Functional Analysis
Professor. S. Kesavan
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So, we will now prove this important theorem, it is called the Banach-Alaoglu Theorem.

Theorem (Banach-Alaoglu Theorem): So, VV Banach, B the closed unit ball in V' is W

compact.

Proof: So a closed unit ball in infinite dimensional space is not non-compact and we are

saying that it is weak star compact. So, first we define the product space

X = [I[—= llIxIl, ||x||], for every x you have this interval and then you have product space
x€V

with the product topology. So, this is each interval is a compact interval and therefore,

product of compact spaces by the Tychonoftf’s theorem X is compact, so X is compact. Now,
let —feB  then [f()|< [Ifllliix]l, IflI<1, so |Ifllllx|l < llx|l.  Therefore,

fCOE[= |IxIl, 1xl|]- So, given any, so from B to X, I define a map ¢, so we have ¢p(f)
whose x’th coordinate is nothing but f(x). So, since if two functionals agree at all points then

they have to be the same functional, so this implies that ¢ is one-one. So, ¢ is a bijection

from B" onto its image cl)(B* ). Now, you look at the topologies, what is the product
topology, product topology typical open set looks like open in a finite number of the x’s and
the rest of it is the full thing. So, that is the definition of the product topology. So, you have

— € to € in a finite number of once and then, you have the rest of it can be open. And, so if

you look at the W", what is that, it is set of all f such that (f — fo) (xl) < € for a finite

number of i’s, so this is exactly the topology there. So, the definition of W and product



topology on X imply that ¢ is an isomorphism or homeomorphism. Therefore we just have to
show, so enough to show cl)(B*) is closed because a close subspace of a compact set is
compact. So, if cI)(B*) is closed, then d)(B*) will be compact. And since, ¢ is a

homeomorphism you have that B” will also be compact.

So, we just realized that the product topology, which means a finite number of sets are open
for a finite number of X’s and that is exactly how your weak topologies are also defined, so
that is the observation which we make. So, now let us take any € > 0, before that, so we

have to show that this is closed. So, let us take (fx) , so this is in the product space which
x€V

belongs to ¢(B*) . Define f(x) = fx, then what do you know |f(x)| < ||x]||. So, to show

(fx) € q)(B*) enough to show f is linear. If it is linear, this condition already tells you it is
x€V

continuous and therefore, its image of a continuous linear operator, continuous linear
functional under this mapping ¢, which we have defined here. So, we just have to show that

f is linear. So, how do we do that?
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So, it is in the closure, therefore there exists a g€ cl)(B*) such that g lies in any

neighbourhood of f. So, such that, so I am going to take a neighbourhood namely consisting

of three points x, y and x + y. So, so we take |g(x) — f(x)]| < %, lgy) — f(y)| < ?

and the third point I am going to take |g(x + y) — f(x + y)| < % So, I have taken three
points x, y and x + y and take an % neighbourhoods around f of those points and then that

gives me a weak star neighbourhood and that weak star neighbourhood must intersect q)(B*)
because, the given function is in the closure and therefore, I can find such g. Then what do
you know about |f(x + y) — f(x) — f(¥)|. So, you add and subtract the g’s, since g’s and
cl)(B*) we know that g(x + y)= g(x) + g(y) because g€ cl)(B*). So therefore,
lf(x +y)— f(x)— f)| < % + % + % this 1s less than € and this is true for all €, so this
implies that f(x + y)= f(x)+ f(y) for all x,y in V. Similarly, we can prove

f(ax) = af (x), same way you produce a g and then that is very small by |«| etc. and then

you can do it. So this implies that, f is linear, linear than continuous and therefore, implies

fe d)(B*). Therefore, cl)(B*) is closed, hence it is compact ¢ is an homeomorphism f (B*)

is also compact. So, this proves the Banach-Alaoglu theorem.

So, this is the advantage I said, by going to the weak star topology the open sets become

fatter and they are fewer and therefore, the chances of a set being compact are better. And in



this case we see that the unit, closed unit ball which is would not be compact in the norm

topology is now compact.

So, now we have a lemma due to Helly.

Lemma (Helly): So, V Banach and fl, eV, 1<i<n. And a scalars again 1<i<n. The

following are equivalent,

1. For every € > 0 there exists an xEEV such that ||xe||S 1 and |fi(x€) - (xl,| < €. That
means, [ can approximately I can find X such that the f i(xe) approximate the o as
closely as I wish, so that is the.

2. The second condition which is equivalent to this is that, for all scalars Bi, 1<i<n, you

n

% ap,

i=1

n

< | X Blfi||. So, this inequality guarantees the existence of an X
i=1

have

which approximates at each f » Q. as closely as we wish.

(Refer Slide Time: 12:27)

3

S DHW, Ly A: é:‘m By ©
| Z (G- € =*

™

ZB»L.\ LS *li%u?

,
=
= tagggs

= . <= Wyt 6 R AVR
¢ G, - pe).
Oersnd booris T € AD B Snd wd SN G

g&-n@' La.‘\'\’g T A &B\ [5
Z.M >\ ZBJ,M ¥ el



Lawma, WPt} V Ravach  fred 1Sign. & ocdon, 1sisa
KJJ-‘?-SJ“ sl q‘vu)‘ [
() ¥y 3 mpeV At Ihg ARl <&

5 s 2820

z iy,
] %
34 B

1Y f
= iaypgert’

Gy ¥ Sealas (4 16180,

R DU, L A= %‘Z\P;l By O
| Z (o=t € =5

‘=

J_Bat.\ o lZ%S-

n
Proof: So let us show that 1 =2. So, you let s = )}’ |Bi|, then by 1 what do you have,
i=1

this will be less than equal to | fi(xe) - ai| < € and therefore that

él:l(ﬁif i(xe) —Ba)

n

X @Bf[x) - Ba)

i=1

comes out, so you get < e€s.

n

n
<es + ) |Blfi(xe)| but that is less than or equal to || Blf I
i=1 i=1 i

Therefore, you have

% B

i=1

n n
. Because Blfi(xe) in modulus is less than, that is ), Blfl,(xg) and that is less than || ) Blf l].
i

i=1 i=1
So, this implies 2, so, and this is true for alle so we can let € go to 0 and then you get the

second condition.

Now, we want to show that 2 =1. So, you post & = (ocl, S an) € R" and you, or c" if you

like, we will do it with R". A you define from V to R" in the usual way we are going to define

Ax) = (f 1(x), RS fn(x)). So, what do we need to show, we need to show, if you look at
the condition one what is it saying, you should be able to find xegl such that f l,(xe) is less

than as close to a. as you like.



That means we have to show that a € A(B) where B is the closed unit ball. So, if not you

have A(B), now that is a convex set, closed convex set and you have o which is a single point

which is a compact convex set. Therefore by the Hahn-Banach, we can find there exists A and

[31, RS Bn these scalars come from the linear functional on R". So, this linear we have done

n

this kind of argument before such that Bl_(x . So, this is the action of this linear functional

on &, so that is there is strictly bigger than A, you can strictly separate and that is bigger than

n n
> Blf (x) for every x€B. And therefore, from this you get that || ) Blf || because that is the
=1 i =1 i

n

supremum of ) Blf (x) for all x€B that will be give you the norm that is less than or equal

i=1 i

n

to A which is strictly less than ), Bioc and that is a contradiction of statement number 2.
i=1 i

Because, we have assumed 2 which goes the other way around. So, that is, so that proves this

proposition or lemma.
(Refer Slide Time: 17:09)
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So, now we have a proposition it is interesting,

Proposition: So V Banach B is the closed unit ball in V and B™ closed unit ball in V™.

JE V-V canonical mapping. That means what, ]x(f) = f(x) this is how we studied

reflexivity and so on, so, this is the canonical map. Then, B is the W closure of J(B) in v

Proof: So, B™ is the closed unit ball in V**, AT already a dual space and therefore, B is
74 compact by the Banach-Alaoglu Theorem. Therefore, it is W closed. Now, you take

CI)OE B”". And so, we have to show that every w” neighbourhood of cl)0 will intersect J(B)



because that is what we mean by showing that it is dense. Because then that will make B to
be in J(B) but B” is already weak star closed and therefore, it is in fact (())(19:27). So,

enough to show every 74 neighbourhood of ¢ 0 intersects J(B). So, let us take U which is a
74 neighbourhood. So what is this, this set of all (])EV** such that (¢ — d)o) (fi), SO you

have to go to the space which gave you whose dual is V™, V" is the dual of V" and therefore,
we have to take |(c|) - q>0)(fi)| < g 1<i<n where fie B" for 1<i<n. So, this is the

standard neighbourhood of this point. So, let € > 0 and let us take, that is given of course

and then let us take a = ) o(f i). Then, if Bi, 1<i< n arbitrary scalars then what do you can

you say at

n
> Bia. This is equal to modulus. What is a, ¢0(fi), SO
i=1 i

n n
» Bia = d)o( » Blf) . And q)OE B**, so its norm is less than equal to 1 so
=1 i i=1 i

l

b2 Bl.f_)‘

n

is less than equal ||c|)0|| (which is less than equal to 1) X || X Blf l|. So, ||(|)0||SL I forget
i=1 i

n
this, so I have <|l X Blf || which is the condition 2. So, this is equivalent to
' i

i=1

®(Z Bf)

[

saying there exists a x such that |f (x )| — a|< 1. Now, what is, so there exists. So by
€ l € L

Helly, there exists erV, ||xe||s 1 and | fi(xe)— (xi| < €. That means what, that is

J (fl,) - cb(fl,)‘ < € for all 1<i<n. And that is J €U. And it also J, is where it belongs to

€

¢ (B). So, ]x €¢d(B)NU and that proves the result. So, what is the meaning of this result?

€
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So, assume V is reflexive, then of course J(B) = B”".If V is not reflexive ] is an isometry, so
J(B) is strictly contained in B"" and J(B) is ] closed. So, in fact it is therefore, since it is J
closed and convex, so it is also W closed. But ](_B) in the W topology is B”" and therefore,
J(B) is not W closed. So, we have this another example of a set which is J closed, W closed,

but it is not W~ because we are again in a non-reflexive space that means automatically in
infinite dimensions. So, this is about the weak star topology. So, in the next lectures we will

look at the applications of the weak and weak star topology to the theory of Banach spaces.



