Functional Analysis
Professor S Kesavan
Department of Mathematics
Indian Institute of Technology, Madras
Lecture 5
Continuous Linear Maps - Part 2
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See some examples.

Example 1. Let us take V=R" with the {V.V|. Recall that o|x[|,= Z XNV 6o where

X=(X1,..., XN). So, in short notation, R with { V.V |; will be denoted as I

Let W be any norm linear space, and T':; » W be a linear map, then T is continuous. So, every
linear map from [} into any norm linear space is automatically continuous. So, how do we show
this?

Let us take e,=(0,...,1(ith},..0) to be the standard basis vector. Then, every x can be written as

Z Xi€i. Therefore, by hnearlty, 2 x;T(e;) Letus take K= max HT || Now,

i=1,.

by the triangle inequality, we get that Hﬂ’d”wﬁ ZN|X1"HT(9 WSKHX”L Therefore, by the

definition of continuity, T is a continuous map. So, this shows that every linear map from [ to

any norm linear space is automatically continuous.
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Example 2. Let us take V=1,,1<p<co and x=(x,) would be a sequence. And you know that

i=1,..., 00

- . 1,1
Z |Xi‘p<°°- Recall p° is the conjugate exponent of p, that means —+—=1. Then define
p p b p

flx|= Z X;Yi where y=( y,-)Elpb. Then, this is a linear functional. First of all, is it well

i=1,...,0

defined? Itis, because |1X15 20 xyve<[x, [yl ¢(tolder's inequality).

i=1,..,
Therefore, this is not only well defined, it tells you that this is a continues linear function. So this
implies that f is a continuous linear functional andHf || < H y|| o

One of the theorems which we will prove in this course is that every continuous linear
functional on I ,will occur in this way. This is the only way, these are the only functionals. And in
fact, you have equality H f H :H pr«, and we can show that the dual space l; is nothing but [ ;. That
is why we have given the conjugate exponent’s notation as p°. This is the theorem which we will
prove later.
The above example gives you an example of a continuous linear functional. We have given
examples in finite dimensions and example in sequence spaces. So, now let us look at function

spaces.
Example 3. Let us take V=C[0,1] to be a base space with HfH: ”;[C(Iﬁ]@f(x)v‘;‘;.

Now, let K:(0,1/x[0,1]»R be a continuous function i.e., we take a continuous function in two

variables.
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Then we define: for f €V, I am going to define the following function.

(Tflls)= | Kls,clfle)de

[0,s]
This is called Volterra integral operator. We want to show two things. One is Tf €V and second

is T:V»V is continuous. Clearly, it is linear, so we want to show these two things.
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Since K is continuous on the compact set [0,1] x[0,1], it is uniformly continuous and bounded.
Let us say we have the |K(s,t)|£k for some constant k. Also, given any €>0, since it is

uniformly continuous, therefore there exists §>0 such that &s,—s,ViS  implies

‘K (sl,t)—K (sz,t”<e for all t. In fact, much more is true. Here, I am using very little of the

uniform continuity, you can also vary t within some similar §, but I am going to take it only for
a fixed t.

So, now we take

(Tf](sl)_(Tf)(sz):f K(Sl’t)_K(sz;I)f(t]dtJr f K(sz’t)f(t)dt

[0,s,] [s2,51]

So I have just added and subtracted things (if you write out the two formulae, you will get this).
Thus, if |s,—5,|<8
(Tf s, = TF 5, | <ellf |5, + Kl | s <[ 1+ K[| .
This shows that Tf is a continuous function.
Also, we have that ||[Tf](s)||£ k||flls<kVIflvi t. If we take the maximum over s, we get that

HTf Hs k Hf || Therefore, T is continuous and linear.
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So we have seen some examples of mappings which are continuous linear mappings. Let me give
you finally an example of a mapping which is not continuous but linear. Let me take C'[0,1], the
space of continuously differentiable maps on [0,1] to R. Since this is a sub space ofC[0,1], we
can put the same norm as in C[0,1]. Now we define T:C'[0,1]»C[0,1] (both with the spaces are
equipped with the same sup norm). Define T|(f|=f', the first derivative of f. Since every
function in C'[0,1] is differentiable and the derivative is continuous, so this makes sense.

I want to show that this is a linear map but this is not continuous. Let us take f n(t) =t". Then what

fn

So, we we can never have an inequality like HT(f)HSkaH Because if we put f=f,, then n<k

=land{

is(f.|=f.? T|f,]=nt""". Now,

for all n. That is impossible because n — oo, but k is a fixed number. So, this is an example of a
mapping which is not continuous mapping but which is nevertheless, linear. Now we will look at

some other properties like isomorphism between norm linear spaces.



