Basic Calculus - 1
Professor. Arindama Singh
Department of Mathematics
Indian Institute of Technology Madras
Lecture 36 - Part 2
Areas of Surface of Revolution - Part 2

(Refer Slide Time: 00:16)

Example 3

The circle of radius 1 centered at
(0, 1) is revolved about the x-axis.
Find the surface area of the solid

so generated.

The circle is x =cost, y=1+sint, 0 <1 < 27.

Then [x’]> + [y’]* = sin® 1 + cos? = 1. The required surface area is

2n 2n
f 2ay()+J X1 + [y')? dr = f 27(1 + sint) dr
0 — 0
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If the curve is given in parametric form, then what do we do? Let us consider this example. We
have a circle of radius 1 centered at (0, 1). We have a circle having its center at (0, 1) and it has
radius 1. That is revolved about the x-axis. Does it touch the x-axis? Yes, since its center is (0, 1)
and radius is 1. When it revolves about the x-axis, what is the surface area of revolution?. Look at
the picture this way. You have the circle which is touching the x-axis its revolution about the x-axis
would give a picture like this. It is a surface, and we want to find the area of this surface.

Since it is a circle, it will be easier to parameterize. If a circle has center at (a, b) and radius r,
then it is written as x = a+cost, y = b+sint for 0 < ¢ < 2n. Here then the circle is parameterized
by x =cost, y=1+sint for 0 <2 < 2x. That is how we get the parameterization of the circle.

Then we should obtain ds, which will be computed as the square root of (dx/dt)? + (dy/dt)?
into dt. We now have dx/dt = d(cost)/dt = —sint and dy/dt = d(1 + sint)/dt = cost. Thus,
ds = \/(=sint)2 + (cost)2dt = dt. Therefore, the surface area will be the integral from 0 to

2, as t varies from O to 27, of 27 times y(¢), since the revolution is about the x-axis, times the
square root of [x"(£)]? + [y’ (¢)]>. That is, fOZH 27y(1)/(dx/dr)? + (dy/dt)? dt, which is equal to
2r .
/0 27(1 +sint) dt.
Now, you integrate this. It gives 27(r — cost) as 1 gives ¢ and sin ¢ gives — cos¢. This is to be

evaluated at 0 and 27 and subtracted. That simplifies to 472,



This is how we are going to find the area of the surface of revolution when the curve is given
in parametric form. Basing on these three types of possibilities, we go for solving some problems.

Let us take the first exercise. Here, we want to find the lateral surface area of the cone,
generated by revolving about the x-axis the line segment y = x/2, where x varies between 0 and
4. If revolution is about the x-axis, then we need a function y = f(x). here, it is already given in
that form: y = x/2. So, we differentiate to get y’(x) = 1/2. The surface area will be the integral
f04 27yy/1 + [y']2 dx. Now that y/1 + [y']> = /1 + 1/4 = V5/2, and y = x/2, one 2 gets canceled,
and we have /04 mV52x dx. Tt gives mV54x? to be evaluated at 0 and 4, and then subtracted. That

simplifies to 47V5.
The first exercise asks for obtaining the slant surface area of a right circular cone. The cone is

now given as a surface obtained by revolving the line segment y = x/2 for 0 < x < 4 about the
x-axis. Just go through the work-out. you will find that it confirms the old geometrical formula
half base into circumference into slant height.

Let us go to the next problem. The problem is to find the area of the surface generated by
revolving the portion of the curve y = Vox —x2 given by 1/2 < x < 3/2 about the x-axis.
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1. Find the lateral (side) surface area of the cone generated by
revolving the line segment y = x/2, 0 < x < 4 about the x-axis.

Ans: y=x/2 = y’ = 1/2. The surface area of revolution is

4 4 524
f() 2nyy/1+ [P dx = [ 2n(x/2)VT + 1/ddx = ”;/_‘7 0= 4nVs.
It agrees with the geometric formula %x base circumference X slant
height = 1 x 47 x 2V5.

2. Find the area of the surface generated by revolving the curve
y=V2x—2x2,1/2 < x < 3/2, about the x-axis.

Ans: The portion of the curve remains above the x-axis.
s T
=1+ = % The area is

X=X N

a2

Since the revolution is about the x-axis, we should find the formula with y as a function of x.

~

o l-x il l'yl]_

V=
\/7\—\-

3/2
Pretn = 27

dx = 2nzl\ =2nx
2x —x2 ~

But that is already given. We should verify that the curve remains above the x-axis. That is also
satisfied since it is the square root of 2x — x?, it is always greater than equal to 0. We differentiate
to get y’ is equal to the derivative of V2x — x2 with respect to 2x — x> multiplied by the derivative
of 2x — x? with respect to x. That gives y’ = {1/[2m]} X(2-2x)=(1- x)/m.

So, 1+ [y’]%is equal to [(2x —x?) + (1 —x)?]/(2x — x?), which simplifies to 1/(2x —x?). Then,
we get the area of the surface as the integral

3/2

3/2 3/2
/ 2rny+/1+ [y']%dx = / 2n 2x x2 % [1/(2x = x*)] dx = / 2m dx.
1/2 1/2
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This is 27rx|?ﬁ =2n(3/2 - 1/2) = 2x. You should verify these things. If there is some mistake,
then you correct it.

Let us take another problem. Find the area of the surface generated by revolving the portion of
the curve x = y3/2/3 — /Yy where y varies from 1 to 3; and the revolution is about the y-axis. When
the revolution is about the y-axis, we need to express x as a function of y; and it is already given
that x is a function of y.

(Refer Slide Time: 07:38)

Exercise 3

Find the area of the surface generated by revolving the curve

V32

X =5 —4/y, 1 <y < 3, about the y-axis.
Ans: Here, % —yy<0forl <y<3.

We consider x = g(y) =y — % Then

X =307 -y 1+ )P = —(-"]/2+j_]/2’2.
The surface area of revolution is

3 3/2 (yl/2 4 172
12y y/“+y )
flzn(,» S

y2  y3q3 Tl6n 4

\\3
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So, it is straight forward. We have to compute the derivatives and so on. Let us compute them.

And we should also verify that the curve lies above the x-axis. That means it should be greater than
equal to 0. But here, what happens is y3/2/3, when y varies from 1 to 3, is less than or equal to VY.
Wheny=1,x = 13/2/3 -1 = -2/3,and when y = 3, x = 33/2/3 — /3 < 0. Of course you can
see that throughout [1, 3], x = y3/ 2/3 - +/y remains negative. That means, we should consider its
negative to get the correct area. Area will be anyway the integral of the modulus of that thing; so
we are assuming the integrand to be greater than or equal to 0. Here, we consider x equal to minus
of what is given; that is, x = /y — y3/2/3. Had you not taken it, we would have got a negative
answer; but it should be same in absolute value.

So, we consider this function x = 4/y — y3/2 /3. If you differentiate it, you get x’ = (1/2)y~1/2 -
(3/2)y'2x (1/3) = (1/2)(y~"/* = y'/?). Then,

L+ WP =1+ /40 +y-2) =y +y+2= [/ +y' P

Notice that we need the square root of 1 + [x’]2. Now that we have expressed it as a square, it is
. . . 3
easy to get its square root. Now, the surface area will be equal to the integral /1 2nx+/1 + [x']2 dy,

which is equal to /]3 27 (y' /2 = y31273)(1/2)(y~'/? + y'/2) dy. Multiplying out the factors and
simplifying, we get it to be equal to f13 21(1+2y/3—y%/3) dy. It gives 27 (y+y*/3 —y3/9), which
is to be evaluated at 3 and 1, and then subtracted. Verify that it is equal to 167 /9.
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Let us take one more problem. Find the area of the surface generated by revolving the curve
x = y*/4 + 1/(8y?), when y varies between 1 and 2, about the x-axis. Had it been about y-axis,
you would have done it directly. But now this surface is generated by revolving this curve about
the x-axis. So, you need to find y in terms of x. But that looks a complicated problem. Also limits
of y are only given; from which you may have to find limits for x.
(Refer Slide Time: 10:49)

Exercise 4

Find the area of the surface generated by revolving the curve

xX= % + gz, 1 <y <2, about the x-axis.

Ans: It looks complicated to express y = f(x) or x = f(y).

Further, limits for y are given. So, we express ds as /1 + (dx/dy)? dy.

Now, dx/dy = y* = 7 so that

. 3_ 132 00— (3 4+ L
ds = Jl + (y 4 4.\"") dy = (y’ + 4_‘,,,)(1.\).
Then the surface area is

s ] 2

- - 1
2ryds(y) = | 2xy(y*+ —)dy
j; ryds(y) j; zr,v(y 4'\'3) 'y
- s gyl 20 ’Q

o -Hﬂ

Instead of going directly to that, let us compute ds. It is anyway /1 + (dx/dy)? X dy. From
x=y*/4+1/(8y?), we get dx/dy = y> + (1/8)(=2)y™3 = y3 — 1/(4y?). Now,

L+ (dx/dy)* =1+ [y* = 1/(4y)12 =4y [1/ ()] + [y° = 1/(4y)]? = [y + 1/ (4912

Then, ds = \/Wdy = [y? + 1/(4y*)]> dy. We can use this to get the surface area. But
since the revolution is about the x-axis, the surface area will be equal to the integral of 2zyds.
where s is treated as a function of y so that the limits are for y. All that we have to do is apply the
unified formula with ds instead of dx or dy. Notice that the limits for y are 1 and 2. So, the surface
area is [12 2y ds, which becomes /12 2ny[y? +1/(4y)] dy. We integrate this. The first term is y*
which gives y°/5; next one is 1/(4y?); that gives —1/(4y). So, itis 2x[y>/5 — 1/(4y)] evaluated
at 1 to 2. Verify that it simplifies to 2537 /20.

Here we used is a trick. If we use the unified formula, it becomes easier. If you go directly, it
will be a bit complicated.

We go to Exercise 5, where we want to find the area of the surface generated by revolving the
given curve. The curve is given in parametric form: x = 7 + V2, y = r>/2 + tV2, where ¢ varies
from —V2 to V2. And this curve is revolved about the x-axis.

The curve is given in parametric form; so you must get the derivatives. Now, dx/dt = 1 and
dy/dt = t + V2. Then, we compute ds, which is equal to /(dx/dr)? + (dy/dr)? dt. That gives

ds = /1 + (¢ + V2)2 dt. By expanding the square, we have ds = V12 +2V2t + 3 dt.
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Since the revolution is about the y-axis, we can write the surface area as the integral / 2rrx ds
with limits for y. Remember, when you take the other formula in terms of y; it will be
/ 2rnxy/1+ [x’]?dy, where x is a function of y. Here, directly we get f 2nxds. Is that al-
right? Because you can see that what happens in the earlier problem. You have taken f 2rryds
when the revolution was about the x-axis. It is the same thing we are applying here. Though it is
given in terms of parameters; the formula is the same.

(Refer Slide Time: 15:23)
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Exercise 5
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Find the area of the surface generated by revolving the curve
x=1+V2, y="5+1V2,-V2 <t < V2, about the y -axis

Ans: dx/dt = 1, dy/dt =1+ V2. So,
ds = \/13 +(+V)2dr = \/:3+ 2V2 1+ 341

V2 V2
TheareaisA:f 2£_x‘£= f\j_Q:r (r+ V2) \}t3+2\/§r+3dr.

NG

Putu = +2V21+ 3. Then du = 2(t + \/E) dt.
Whent=—-vV2,u=1; whent= V2, u=09.

9
2 9 2
S0, A = f aVudu = n=u?? | =KSTH£
I - -

3
The integral will now be in terms of the parameter ¢, that is, s is a function of ¢ now; so, the

limits of the integration will be from —V?2 to V2. That is, the surface area is f_ \/\/Ez 27rtx ds(t). Now,
everything should be express in terms of ¢. Thus, the integral is equal to

V2
/\F 27(t + V2)\ 12 +2V21 + 3 dt.
;)

How do we integrate it? The problem is > + 2V2¢ + 3. So, let us take that to be u. We substitute
u = 2 +2V2¢ + 3. Then, du = (du/dr) dt = 2(t + V2) dt. For the limits, see that when ¢ = —V2,
u=2-2V2(-V2)+3 =1, and whent = V2, u = 2+2V2V2+3 = 9. Then, you can write the area
directly in terms of u. It is /19 27+Ju du. That gives you m(2/3)u’/? to be evaluated at 1 and 9; and
then subtracted. That simplifies to 527 /3; verify it.

Let us take one more problem, the last one. Find the area of the surface generated by revolving
the given portion of the asteroid. You have seen earlier that an asteroid has 4 petals. We have only
213 4 203

curve which is to be revolved is is described by limiting x to —1 to 1. And this is revolved about

2 petals here, because x varies from —1 to 1. The asteroid is x = 1. The portion of the

the x-axis. So, we should apply the formula directly.
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Exercise 6
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//u \ Y

Find the area of the surface generated y
by revolving the portion of the asteroid !

X213 +y*3 =1, -1 < x < 1, about the /K‘l
X-axis. x

Ans: y = (1 —x33)32 y = —x713(1 = x2/3)172,

[y']> = x72/3 = 1. So, the area is

1 |
A= f 2yl + [y dx =2 f 2 (1 — x*13)32x7113 gy,
-1 [ 0

Put u = 1 —x*/3. Then du = —3x7'/3 dx.

Whenx=0,u=1,whenx=1,u=0.
0 3 2 o |12
So,A:f 47ru3/2(——)dt¢=—67r[—115/2] =—”.
1 2 5 1 5 &

The equation yields y = (1 — x*/3)32, -1 < x < 1. Then, y/ = —x~1/3(1 = x?/3)1/2. You
get 1+ [y]?> =1+x23(1 -=x*3) = 1+x23 -1 = x7%/3. The surface area is the integral
f_ 11 Zﬂym dx = f_ 11 27(1 — x?/3)3/2x=2/3 dx. However, the integrand is an even function,
so the integral is equal to 2 /01 27 (1 — x*/3)3/2x72/3 dx. This is to be integrated now.

To integrate we take 1 — x*/3 as u. Then, du = —(2/3)x~'/3 dx. For the limits, we see that
when x =0, u = 1 and when x = 1, u = 0. So, the integral is equal to /10 47m3/2(—3/2) du. This
gives 4m(=3/2)(2/5)u’/?, which is to be evaluated at 0 and 1, and then subtracted. Verify that it
simplifies to 127/5.

We stop and declare that with this lecture the course is over. I hope you have enjoyed this
course.



