Basic Calculus - 1
Professor. Arindama Singh
Department of Mathematics
Indian Institute of Technology Madras
Lecture 29 - Part 2
Rule of Substitution - Part 2
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(a) Let f(x) be a continuous even function on [—a, a]. Witht = —x

ff(\)a’X—f [f(nld(- f)—f f(f)df—f fx)& de.
a 0 a a

f f(.\')d.)(:f f();)dx-t—f f(x)dx:Zf f(x) dx.

—a —a 0 0

(b) Let g(x) be a continuous odd function on [—a, a]. With r = —x,
0 0 a N
f)dx = f [=f(]d(-1) = - f fnde = 5“&1)0\'1 =0 . 9
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It has to do something with even odd functions. They will be helpful in the substitution while
getting the integrals. Recall what is an even function: f(—x) = f(x) for each x; that is what even
functions are. For an odd function we have f(—x) = —f(x) for every x.

Suppose we have an even function. That means, it is the first one, f(x) = f(—x). Assume that
we have the symmetric interval: [—a, a]. Itis a very restricted case we are considering. We have an
even function and our limits are —a to a. It will be really a sum of two integrals /_ (l + /Oa. Consider
the first integral. We want to use evenness. If you take t = —x, then we would get the limits for
t as a to 0. This is so because when x = —a, t = —(—a) = a and whenx = 0, = -0 = 0. The
integral is /ao f(=t)d(—t). As itis an even function f(—t) = f(¢), and d(—t) = —dt. The integral
is from a to 0. Accommodating the minus sign, we obtain foa f(t) dt. Tt does not matter whether
we change this variable. We can write this also as foa f(x) dx. The variable does not matter here;
it is definite integral, and any variable you could have taken.

So, we can write f_ ‘; f(x) dx as the sum of this with the other one, which was /Oa f(x)dx. We

obtain

[af(x) dx:Z/Oaf(x) dx when f(x) iseven.

Sometimes it becomes easier to apply this, because you have to evaluate at O instead of at —a.



Now, we go for the next one, which is an odd function. So, it looks something like this:
f(=x) = —f(x). Suppose g(x) is a continuous odd function on the symmetric interval [—a, a].
With the same substitution t = —x, we find that in f_ (21 f(x) dx the limits for ¢ are a and 0, and
the integrand is f(—t) = —f(t), and dx = —dt. That gives the integral f_ (; f(x) dx equal to
/ao —f(t)(—dt). This is equal to — foa f () dt. Again, writing x in place of ¢, we get — foa f(x) dx.

When you take the sum, they cancel out and give 0. So, what do we get? This implies that

/a f(x)dx =0 when f(x)isodd.

F or an odd function, you can see also geometrically how this happens. This integral is a signed
area; so this area and this area really cancel out. Similarly, this area and this area also cancel out.
In case of an even function, the areas have the same sign. So, these two are same. Then, the total
becomes twice the area of this region.

That is what we say, if it is even, then it is twice; and if it is odd, then it becomes 0; the integral
becomes 0. Sometimes it helps to simplify some integrals.
(Refer Slide Time: 04:58)
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Evaluate the integral f (f — 4.52 + 6) dx.
i)

The function f(x) = x* — 4x> + 6 is an even function on the symmetric

interval [-2, 2]. Hence,

f FO) dx ot - 42
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= 2['?— 3‘+6x]0
32 32 232
= 2A5-3+1)=75

Let us see how it is applied. We want to evaluate the integral f_ 22 (x* — 4x% + 6) dx. Is it even
odd? Well, [-2,2] is a symmetric interval; we know that x* is even, x2 is even, and 1 is also even.
So, this is really an even function. We can straight forward write that f_ 22 is twice of f02 of the same
function. The integral is equal to 2 /02 (x* — 4x? + 6) dx, which can be integrated now.

Upon integration, x* gives x> /5, —4x? gives —4x>/3 and 6 gives 6x. It has to be evaluated at 0
and 2, and then subtracted. When you simplify, you would get the answer as 232/15.

So, instead of evaluating this whole expression again at —2, we just evaluated at O; that became
easier. That is how evaluation of definite integrals becomes easier by using even or odd functions.

(Refer Slide Time: 06:30)



Exercises 1-2
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1. Evaluate the definite integral j (M;) dx.
0

Ans: Substitute u = tanx. Then du = sec? xdx = (1 + tan®x) dx.
Whenx =0,u =0, and when x = n/4, u = tan(n/4) = 1. —

/4 /4 . 1 2q - q
f (tan x+tan’ x) dx = f tanx(1+tan” x) dx = f udu=—| = -.

0 0 0 2002
—hLn
\3
dx
2. Evaluate f dx. \/\?);—’
-3 V1 +x2

Ans: The function to be integrated is an odd function.

Hence, the integral is 0.

Let us see some more problems. We want to evaluate the definite integral again. It is
foﬂ(tanx + tan? x) dx. As we have decided, take some time, pause the video here, and then come
back to this after you have proceeded up to some steps.

Well, how do we go about it? Of course, this can be integrated, but using logarithmic functions,
which we have not introduced till now. Well, we substitute # = tanx. That tanx is creating
problems; so, let us take u = tan x. Then, du becomes sec? x dx, which is (1+ tan> x) dx. Now you
can see that this substitution is helping us; this integrand is really tan x(1 + tan® x). So, this is your
u and this is du. You have to find, of course, the limits. When x = 0, u = tan0 = 0, and when
x =n/4,u =tan(x/4) = 1. So, the limits are from O to 1; the integral is /01 u du. That gives u®/2
evaluated at the limits O and 1, and subtracted. At 0, it is O; and that gives 1/2.

That is how it will go. But we will be lucky if it comes in that form. If it does not, then of
course, we will not be able to integrate now, something else may be required.

Let us go to next problem. Evaluate the integral f_ \/\/3% 4x/V1 +x%dx. Since the interval is
symmetric, let us find whether the integrand is even or odd. In 4x/ V1 + 22, if you substitute —x,
then you would get —4x/ m = —4x/V1 +x2. Hence, it is an odd function. Hence, the
integral is 0. We do not have to really evaluate it, because it is an odd function.

Let us take the next problem. We want to evaluate the integral fol 10vx/(1 +x3/2)2 dx. The
problem is this x3/? and also y/x. We know that the derivative of x*/2 is (3/2)+/x. So, we can think
of the differential of x3/2 as /x dx with some constant multiplied. But the derivative of 1 is 0; so

we can think of 1 + x3/2

instead of x3/2. That is how we are going to substitute and get the result.
So, we substitute # = 1 +x32. Then du becomes (3/2)vx dx. We go for the limits. When
x=0,u=1+0%?=1,and whenx = 1, u = 1 + 13/2 = 2. Therefore, the integral can be written as
[210(2/3)(1/u?) du.
Notice that du = (3/2)/x dx. So, in place of y/x dx we can substitute (2/3) du. And (1+x3/%)?

now becomes 1. The limits O to 1 become 1 to 2. That is how we get the equality there.
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3. Evaluate f de
0

(1+x3/2)2 77 e
Ans: Substitute u = 1 + x>/2. Then du = ;\/)_cfwhen x=0,u=1,and

whenx =1,u=2. Hence
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Now, this integral is is really 20/3 multiplied by integral of 1/u?, which is —1/u. This is so
because the integral of u~2 is u™>*' /(=2 + 1) = —u~". So this —(20/3)u~" is to be evaluated at 1
and 2, and subtracted. That gives —20/3 into half, as u = 2, and —1 when u = 1. That simplifies to
10/3.

Notice that our observation that something appears here whose derivative is multiplied there
helped us evaluate the integral. That is the main thing we have to see, and then take that as the new
variable. That is what the rule of substitution allows us to do. But observing these these are yours.
Rule of substitution does not say which one to substitute; you have to get it from the problem.
(Refer Slide Time: 12:07)
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Exercises 3-4
1
1
3. Evaluate f Oﬁ
0

(L +x02)2
Ans: Substitute u = 1 + x*/2. Then du = %\/)_c, whenx =0, u =1, and
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when x = 1, u = 2. Hence

10V 2102/3)du 20 2 20,1 _ly e Br,r,e Ly
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4. Evaluate [ cod’(6/6) sin"5(8/6) db. 4 U

Ans: Substitute 1 = tan(6/6). Then du = é sec?(#/6) so that
cos(?:z9f6) sin~>(8/6) df = tan~>(6/6) sec?(6/6) df = 61> du. When
0=nmu =3tan(7r/6) = 1/V3, and when @ = 37/2, u = tan(x/4) = 1.
3r/2 - 1 L _q|!
fﬁ”/ cos™8/6) sin>(8/6) de = fl/\ﬁ 6u= du = %u 4|1N§

__. =3 _ _ =3 _
= =307 T ey - 1%
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Let us take the next problem. We want to evaluate the integral /ﬂ 7129 cos” (0/6) sin(—=56/6) db.



. . . 3n/2 . -
Well, there is a difference of 2, we correct it to /ﬂ 7l cos®(6/6) sin™>(0/6) db. Because is is cos?,
it will be easier to do with tanx. We can write sin™ and cos® as tan™ sec?. (Verify: (sin/cos)™

2 is same as sin™> cos?.) The derivative of this tan is really sec?. So, you can think of

times sec
tan(6/6) as u. That will make it easier.

Let us substitute # = tan(6/6)4. Then du is equal to the derivative of tan(6/6), which gives
sec’(0/6) x (1/6). What about the other function? It is tan™>(#/6), which is equal to u™>. So,
the integral is f 61~ du. Because du = (1/6) sec’>(6/6) db. So, So, that is how the integral now
looks like, it will be f 6u~ du. We have to take the limits, of course. When 6 = 7, u = tan(6/6)
becomes tan(7/6) = 1/V3; and when 6 = 37/2, u = tan(37/12) = tan(x/4) = 1. So, we can

write

3n/2 1
/ 2cos’ (8/6) sin(=50/6) df = / 6u~> du.
n 1/V3

When you integrate, u~> gives u~*/(—4). Then, the answer is 6 times this evaluated as the limits
and then subtracted. That gives —6u~*/ 4|i 3" It simplifies to 12. That is how it looks.
(Refer Slide Time: 15:51)
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5. Find the indefinite integral jig sin”(1 + 1/t) dt. - ]
Ans: Substitute u = 1+ 1/t. Then du = —+~2 dt. Also,
sin*(1+ 1/1) = sin’ u = 3(1 —cos2u).  Hence
2 1
fr'“ sin®(1+ 1/ dr = —fsinzudu = 3 f(cosZu— l)di_
sin2u  u sin(2 + 2/1) 1
= - — = — =+ 0C.
4 2 g 4. 2t ?
-1
2

Let us go to next problem. Find this indefinite integral. Now, it is not a definite integral. The
indefinite integral is / t~2sin(1 + 1/t) dt. Here, we have r~2 and we have 1/¢ here. We know that
the derivative of 1/t, that is, the derivative of Vs =2 If you add 1 to that, of course, you would
get the same derivative. It thus suggests that we substitute a new variable for 1 + 1/z.

That is what we do. Let us write u = 1 + 1/t. Then, du = —t=2 dt. That accounts for this

2 2

differential. And sin 1 + 1/¢) becomes sin®u. But we do not have a formula to integrate sin

directly. We rewrite it as (1/2)(1 — cos(2u)). Then the indefinite integral becomes

1
/ 12 sin®(1 + 1/t) dt = / —sin®udu = / 5(cos(2u) — 1) du.
Now cos(2u) du gives you sin(2u)/2 and one half is here. So, it is sin(2u)/4. And —1 here gives

5



—u, half is there, and then plus C;. That is the indefinite integral. Itis equal to sin(2u)/4—u/2+C;.
We then simplify after putting in the substitution. It is in # now; it has to be transferred to . You
substitute back. Itissin(2+2/7)/4—(1+1/t)/2+C1. This give sin(1/2+1/(2¢))-1/(2t)—-1/2+C;.
Now C is an arbitrary constant. So, C; — 1/2 can be written as a new constant C. That is how the
indefinite integral will look like now, for any arbitrary constant C.

See, how we accommodated some particular constant with the arbitrary constant. In an indefinite
integral, there is no need to keep this minus half. Also we could have kept this minus half plus C;
as it was. That is also correct.

(Refer Slide Time: 18:37)
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Exercises 5-6
5. Find the indefinite integral f = sinl(l + 1/1) dt.
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Ans: Substitute u = 1 + 1/r. Then du = —t~ > dt. Also,
sin®(1 + 1/1) = sin” u = (1 — cos 2u). Hence

1
—f sin® udu = 3 f(cos 2u—1)du

sin2u  u _sin(2+2/1) 1

f:‘z sin?(1 + 1/0) dt

= —=-—+(Cj=—-—+C.
g T g e 1 21
sinx 3 gin 2,':5/
6. If f/(x) = ——, then express f : dx in terms of f.
SRV av e 1 ; —_
Ans: Let u = 2x. Then du =f2_g’£;/when x=1,u=2;and when x = 3,
u=6. So, % SLJ;/(\L)AM
e

X X 11

f3 sin 2x dr = f3zsi; 2x i Jj’ sin u it :f(-")E = £(6) —f(2). ‘ /“f

Let us go to the next problem. If f’(x) = sin(x)/x, then we want to express the integral
/13 sin(2x)/x dx in terms of f. It is a complicated one. We want to evaluate this integral or express
this integral in terms of a function whose derivative is sin(x)/x. We do not know exactly what is
the function whose derivative is sin(x)/x. It looks that the rule of substitution would help.

Now you want to express it in terms of the function whose derivative is sin(x)/x. We should
have sin(x)/x here first. Then, we can think what to do. Let us consider sin(2x), say, we take
u = 2x. With that, we have du = 2dx; and when x = 1, u = 2; when x = 3, u = 6. It is a twice of
that. So, /13 sin(2x)/x dx can be written as /26 sin(u) /u du.

Now, sin(x)/x is given to be f’(x) for some function f(x). So, sin(u)/u = f’(u). Then the
integral is equal to f26 f'(u) du. By the fundamental theorem of calculus, this integral is equal to
f(6) - f(2).

Now, we are able to express the integral in terms of f. And in the abstract, the indefinite integral
will be equal to f(u) + C. When you differentiate it, you would get back the integrand. Let us stop

here.



