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In this lecture we will discuss

1. Methods to find a particular solution.

So we have been looking at second order differential equations linear and with constant
coefficients. So, we saw how the solution of the inhomogeneous differential equation is
connected to the solution of the homogeneous differential equation. So, the key extra
ingredient which we need when we have an inhomogeneous differential equation is to be able

to find some one particular solution.

If you can find a particular solution, you can just add it to the complementary function and
you are done right. So, in this lecture we will look at how to find a particular solution for
certain special kinds of inhomogeneous forcing terms right; so that is the subject matter for

this lecture ok.
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Methods to find a particular solution

We have seen how the general solution of a driven equation of the form:

2
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can be written down if we can somehow find one particuler solution, by coupling it with the full general solution of the con
equation, which is called the complementary solution. While we have seen how to work out the general solution of the h
equation, we now address how to find a particular solution. Let us first look at examples where a particular solution can be fou

(

Particular solutions by inspection

When we look at the differential equation: ‘ r
sttt .. A " | {

So, we are looking at a differential equation of this kind; a 2 second derivative of y plus a 1;
first derivative of y with respect to x plus a naught y is equal to there is a forcing function on
the right hand side right. If we can somehow find a particular solution for this differential
equation, we already know how to solve the corresponding homogeneous equation. And

extract the complementary function; we can just add the two and we are done right.

So, one way to get to a particular solution is to just do an inspection. So, let us look at some
examples where you know this inspection will work and that will give us some hints for how

to go about it for a fairly big class of forcing functions and a useful class of forcing functions.
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When we look at the differential equation:
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we observe that the right-hand-side is a constant, Since both the first and second derivatives of a constant are zero, a moment’s thought reveals

that simply choosing y = constant should yield a particular solution. Further thought shows that in fact the constant to be chosen is :51 thus

p= % is a particular solution we are after.

Next, let us look at the differential equation:

A ody 5 o
2 2dx 3y = 5ei.

Now, we see that if we look for a solution of the form: yp=c %, both the first and second-derivatives will have the same for-

the constant ¢ such that the right-hand-side is as desired. In this case, we can immediately check that yp = f—‘ fisa

So, suppose we are given a differential equation like this right; so, we see that the right hand
side is just a constant right. So, this is you know only marginally more difficult than if you
had the right hand side to be 0 right; you it is just it is a constant on the right hand side. So, a
little bit of thought reveals that you see you have a first derivative and a second derivative

right; both of these will just be 0, if you choose your function itself to be a constant right.

And then it is just a matter of choosing the right constant so that you know; it is just; this
must hold right; so indeed that is the right way right. So, we just choose y p is equal to a
constant and then a little more thought here; you know tells us that that constant must be

actually for this particular example 3 by 5 right.

So, 3 by 5 times 5 is just 3, these guys do not matter because you know the first derivative
and second derivative of a constant will be just 0. So, then it is simply a matter of; you know
it is like a shift of your homogeneous differential equation solution; you find the solution and

then add 3 by 5 and you are done right ok; so this is straightforward.

Now, what about this? So, let us look at this differential equation where we have an
exponential of x which appears on the right hand side right. So, this is an important class of
problems; whenever you have some exponential of x or you know x in general exponential of
some factor times x; you know with an overall factor outside or you can have you know sums
of these that is more you know complicated variance; so this can be constructed, we will look

at those a little bit later.



But if we look at this differential equation then we have; so we see that ok now if we choose
a constant, it is not going to work out right, but some thought reveals that maybe if we choose
a function of the form e to the x right. Because we will have e to the x and then we take the
first derivative again you will get back e to the x. And then the second derivative also will

give you e to the x.

So, if you just choose e to the x and with a factor along with it; it should work out and indeed
this is born out to be true. So, let us try y p is equal to ¢ times e to the x; so the first derivative
is just ¢ times e to the x, second derivative is also c times e to the x. So, we must; we will get

1 minus 2 minus 3; so it is 1 minus, so it is minus 4 times; ¢ must be equal to minus 5.

So, if you choose ¢ to be 5 by 4 or if you choose y p is equal to 5 by 4 times e to the x; that is
going to be a particular solution for this problem right. So, a particular solution here means a
full solution for the problem because we know how to solve the homogeneous equation ok.

So, this works out fine; so the question is this you know general enough right?

Suppose, we have a function of the form e to some constant times x; will we be able to find a
suitable constant times e to the same power; you know times x and will be, will it work out?

So, let us look at another example.
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We can ask if such a method would always work. Suppose we tweak the above example slightly and change the right-hand side to:

2
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Now, following our carlier approach, let us look for a particular solution of the form: yp = ce™, 50 the left-hand-side now becomes:

dy_dy o xt g a
) 2dx 3y =ce¥(1+2-3)=0.

Soin fact it is impossible to find a ¢ such that we can match it to the right-hand-side here. So what went wrong here?

To find the answer, we examine the roots of the auxiliary equation of the corresponding hemogeneous differential equation:

By by g, e
) zdx 3y=D+1)(D-2)y = 0.
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The solutions of the homogenous equation are:

So, how to see if this is; you know; in fact as general as we would like it to be. So, suppose in

this example I have the same left hand side; d squared y by d x squared minus 2 d y by d x



minus 3 y. But on the right hand side, instead of minus 5 times e to the x; I am going to
change this to minus 5 times e to the minus x. So, let us see now whether the same approach

will hold.

So, what did we do; so we might guess that now we should try by a particular solution of the
form; constant times e to the minus x right, that is a reasonable you know guess. So, if we
plug this in then we see that the left hand side becomes the second derivative; you will have a

minus sign; times minus x that is going to remain a positive sign.

So, its ¢ times e to the minus x; so times 1, but this first derivative will give you a minus sign;

so it becomes 1 plus 2 and then you have minus 3.

You know overall; it is just ¢ times e to the minus x; [ have pulled out. So, then I see that this
coefficient is 1 plus 2 minus 3 which is 0 right. If it goes to 0, then there is no way that I can
choose my ¢ and demand that the right hand side must go to minus 5 times e to the minus x

right.

So, how did the previous method work? It worked because you know this coefficient was
some other number; other than 0, then I had to just choose my ¢ times this number should be

equal to minus 5 and then [ was done.

But now if this number is going to 0; then there is no way that I can choose my ¢ such that
overall it must give me minus 5 times e to the minus x right; so this is a problem. So, we see
that apparently this method is not quite general. So, what went wrong right? So, we will see
to examine you know; if we examine the roots of the auxiliary equation, we will find an

answer for this question.

So, let us look at the corresponding homogeneous differential equation. What is the
homogeneous differential equation? It is this guy; the left hand side is equal to 0, but the left
hand side can be factored; right as d plus 1 times, d minus 1; d minus 2, times y equal to 0.
So, the roots of this auxiliary equation are minus 1 and plus 2; therefore, the complementary
function is you know given by you know; these two are the linearly independent solutions, e

to the minus x and e to the 2 x.

So, now we see the crux of the issue is that e to the minus x is what appears on the right hand

side. So, in fact one of the solutions of your homogeneous equation is your forcing function.



So, whenever this happens; it is a problem, you cannot blindly find a particular solution of
this form. So, you must try an alternate form which in this case is actually just x times e to the

minus x right; times some constant to be determined right.

(Refer Slide Time: 07:41)

50 we see that the forcing function here is in fact one of the solutions of the homogenous equation! Therefore, the form ¢ ¢ ™ will not work out.

The next natural guess for a particular solution here would be ¢ x¢ ™. Let us check if this can work for us. We now have:

ﬁ_ dy _ _ ~X, _ ~X(_1_7) = — ~X
2 de 3y =cxe¥1+2-3)+ce¥-1-2)=-3ce™.

soif we choose yp = g x¢™¥,itall works out nicely!

Method of undetermined coefficients

The above examples demonstrate a general method called the method of undetermined coefficients, which we are now ready to

Exponential Right-Hand Side )

Let us give the prescription to find a particular solution of the equation

{(D-a)(D-b)y = ke ‘ /) I
So, let us see if this will work out; if we plug in c times, X times; e to the minus x, now what
happens? We have the second derivative minus 2 times, the first derivative minus 3 times y is
equal to; now we have two kinds of terms, one term is ¢ x times e to the minus x right, where
you know if you take the derivative only with respect to this e to the minus x; in at all levels,

you get 1 plus 2 minus 3; so this part will in fact go to 0.

But then, you have another term plus you know the first time you take a derivative; so you
will take a derivative with respect to x. So, you have ¢ times e to the minus x; then you take
another derivative and you get a minus 1; so you have a minus 1, minus 2 right. So, if you do
this; so you get ¢ times; e to the minus X, times minus 1, minus 2; so in fact, you have a

minus 3 ¢ times; e to the minus X.

So, it is not going to go to 0 now anymore, but you will get minus 3 times; c times e to the
minus X. So, now we can choose minus 3 ¢ to be minus 5 and so if you choose your y p to be
5 by 3 times x times; e to the minus x, we can check; you can check it again that will all it all
works out nicely and in indeed we have managed to find a particular solution for this problem

right.



So, what we have been doing is an example of a general method called a method of
undetermined coefficients right. So, which can solve for you know fairly a wide variety and
useful variety of forcing functions right. So, that is what we will describe here. So, whenever
you have an exponential right hand side; like we already looked at, the method is you know
you first of all write down the left hand side; you factorize it, D minus a times; D minus b

times y.

So, these methods you know carry through for even higher order differential equations right.
For our purposes, let us just concentrate on second order differential equations, but you know
there is a ready generalization available to even higher order problems ok. So, if you have D
minus a; times D minus b times y is equal to k times e to the ¢ x. So, the key point now is to

find out the relationship between this ¢ and a and b right.
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The case when ¢ is equal to neither @ nor b is particularly simple. We make three cases in which the particular solution takes the following forms:

Cet* i cisnotequal toeither aorb;
Y= Cxe’* ifcequalsaorh, asb
Cx*et™ ifc=a=bh.

Sinusoidal Right-Hand Side

To find a particular solution of

ksin(e x)

(D-a)(D-b)y = {kcos(nx)

we can just solve

; [

(D-0)(D-b)y = ko, \ /” '

If ¢ is equal to neither a nor b; then it is super simple that is the first type of problem that we
have looked at. So, then you are guaranteed that you will have a particular solution of this
form; some coefficient times e to the ¢ x right is a solution of this problem. Now, if ¢ is equal
to one of these two; c is equal to a or b and a naught equal to b, then that is the second type of

problem which we just checked out.

So, then you are guaranteed to be able to find a particular solution of this form ¢ x is equal to
e to the ¢ x. And there is also a third case which is if you know you have repeated roots and

your ¢ is equal to the repeated root; then you can pick up an example of that kind and verify



that. In fact, even x times e to the ¢ x will fail, then you have to go to one more you know

higher order in the polynomial.

So, you get ¢ times x squared; e to the ¢ x; for sure you will be able to find a particular
solution of this form right. So, this is when you have the exponent; the right hand side being
an exponential right. So, another closely related right hand side is if you have a sinusoidal

right hand side instead of an exponential.

So, you have a scenario where D minus a; times D minus b acting on y is some k times sin of
alpha x or k times cosine of alpha x. So, this is seen to be straightforward; so what you do is,
you write you know you look at the solution for this problem D minus a; times D minus v

times, y is equal to k times e to the i; alpha x right.

So, here in fact so the ¢ can be complex as well right; it can be you know that is the scenario

that I am looking at here.
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Cé*  if cisnotequal toeither aorb;
Y= Cxe* ifcequalsaorh, a+b

C2e ife=a=b.

Sinusoidal Right-Hand Side

To find a particular solution of

ksin(e x)

(D-a)(D-b)y = {kcos(ax)

We can just solve N/
D-w)(D-byy = kei®¥, {

and then take the real or imaginary part, respectively. ‘ /b ’

So, 1 times alpha times x and then you just solve for this problem right. So, a and b in general
can also be complex numbers. If they are complex because they are the roots of a quadratic
equation, they are going to be conjugate to each other. So, in this case the same kind of

conditions will hold and you just solve this problem.

And then what happens is you just take the real part or the imaginary part depending upon

which of these problems are of interest. So, you see that D minus a; times D minus b acting



on some real part plus i times, imaginary part is equal to k times real part plus you know k

times imaginary part.

So, if you take the real part and imaginary part; you know separately you can find the
solutions for each of these kinds of right hand sides right. So, this is very very closely related
to this type of problem. So, it is best understood with the help of an example. So, which you
will find homework on this right; so where you will work this out and convince yourself that

this indeed holds.
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Method of undetermined coefficients

‘The above are special cases of a more general prescription available for an RHS that has a product of a polynomial and exponential. Consider a
differential equation:

D-a)(D-b)y = ¢ Py(),
whete Py (x) is a polynomial of degree 1. A particular solution would then be given by

€ *Qy(x)  if cisnotequal to either a or b;
Yp= xe*Qn(n) ifcequalsaord, a+b
et Q) ifc=a=bh,

where 0y (x) is a polynomial of the same degree as Pp(x) with undetermined coefficients to be found to satisfy the given ds

Example

Let us solve the differential equation:

Z—;X + % -2y =xt-x \ 7 {

So, let us write down; so in fact, the method of undetermined coefficients is some more, there
is some more generality to this. In fact, you can you know look for a solution for this general
differential equation; you have D minus a times; D minus b acting on y; is equal to some e to
the ¢ times x times some polynomial of X, you can have a polynomial also of x on the right

hand side and where P n of x is a polynomial of degree n.

So, in this scenario; it turns out that if you choose a particular solution of this form, again all
you have to do is first of all check the relationship between ¢ and a and b right; the
polynomial is a separate thing by itself. So, you must make a guess of this form; e to the ¢ x
times some polynomial of the same degree right. So, it is an nth degree polynomial; so there
will be n unknown coefficients; you have to match those coefficients that is why it is called

the method of undetermined coefficients.



So, e, but the key point is that you are guaranteed to be able to find a particular solution of
this form. It is just a matter of plugging this form into the differential equation and finding all
the coefficients which are unknown right; that is why it is called undetermined coefficients,
they can be determined you know. And if c is; if ¢ is not equal to either a or b; it is of this
form, but if c is equal to one of the two; a or b and a is not equal to b, then again you will get

this x times e to the ¢ x.

So, now instead of a constant; you have a whole polynomial right. So, this constant also gets
absorbed inside this polynomial which itself needs to be determined. So, the key is that this
polynomial has the same degree as the polynomial which appears on the right hand side in the
original inhomogeneous differential equation. And then when c is equal to a equal to b; then

you have x squared times e to the ¢ x times q n of x right.

If you make this as your own sort, you will be able to determine the coefficients you know
which are unknown and you will have a particular solution for this type of a problem ok. Let
us look at one example where, so I have here d squared y by d x square plus d y by d x minus
2 y is equal to x squared minus X. So, I do not have any exponential; here I have purely a
quadratic term on the right hand side. So, using this prescription; I will look for a particular

solution.
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50, we have:

D+ (D-1)y = L-x.
We make the ansatz:
Yp = a+bx+c.
Therefore:

d
b gaxnth
dx

2
d“yp
—=12a
@

thus we must arrange the coefficients so that: PPA

2a+22ax+b—2ax2—2bx—2c:x2—x \ »

for all values of x. This can happen if: } { {
st \

So, I first of all write this down as D plus 2 times; D minus 1 times y is equal to x squared

minus X. So, I have just factorized the left hand side and then we make an ansatz which is a



quadratic function; a x squared plus b x plus ¢, where a, b and ¢ are these undetermined

coefficients.

So, now the derivative of this is going to be 2 a; x plus b and the second derivative is just 2 a.
So, if I must arrange the coefficients such that you know if I subtract; if I add these two and
subtract 2 times y p; it must give me x squared minus x. So, I must have 2 a plus 2 a; x plus b

minus 2 a x squared minus 2 b x minus 2 c, this entire thing must equal x squared minus x.

So, the key point here is that you know these two expressions are equal for all values of x
right; so this is a pretty strong condition. So, what it means is it forces equality term by term.
So, the constant on the left hand side is equal to the constant on the right hand side; the first
order term on the left hand side is equal to first order term, second order term on the left hand

side equal to second order term on the right hand side.

So, that is why you get many equations; although there is just one equation, it is actually it

contains many equations; contains three equations in this case.
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2a+2ax+b-2a2-2bx-2c = P-x
for all values of x. This can happen if:
-2a=1
2a-2b=-1
2a+b-2¢=0

solving which we have:

Thus the particular solution here is:

So, you have minus 2 a which is the coefficient of x square on the left hand side must be
equal to 1 which is 1 on the right hand side. And then you have 2 a minus 2 b which acts on
x; so that must be equal to minus 1 and then 2 a plus b minus 2 ¢ which is a constant term on
the left hand side, there is no constant term on the right hand side; so that must be equal to 0

right.



If you solve for this; so you have three unknowns and three equations and you can solve
them. In this case, you get a equal to minus a half, b equal to 0, ¢ equal minus half. So, you
can use all this information and then write down the particular solution in this problem which

is just minus x squared plus 1 by 2.

You can go back and plug this; in fact, you should go back once you have found the solution
and plug this back directly into this differential equation and verify that indeed this is a
solution of the original differential equation. So, once you have a particular solution; the full

general solution can be written down as we have seen ok. So, that is all for this lecture.

Thank you.



