1 of t and f 2 of t and



both of them have Laplace transforms F1 of s and F 2 of s then you know the Laplace
transform is a linear operation. So, if you take the Laplace transform of some linear
combination of these 2 functions ¢ 1 £ 1 of t plus ¢ 2 f 2 of t, then the Laplace transform of
this linear combination of functions is in fact simply given by ¢ 1 F1 of s plus ¢ 2 F 2 of s that
is ¢ 1 times Laplace transform of the first function plus ¢ 2 times the Laplace transform of the

second function right.

So, the Laplace transform of a linear combination of functions is the linear combination of
the Laplace transform of the functions right. So, this is the property of linearity right. So of
course, you have to ensure that you know now the convergence is guaranteed only you know

for those values of s for which both f 1 and f 2 are well defined right.

So, in general this will extend so you can club together many such functions add them all up
and then s is going to be restricted by you know the most restrictive of all of them right. So,

that is how linearity plays out.
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Let us look at an example of the application of this property.

Example
Consider the function:
0= sina), 10,
Its Laplace transform is given by:
. 1-cos2af)y 1 1
Fo) = Llsin’an)] = £] °°;( e 3 01~ Ls2a)

111 s 26

The above Laplace transform is defined only if s > 0, so we specify this explicitly

24
F(s) =

= i 0.
s(2+4a} $

So, let us look at an example where we can apply this property. So, we have this function f of
t is equal to sine square of at, t greater than 0. Now suppose we want to find it is Laplace
transform, so we see that F of s is Laplace transform of sine squared of at, but sine squared of
at can be written as 1 minus cosine of 2 at by 2. Now so you can think of this half times the

function 1 minus half times another function cosine of 2 at. So, using this linearity property I



can write this down as half times Laplace transform of 1 minus half times Laplace transform

of cosine a 2 at.

But Laplace transform 1 is something which we already know - it is just 1 over 2 times 1 over
s it gives you and then minus one over a half times we also know the Laplace transform of
cosine of 2 at it is just s over s squared plus 4 a squared. So, if I club these 2 together then I

get one over s I can pull out ah.

So, I can write it as s times s squared plus 4 a squared in the denominator and then I will get s
squared plus 4 s squared minus s squared. So, that will be 4 a squared will cancel with one of
the 2’s and so I get 2 a squared divided by s times s squared plus 4 a squared right. So, it is

some simple algebra.

So, the point is that using this apparently very naive property we will we managed to work
out the Laplace transform of a function using the Laplace transform of a function which we
already know. So, the answer is for this problem it is 2 a squared by s times s squared plus 4 a

squared with the condition that s should be greater than 0.
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Laplace Transform of the derivative of a function

Suppose we wish to find the Laplace transform of the derivative of a function f(r)

L[@] =dfl)
a1 hoa

e,

Integrating by parts, we have:

s

o

] =[e™ flg - f(fs) fye*'di
==f0)+s LIf()]

Thus the Laplace transform of the derivative of a function is given by:
d
44)=s aen- fo

We assume that the function £r) is a reasonable function, as is commonly encountered in physical applications.

Let us take another look at the previous example and make use of this property.

Now let us look at another property of Laplace transform, if you take the Laplace transform
of the derivative of a function right. So, suppose you know the Laplace transform of some
function f of t and you take the Laplace transform you are interested in the Laplace term of

the transform of the derivative of this function right.



So, in other words you want to know integral 0 to infinity df by dt times e to the minus s t d t.
So, let us integrate this by parts. So, we now have the natural you know function to treat as v.

So, in the terminology of integration by parts you have something like u d v.

So, here u is going to become e to the minus s t and d v will be df by dt right, so it is standard
integration by parts. So, you have e to the minus s t times f integral from 0 to infinity minus v
d u you have to do integral O to infinity minus s f of t e to the minus s t right. So, this comes
from taking a derivative of this function e to the minus s t. So, you get a minus s and so it is

convenient to write it like here.

And so now you know only one of these boundary terms will contribute. So, at t equal to
infinity so we assume right, so here I have certainly made the assumption that you know f of t
is I have said that it is a reasonable function. So, it is the kind of function which will die
down sufficiently fast. So, that at t equal to infinity this is going to be you can take it to be 0
and at t equal to 0 you just have minus f of 0 right. So, this e to the minus s t will give you 1,

so you have minus f of 0.

So, plus s times the Laplace transform of f of t. So, the key point is that the Laplace transform
of the derivative of the function is simply given by s times the Laplace transform of the
function itself minus f of0 right. So, the value of the function at the starting point matters for

this when you are taking the derivative or you know Laplace transform the derivative.

So, like I said without going into any details or you know ah doing a careful study of the
properties of this function f of t, I am just saying that we assume f of t to be a reasonable
function where this works out right. So, which is justification for you know these kinds of um
operations will be just based on how you know it works out for us right. So, we will just take
functions which are reasonable and work it out and see that it works that is all. So, we do not

go into the nitty gritty of proving these statements and so on right.

So, that would be for a more advanced or a more abstract course which is outside the scope of

our present attempt right. So, let us learn to use these properties ok.
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Consider the function:

2

f() =sin“(ar), t>0.
Its Laplace transform is given by:
F(s) = E[sinz(a t)] = 2 -,
s(sz +4 azrl
Since the time derivative of the function is:
d fa)

—— =2asin(at) cos(at),
dt

and f(0) = 0 we have:

L[2asin(at)cos(@n)] = s .C[sinz(a 1) =

2
s

In other words:

. 24
aLlsin2at)] = 53
’ 544

4a? A

So, let us take another example and see how this plays out. So, example is again we can take
the same function f of t is sine squared of at for t greater than 0. Now if we take a derivative
of this function you see that [ mean we already know that the Laplace transform of this
function we worked it out and we saw that it is 2 a square divided by s times s squared plus 4

a squared.

So, if you take a derivative of this function it is 2 a sine of at times cosine of at and also we
observe that the value of this function at t equal to 0 is just 0. So, if we want to work out the
Laplace transform of the derivative in other words Laplace transform of 2 a sine of into at
times cosine of 2 at, it is just going to be s times the Laplace transform of the function itself.

Which is very simply written as 2 a squared by s square plus 4 a squared right.

So, but now we observe that in fact this 2 a sine of at times cosine of at can be written as you
know there is a factor of a which I can pull out which is linear operation. So, you know
constant factors will come out without any issues, so but 2 sine 2 at times 2 sine at times
cosine of at is the same as sine of 2 at. So, what we have managed to show is you know a

times the Laplace transform of sine of 2 at is equal to a squared by s squared plus 4 a squared.
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2a
sS+4at

Lfsin2a ) =

which is a result that we have already derived from first principles.

In fact, the above result generalizes to the oM Gerivative of a function, assuming that all its derivatives upto the 1 derivative are reasonable. We

start by finding the Laplace transform of the 1 derivative in terms of the (- l)th derivative:

d" f(t
L[T’;( < s 2l 0] - 1Dy

and proceed recursively to write it in terms of the Laplace transforms of lower and lower order derivatives.

Thus the Laplace transform of the 1 derivative of a function is given bly: 4

i

So, if I cancel a on both sides, so I am left with you know the Laplace transform of sine of 2

470)] = 501+ 10 - 82100 - .- 0| (w
Ul

at is equal to 2 a by s squared plus 4 a squared, so which is not a surprise right. So, this is
something that we already know right, because we know that the Laplace transform of sine of
b t we worked out is just b divided by sine squared s squared plus b squared. So, in place of b
we have 2 a here right. So, this is just an alternate way of seeing something which we already

know ok.

So, let us look at how you know this idea can be generalized. So, you do not have to work out
just the Laplace transform of the first derivative; you can look at the second derivative, the

third derivative and in fact the nth derivative.

So, if you take the Laplace transform of the nth derivative you see that you we use the same
logic as just above and say that it is equal to s times the Laplace transform of the n minus 1 th
derivative, because this is like taking this first derivative of this function f n minus one of t is
d n by dt n of f of t. So, minus you know the value of this the n minus 1 th derivative of this

function at t equal to 0.

So now, but we can go ahead and you know apply the same ah same formula if you wish or
you know the same logic in a recursive way. So, again you apply it to n minus 1 th level then

apply to n minus 2th level n minus 3 th level and so on.



So, in the end you can convince yourself that you are going to get this result, which is that the
Laplace transform of the nth derivative of a function f of t is you know s time s to the power
n times Laplace transform of f t minus s to the n minus 1 times f of 0 minus s minus s to the n
minus 2 times the value of the first derivative of the function at 0 and minus so on; all the
way up to minus you know the value of the function the nth n minus 1th derivative of the

function at O right.
So, this is something that you can quickly cross check and convince yourself of right.
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Example

Let us consider the function
f(ty=sin(at), 1>0.

Differentiating two times, we have:

dz
% =-d’sin(al) = —azf(t).

Taking the Laplace transform on both sides

& jo)

45

|=-a s
50 invoking the above property

§* L1f] -5 £0) - fO0) = ~a L1f )

yielding ; Fin

& +a?) LIf ()] =a /|
(v"+a) A

Once again | have assumed that not only is the function reasonable, but all its derivatives up
to nth derivative or all reasonable right. So, that we do not run into any you know technical
issues with regard to whether some particular order derivatives Laplace transform whether it

is defined or not and so on right.

So, let's agree to not worry about these technical issues at this point. So now we look at an
example. So, let say you have this function f of t is equal to sine of at greater than 0. So, the
second derivative so we have already worked out the Laplace transform of this function, but

let us look at it from a different perspective.

So, if I take a derivative once I get a times cosine of at, then if I take another derivative then |
get minus a squared sine of at which is the same as saying minus a squared f of t. So, if I take

the Laplace transform of this equation on both sides I have the Laplace transform of the



second derivative is equal to minus a squared I have invoked linearity minus a squared times

Laplace transform of f of t.

But the Laplace transform of the second derivative according to this property that we just
discovered it I can rewrite the left hand side as s squared times Laplace transform of f of t
minus s times f of 0 minus the first derivative of this function evaluated at 0 which is equal to

minus a squared | of f of t.

Now, if I so fof 0 itself is 0, but the first derivative if I take it then I get cosine of cosine of at
times a and if I put t equal to 0 I will just get a, so I bring this a to the right hand side. So, |

have s squared plus a squared times Laplace transform of f of t is equal to a.
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leading to the result we are already familiar with:

Translation Property

Suppose the Laplace transform of a function f(#) be Fis).
o oSt
Fo) =L jo)]= b foe™ di
is defined for s > . For some constant a, let us work out the Laplace transform of the function At £(r). We have:
at ® e -1
e fi)= A et = F(s-a)

whee the convergence is now assured if (s - ) > @, We thus have the result: /
|

L[ f) =Fs-a)

And immediately we have this result: Laplace transform of sine of at is a by s squared plus a
squared which is something we have worked out already right. So, this is just an illustration
of how we can use these properties and many times the evaluation of Laplace transforms can

be made very efficient. If you if you use the right property for the right situation ok

So, let us look at another property. So, this is the Translation property. So, suppose we have
the Laplace transform of function f of t and its defined by this equation and its defined for
some s greater than alpha right. For some constant a if we work out the Laplace transform of

this function e to the at times f of t. So, we see that we have a to e to the at. So, in place of e



to the minus s t it becomes e to the minus s minus at. So in fact, immediately we see that this

is going to be a shifted version of the Laplace transform of the first function.

So, you get there is a translation of the Laplace transform which happens. So, which is f of's

minus a and now convergence is assured if s minus a is greater than alpha.
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o BEZZI 4 aon [ (2
L[ o] =Fs-a)
well-defined for s > a +a.
Let us look at a simple example where this property may be applied.
Example
We have seen that the Laplace transform of the function
f=1,1>0

I

1
Fis) = L[1]=-, s>0.
§
Invoking the above translation property we have:
' |
L]z —, s>a,
S=a

which is a result we are already familiar with. Let us consider another example.

So, we have this result: the Laplace transform of this you know e to the at times f of t is equal
to f of s minus it is just a translated you know version of the Laplace transform of the original
function itself. And now convergence being guaranteed is if s is greater than a plus alpha ok.
Let's look at an example where this is applied. A very simple example if you just take f of t

equal to 1 for t greater than 0 this function is just constant.

Now, if we take the Laplace transform of this function we have seen that this is one over s for
s greater than 0. So now, if I multiply the original function with e to the at then invoking this
property I have 1 over s minus a and this is defined for s greater than a. But this is a result
which we have directly worked out. So, the Laplace transform of e to the at is indeed 1 over s

minus a s greater than a right. So, this is something which you are familiar with.
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|
Le']=—, s>
§-a
which is a result we are already familiar with. Let us consider another example.

Example

We have seen that the Laplace transform of the function

f@ =sinbn, t>0

F(s) = L[sin(bt)] = ,5>0.

b
b

Invoking the above translation property we have the result:

Lle" sinb )| = ———, ,
[¢"'sin(b )] Py s>a

P\ (A

i
i
\\.ul“.‘ il

Now let us look at another example: if I have sine of b t, then we know that its Laplace

transform is b over sine squared plus b squared. Now if I multiply this function with e to the

at times sine of b t, then I get b over instead of s I have to write s minus a. So, s minus a the

whole squared plus b squared and now s is restricted to be greater than a right. So, this is

another example where this is applied ok.

So, you can play with this. You can create your own interesting functions and find the

Laplace transforms using these properties.
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Differentiating the Laplace Transform.

Suppose the Laplace transform of a function (1) be Fis).
® b st
F)= L1 f) = fo fo e ar.

Taking succesive derivatives with respect to 5, we have:

LLOJP fr fe
ds

2 o

d—F,(s) =(-l)2L Afiyestdr
ds*

n 0

ddf:” =1y Jﬂl e de

thus we have the general result: 1

[0 fo) = -1y LR,
ds’




So, there is one more property which I want to describe which is the differentiating the
Laplace transform itself. So, we saw f of s is given by this integral right and if I take
successive derivatives of this function the Laplace transform with respect to s. So, we have
you know the first derivative will give me a minus 1 times e to the minus s t times t. So,

every time I take a derivative I will get a minus t out.

So, if I collect all the minus signs outside here, I write it as minus 1 to the 1 integral 0 to
infinity t times f of t e to the minus s t d t. So, you see that now this is looking like the
Laplace transform of t times f of t, if I take a second derivative I get minus 1 squared of the

whole squared times the Laplace transform of t squared f of t.

So, in general you can continue like this and we have this result: the Laplace transform of't to
the n times f of t is minus 1 to the n the nth derivative of f of s right. So, this is also a very

useful property.
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Let us look at an example where this property is exploited.

Example

We know that the Laplace transform of the function

fy=1, t>0.

1
F(s)= -, §>0.
5

Invoking the above property, we have .
|

N
d"Fis) n! /
L[r"]:(-l)"—:— /

ds" gl | )V‘ ’
s@ottt A ulll [

And you can exploit it to work out interesting Laplace transforms of functions of interest.

So, let us look at one example that is very simple, so we know that f of t is equal to 1 has a
Laplace transform 1 over s. So, if I take a derivative of this function then that must

correspond to t right. So, indeed that should measure and also I have to put in this minus sign.

So, 1 over s squared right we have already seen this happen. So, in general in fact we can

work out the Laplace transform of t to the n right. So, it is going to be just minus 1 to the n



times the nth derivative of f of s which in this case we just turn out to be n factorial divided

by s to the n plus 1 right.

We have already seen that if you have t you will get 1 over 1 over s squared. So, if [ put n
equal to 1. So, I will get 1 over s squared right. You can look at you know higher powers, but
basically we have a general expression directly as a consequence of this result involving the

derivatives of the Laplace transform ok. So, that is all for this lecture.

Thank you.



