Functional Analysis
Professor S. Kesavan
Department of Mathematics
IMSc
Examples of Normed Linear Spaces

So, let us recapitulate.
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1/p
,1<p<oo. we want to

We have xeR", x=(x1,x2,...,xN), and we have HXHp:(_ 1; N‘|Xi|p
i=12,...Nj

show that |||| , satisfies the triangle inequality so that this will define a norm. We also saw that if
this defines a norm, then R" with this norm is in fact a complete normed linear space; or in other

words a Banach space.

We make the following definition:

. - 1.1 . .
If 1< p<oo, then the conjugate exponent p° is defined by ;+?= 1. For instance if p=2, then we

have that pz‘:2 ; if p=3, then pLZ% and so on.

Remark. 1<p‘<co.

Now, we have following lemma.

1 1
Lemma. Leta,bER,a,b>0,1<p<co. Then anP“g£+£.

p p°



So, if you look at this, if p=2, then p6:2; and therefore a% bi is nothing but the square root of

. . +b . . . .
ab, and the right hand side becomes GT. So, this is nothing but the arithmetic mean greater

than or equal to the geometric mean. Therefore, the above lemma is a generalization of this
particular inequality; so let us try to prove the lemma.
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Proof of lemma. So, let t>1 and 0<k<1. Then, you look at the functlon flt)=klt—1)—t"+1.
Then f'(t|=k|1—¢*!|>0 (as t>1, 0<k<1). So, f is an increasing function. You also have that
f(1)=0 and therefore f(1/>0, Vt>1. This implies that ¢*<k(¢t—1]+1. So, now if you look at the

inequality which we want to prove, you have that, if a or b is 0 then there is nothing to prove.

Thud, we can assume that a and b are not 0; so in particular let me assume that a>b>0. Then I

put L%,kZ% and we would get the inequality which we wanted. If b>a>0, then we put

(=2
a

1
.k :F; and then we would get the required inequality. This proves the lemma.

Using this Lemma, we now prove an important result which is called Holder’s inequality.

Holder’s inequality. Let 1<p<oo,p is the conjugate exponent of p. Then, for x, y€ER" with

X:(Xlxxz,---:XN):y:(Y1:Y2’---’YN)a we have



Xiyi|S”X”pHy||p""

i=1,.,N

This is a very important inequality which we will frequently come across in the future; and
therefore we will take some time to prove this.
Proof of Holder’s inequality. Again if x or y is 0; there is nothing to prove in this inequality.
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So, without loss of generality, we can assume that xZ0, y #0. We now set

i

p p 11
a= |Xi ca= H And we apply the previous inequality a?b? <+ % This gives
“x‘p Hy”p“ p p
C k)
Xy V<= T A
XAyl P, P [y
We sum overi=1,2,...N and get
Z XYV Z |Xi|p Z yl.pb
i=1,.N <L i=LoN +ii:1,2 ..... N :l+i.:1(,
Iyl ~p xp, Pyl PP

Now we just cross multiply to have the result. So, this proves the inequality known as Holder’s

inequality.

We can use the Holder’s inequality to prove the triangle inequality for HXH » We go to the next
result.
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Proof of Minkowski’s inequality. [et us write

Ix+yllo= 2>

i=1,...N i=

=Y ixVxHy [T Y

i=1,...N i=1,...N

< 12 ety [xl+ )

,...N

Now, to each of these terms we are going to apply Holder’s inequality.

L 1
S oxvixry <kl X \x,.+y,.\v-1p}pf:\|x\|p 3 |x,.+y,.|PF
i=1,...N i=1,...N

i=1,...N

-
xllollx+ye-

One can do the same thing for the second term. Therefore, we get

P
[lx+ y [l <[flxl], +ll 1l e+ y 7

Now, if x+ y=0, we have nothing to prove in the Minkowski’s inequality.

So, if x+y#0, then we can divide by“ X+ ynf and therefore you will get

b2
eyl 7 <l + 1,
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Since p—§=1, we get ||x+yl|, </[xI],+[ ¥],-

This proves the triangle inequality for H” , and therefore they are all norms; and we also saw that,
since Cauchy sequence means component wise Cauchy (coordinate wise Cauchy). Therefore, by
the completeness of R, we also get the completeness of R" for each of these norms. The case of
HHM is easier than all of ||| »» 80 [ will leave it as an exercise for you to do this. So, we have
defined a whole family of norms and on finite dimensional spaces on R". You could have done it

on C" as well without any change in any of the proofs, and hence you have a lot of examples.
(Refer Slide Time: 17:06)
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Now let us come to the question of sequence spaces; again we look at 1< p<oo,. And we define

[= (Xn): Z |Xn|P<oo and IOOZ{(XH <oo}.

i=1,...0

:Sup,|x,



So, L is the set of all bounded sequences, [, is the set of all sequences that are p summable. Now

we will define the norm on these spaces.

X

n

1
"l and that is finite and so it is well defined.

For x=(x,|€1,, we define Hpr:( >

n=1,...0

For XZ(X,,) €l,, we define Hx||oo=Su p,Vx,V{ which again is well defined because the sequence
is bounded.
So, I will leave it you to check (as we did it in the case of finite dimensions) that this satisfies all

the properties of a norm. But, before it is a norm, we do not even know that [, is a vector space.

If you take a sequence X,,)El , and multiply it by a number «, then of course the sequence

( (o4 X,,) €1, as well. But, if two if you have two sequences (Xn) s (yn)El ) then, what is the guarantee

that (x,+ yn)El ,- This is the question which we should answer first, only then I, will become a
vector space; then only it will make sense for us to talk of a normed linear space.

We will do both together so again all the other properties of norm are obvious; in one stroke we
will prove that [, is a vector space and simultaneously ¢ V.V ¢, satisfies the triangle inequality.

Let us do that.

Let us take XZ(XH),yZ(yn €1; so the question is x+y:=(xz,<3n+yn)€lp,é which is the

sequence got by component wise addition. Fix k, then by the Minkowski’s inequality

P > >l

’ p<||x]],+[lyl],
i=1,..k i=1,...k i=1,...k

1 1
p< r+

p
X+ X;

1

So, this is true for every k and therefore I can let k tend to infinity, the right side is independent

of k, and hence we get that ||x+ |, <||x]|,+[|y||, , which is finite of course.
This shows that x+y &I, and we have also proved the triangle inequality simultaneously.

Therefore, all these sequence spaces are normed linear spaces.
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Using the same k trick, you can prove the following Holder’s inéquality:

<l

Holder’s inequality: Let 1<p<oo and XE1,, yEl .. Then, 2 |xy

=1,...N
As I said, do this for any k, you will get it up to k; and then you can write this on left hand side,
right hand side. And therefore now you can pass to the limit as ktends to infinity, so you get this;
so, you have the Holder’s inequality.
I forgot to tell you that if p=2=p°, then the Holder’s inequality is the same as the famous
Cauchy Schwarz inequality, which you might have already come across.
So, finally we have the following theorem.
Theorem. [, is a Banach space for every 1< p<oo.
Proof. For p=oo, I will leave it as an exercise; it is again much easier than the other cases. Let

1< p<oo. We want to show that every Cauchy sequence in I, is convergent. Let us take a Cauchy

sequence (X,,) in I,. For every fixed n, I will write its coordinates as x, 1<i<oo. Thus,

x,=(x&in'),1<i<oo(. The sequence X,,) is a Cauchy sequence. What does it mean? For every

€>0 there exists N E N, such that if n,m> N then we have ¢

2

i=1,2...0

xn—xm| |,<€. In other words,

i i|p
x;—xﬁn| <€’

This implies for each i we have that (x&én')¢ is itself Cauchy, and therefore you have that (x;)

will converge to some x' in R or C, if you are looking at complex sequences; this will be C.
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So, we have a candidate now for the limit x which is x=(x'). So, we want to know if the

candidate is eligible that means you have to answer two questions. 1. X&€I, and 2. ‘

X,,—X”p - 0.
If you answer both these questions affirmatively, then that means every Cauchy sequence is
convergent; and therefore I, would be a Banach space. Now let us do this. First of all, just as

real line, every Cauchy sequence is bounded. Therefore, there exists a positive C>0 such that

X[, <C. This means that

p
<C?

Z
Xn
i=1,...00

Therefore, for every k we have

p
<CP?,

Z ‘
Xn
=1,...k

1

because this sum is smaller than the previous infinite sum. Now one can allow n — oo to get

2.

i=1,...k

i|lP
x'| <CP.

Left hand side is independent of k. Therefore, one can let k tend to infinity to get

2.

i=1,...0

i

X

p
<CP?,

which implies that x belongs to [,. So, we have answered the first question.



Now we need to answer the second question. We already saw that for given €>0, there exists
n,m> N such that

p
<e?

1

2 |xn-x
Xn Xm
=1,...0

So, we do the k trick once more. For fixed k, we have

p
<ep

i
XH Xm
i=1,...k

Now, you keep n fix greater than or equal to capital N, and m tend to infinity. So, you get that

2.

i=1,...k

i _ilP
n— X

<€’

X

This is true for every k and this means that HXH—XHPSG,VnzN. This means |

xn—pr - 0.
Therefore, we have shown that the candidate is indeed suitable. This completes the proof that I,

is a Banach space. So, with this we will stop sequence spaces; our next example would be
function spaces.



