Functional Analysis
Professor S. Kesavan
Department of Mathematics
The Institute of Mathematical Sciences

Lecture No. 69
Spectrum of a compact self-adjoint operator
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We will now study compact self-adjoint operators.

So, H Hilbert space and T € L(H). We say T is self-adjoint, if T = T and we have already

seen the following thing.

T is self-adjoint = o(T) c R. And in fact, we have also seen that o(T) € [m, M], where

m = ianvH:l(Tv, v) and capital M =sup”v“=1(Tv, v). And you also saw that

m, M € o(T). This was done in the exercises of the Hilbert space chapter.

Corollary: T € L(H) self-adjointand o(T) = {0} =T = 0.



Proof. o(T) = {0} means m = M = 0. Therefore, you have (Tv, v) = 0 Vv and this

implies T = 0, since H is over the complex numbers, we saw that it is not true for the reals.

Theorem: Let H be a separable Hilbert space and T € L(H) be self-adjoint and compact
operator. Then, H admits an orthonormal basis consisting of eigenvectors of T. It is obviously

countable because H is a separable Hilbert space.

(Refer Slide Time: 03:35)

%_:. Loy rG\:io}Uér\ﬁ\neN} S zo,

/‘jll llf{‘ﬁ
b

=
o
=
m
s

T A nEY eve W Q-'a»vm,lvu (Bishadd) A7,

N =AT).

~ =

E,-.n), £

05 Am(B) <o o <dimba < s, Neamn
Mo opawny £.) azo aw S m:\-u.J&x% .,mam.&.
ndn o uwed, veln Tusne | Tez

Al = Qul) = WTe) = Aaluge)

=)

Lbé\“\ l.LL)dX =0 ,-:) \u:)\)).‘:o .
=0

N v
ndm el vebn, ’T_;)W., R WO gf%\g
W

Al = Q) = ITe) = Alag).
=

%4\1\\ Lu)d\ =0 -) Qdu)zo i
4o

thwm%\m ‘;5-5_,,.
)

s Bl olens o W > oY)

Proof. Let o(t) = {0}U{fA /n € N}. Set A = 0 and then A , n € N are all distinct

eigenvalues of T. So, we say E 0= N(T) and En = N(T — Al). Then what do you know



about EO? Eo could be singleton 0. So, 0 < dim(EO) < oo. On the other hand,
0< dim(En) < oo, Vn € N. So, the space En, n = 0 are all mutually orthogonal? Let

n # m. So, you take u € En, v E Em. So, Tu = Anu and Tv = Amv. So, then if you take

An(u, v) = (Tu, v) = (u, Tv) = 7\m (u, v), because T = T  and Am is real. So,

()\n — )\m) (u, v) =0, and (An - Am) # 0 and therefore, you have that(u, v) = 0. So, all

these spaces are mutually orthogonal to each other. Let F be the space generated by U E 580

n=0

you put all these spaces together and you have. Claim F is dense in H, which is equivalent to
saying F t= {0}. Because, if you have a vector vanishing on F, then it vanishes everywhere,

that is the Hahn-Banach way of showing a space is dense and therefore, showing F t= {0} is

equivalent to showing F is this.
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So, clearly T(F) < F because any eigenvalue is the same. So, it will be in the same En and

linear combinations will also be, so T(F) ¢ F. Now, if u € F *and v € F. You have

(Tu, v) = (u, Tv). Now, v € F, so Tv is also in F and u € F * and therefore,

(Tu, v) = (u, Tv) = 0.
) L 1 L 1 . .
So, this means T(F) c F. You take TO:F - F, T0 = TlFl' So, T0 is obviously

self-adjoint and compact. Let X * 0, X € o(T 0), soT 0 is self-adjoint compact operator, F *

is closed. So, it is a Hilbert space on its own and you have a compact self-adjoint operator in



it and therefore, it will have a spectrum. So, assume it has a non-zero element in the

spectrum, then implies it is an eigenvalue because it is compact, implies that
Ju € Fl, u# 0. So, as I said, Xu = T0 u, but Tou = Tu. This implies that X 1S an
eigenvalue of T, but we have lumped all the eigenvalues together in the space F, that means
u€eFNF Tand u # 0, which is a contradiction, you cannot have that. This implies that
G(TO) = {0}, and by our earlier corollary we have T,=0. This implies that
FrcN (T) c F .This this implies that F t= {0}, that is the only way it is possible.
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Now, if E0 1s non-zero, then it is a finite or infinite dimensional closed subspace of H and
therefore, implies it has a countable orthonormal basis. Each En, n > 1 is finite dimensional
implies it has a finite orthonormal basis, then the union of all this orthonormal basis is an

. . 1 . L .
orthonormal basis for H, since F* = {0}, F is dense. Because the union is orthonormal is

clear, if x is orthogonal to all of these basis vectors, then x is orthogonal to the space F and

L . . .. . .
when we saw that F~ = {0} since F is dense and therefore, it is a thing. So, this proves that
you have an orthonormal basis for H. So, next we will look at a variational characterization of

the eigenvalues.



