Basic Calculus - 1
Professor. Arindama Singh
Department of Mathematics

Indian Institute of Technology Madras

Lecture 26 - Part 2

Properties of integral - Part 2
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Let us take an example see how these properties help us in evaluating integrals. Suppose we

take some m, which is a rational number, because only rational powers we have defined. You can
take m to be a real number whenever it is well defined, but it should be continuous function and so
on. We make it simpler. Let us take m to be a rational number in the form p/q. Suppose 0 < a < b.
You have the interval [a, b] this way. Then, you take fa b x" dx, the integral of x™ on this interval
a to b. This is the power function x™, which is defined on this interval as m is a rational number.
(The dx symbol is missing here.) That is equal to 5"*! — a"*! It means, we have to really compute
the Riemann sum and take the limit, and then see that it happens.

Let us see how do we proceed. We take a partition of the interval [a, b] whichisa = xp < x| <
-+ < x, = b. Suppose this is the partition. Let us fix any i in between this 1 to n. That means we
are fixing a sub-interval [x;_1,x;]. In this sub-interval, let us define the function g(x) = x"*!. This
is a clever way of evaluating the limit of the Riemann sum. We have done it in another problem
earlier while finding the integral of cos x.

Let us consider g(x) = x™*! on the interval [x;_1,x;]. Now, g(x) is differentiable in the open
interval (x;_1,x;) with g’(x) = (m + 1)x™. That is, for any point x in the open interval we know
that its derivative is this. We apply the Mean Value Theorem on g to see that g(x;) — g(x;—1) =
g’(ci)(x; — x;—1) for some point ¢; between x;—; and x;. That is, there is a point ¢; in a every



sub-interval (x;_1, x;) such that this thing happens. Now what do we do, in our Riemann sum we
take take these c;s our points of the choice set or choice points.
(Refer Slide Time: 1:41)
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Let P ={a =xp < x| <--- <X, = b} be a partition of [a, b].

Fix m € Q. Let 0 < a < b. Show that f(:’f“ =

Fix any i € {1,2,...,n). Define g(x) = ™! for x € [xi_1, x:].
Now, g’(x) = (m + 1)x™ for x € (x;-1,x;). By MVT, there exists
¢i € (x;i—1,x;7) such that g(x;) — g(x;—1) = g'(¢;)(xi — xi—1). Or,

X = (4 DA — xi1) = (m+ DF(e) (6 — Xizr).
We take C = {c¢},...,¢n}. Then,
n
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So, take these ¢;s as the choice points. With these ¢;s our Riemann sumis equalto 377, f(c;)(x;—
x;-1). Whatis that f(c;)? Itis f(c;) = ¢/"(x; — xi-1. So, g'(¢c;) = (m + 1)c". The term inside the
Riemann sum is f(¢;)(x; — x;—1). This is equal to g’(c;)(x; — x;—1). We know that it is equal to
g(x;) — g(x;—1). The sum of these terms becomes the Riemann sum.

Now, we want to sum it. What will be the sum? This m is not dependent on i; we take it out.

Then, the sum is

[1/(m + D] ([g(x1) — g(x0)] + [g(x2) — g(x)] ++ -+ + [g(xn) — g(xn-1)])-

You see that this minus term remains, but this one is cancelled, all of them will be cancelling except
the last term, which is g(x,) — g(xo). We get x™+! — xg”l. But x,, = b and x9p = a. So, you get
™1 — g™+ divided by m + 1. This is what we wanted to show.

Due to our choice points c;, specifically chosen this way we see that the Riemann sum itself
becomes a number. Therefore, in the limit the same number stays, and we get the integral
/ab x™dx = [0 — ™1/ (m + 1).

This trick will be helpful whenever you have a very complicated function, and where you cannot
really do anything through the limits. You apply the Mean Value Theorem for the differential.
Otherwise, it may not be required. Sometimes we just get it from the function itself. This helps in
evaluating the limit.

Let us take another example. Evaluate /_ 11 (2+3x% +4x°) dx. We use the previous example and
our properties. First thing is, the integral of 2, a constant function, is simply 2x°. That gives, or
directly you can get from our property, that f_ll 2dx = 2/_11 dx=2(b-a)=212-(-2)) =4.
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2. Evaluate ﬁll(2 +32:2+4x°) dx.
By the previous example, f_ll 2dx =2(1 - (-1)) =4,
1 2 e ].‘7[7]]3 _ 2 | 5 o ]{\7'71}1’\ _
[de="E =3, [ Xde=1=5 =0. Hence; & I
fjl Q+3x2+4x)dx= L'I 2dx +3 ]1]] x2dx + 4 ffl x> dx
=4 +3(2/3)+4(0) =6.

3. Find the area of the region in the first quadrant enclosed by the
parabola y = x> and the line x = V2.

We go slowly for the other one. The integral /_ 11 x2 dx is evaluated by using the last example
again. It is b"™*! — ¢! divided by m + 1, which is 1° — (=1)? divided by 2 + 1, which is equal to
2/3.

Similarly, if you take x°, its integral is 1® — (=1)% divided by 6 + 1, which is equal to 0.

So, our integral will be this integral plus 3 times, because of property 2, plus four times this
integral. Now, it is easy to simplify and see that the answer is 6.

You see how the properties help us in integrating a polynomial. If you know how to integrate
the powers, that is, x".

Let us see the third example. Here, we are asked to find the area of the region in the first
quadrant. We want to compute the area of something in the first quadrant enclosed by the parabola
y = x2. It looks something like this y = x2; and the line x = V2. This is V2, so this is the area we
want to compute.

This area will be equal to the integral fO\/z x?dx. The curve is y = x? and the region bounded
by that is this integral from 0 to V2 of x2. We know how to integrate x2. It is x> evaluated at V2
and 0, subtracted and then divided by 2 + 1. That gives (V2)3/3, which is 2v2/3.

Let us take one more example. You want to show that the integral of V1 + cos x over the interval
0 to 1 is smaller than 1.5. It is an estimation. So, somewhere we have to use some estimation; that
is what we will do. You see that for x € [0, 1], cosx is always less than 1. I think that gives.Let
us try. Then, V1 + cosx will be less than V1 + 1 = V2. So, f(x) < g(x) where f(x) = V1 +cosx
and g(x) = V2, a constant function here, which we can readily integrate.

So, the integral of V1 + cosx from 0 to 1 will be less than the integral of V2 from 0 to 1, which
is V2 times (1 — 0). It is k(b — a), that is, V2(1 — 0). And, V2 < 1.5. Hence the result.
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4. Show that f[]] V1 +cosxdx < 1.5.
For x € [0, 1], cosx < 1. Hence, V1 + cosx < V2. Then

1 1
f Vl+cos.r(b.'<f \Efir=\/§(l—0)=\5<l.5.
0 0

5. Find the mean value of f(x) = V4 — x2 on the interval [-2, 2].

f_zz V4 — x2 dx is the area of the semi-circle of radius 2 with center at
the origin, which is equal to 2. The mean value of f(x) in [-2, 2] is

_—
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Sometimes, these numbers can be different, and you do not know which property of the integral

and which estimation are to be applied. But only trial and experience give you some way. We have
chosen cosx < 1 here, not any other inequality.

Let us go to the fifth problem, the fifth example. We want to find the mean value of this
function on the interval [-2,2]. The mean value is 1/(b — a) times the integral /a b f(x)dx. Itis
straightforward.

We can find the integral. Our integral is f_ 22 V4 — x2 dx. The mean value will be this integral
divided by 2 — (-2) or 4. What is this integral really? Here, y = V1 - 4x2 is a circle; it is a
circular arc, a semicircle really. The square root is positive only; so, it lies on the upper half plane.
And V4 — x2 means that its center is at 0 and radius is 2. Now you see that x> + y2 = 4 gives you
y = V4 — x2; right? That is the curve. We know its area, the area of this semi circular region is
equal to 2, because its radius is 2. The area of the full circle is 7r2; so that of the half circle will
be 7/ r2 /2 with r = 2; it gives 27. Then, the mean value of this function is equal to 27 divided
by this 4, which is 7/2. Since we know the area we proceeded this way instead of computing the
integral directly.

Let us take one more. Find the values of a and b so that the integral fa b (x —x?) dx is maximum.
What happens here is that if you have the interval [a, b], where a and b are given and a function
f(x) is given, then the integral is a number. But here the values of @ and b are not given; these
are unknowns. So, this number which is the definite integral will depend on both a and b. The
question is to choose a and b in such a way that this is the maximum number you will be getting
from that. Right? That is what we are being asked.

Let us look at the function first. The function is x — x2, which we can factor as x(1 — x). The
reason is, we will use a very simple argument. Suppose, the function is something like this, which
has some negative values and some positive values. If we want to maximize the area bounded by



the function and the x-axis, and these two lines x = a and x = b, then you take a to avoid the
negative values. For instance, we will take a to be here. Because it needs to be maximum. That is,
if at all the function has both positive and negative values, we should choose our a to be here. And
we do not know till now where is b. But this is the guiding principle for choosing that also.
(Refer Slide Time: 12:34)
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6. Find the values of a and b so that the integral J;b(,l: —x)dxis

maximum. t |
f(x)=x—-x*=x
fx)>0for0<x < 1. And, f(x) <0 forx < 0 and for x > 1.

\ T

So, suppose f(x) > 0 somewhere. Then we can choose our a like this. But for this given

function, we should know where it is bigger and where it is smaller than 0. This function is x(1—x).
That is, if you take O here, 1 here, you take any point x in between 0 and 1, then one of them is x — 0
and another is x — 1. One of them will be positive and one of them will be negative. This is 1 — x,
so both will be positive and their product will become positive if it is between this 0 and 1.

If it is bigger, say x is here bigger than 1, then 1 — x is negative, but x is positive; so, that will be
negative. Or if it is less than 0, then x itself is negative, but 1 — x is positive; so, it is again negative.
What we observe is that for 0 < x < 1, that is, x between 0 and 1, f(x) is positive. Otherwise,
f(x) is negative for x < 0 and for x > 1.

Once we are going to find this integral to be the maximum, we should find out where the
function is positive. The picture would look something like this. Not exactly, but like this. So here
it is 0, here it is 1, and between 0 to 1 the function remains positive, and elsewhere it becomes
negative. To maximize the value of the integral, we should take only the positive part, and this part
should go away. That means we choose our a to be this point, b to be that point where the function
remains positive; that is, we choose @ = 0 and b = 1. See, we have not computed the integral, but
some geometric argument gives the result.

Let us come to the seventh example. Suppose f is a continuous function defined on the closed
interval [a, b], where we generally assume that a < b. But suppose along with that you also have
fa b f(x)dx = 0. Then, show that f(x) has a zero in [a, b]. It means that there is a point ¢ such
that f(c) = 0. Well, we can see the geometric argument first to have a feeling of what is going on.
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6. Find the values of a and & so that the integral Lb(,r —x)dxis

maximum.

f(x) =x—x*=x(1 - x). So,

flx)y>0for0<x < 1. And, f(x) <0 forx < 0 and forx > 1.
Hence, Lb_f'(.t) dx is maximum fora =0 and b = 1.

7. Letf : [a, b] — R be continuous, where a < b. Suppose

fjf{.t) dx = 0. Show thatf(.r)ﬁ?a zero in [a, b]. Je: Q=0

By MVTI, there exists ¢ € [a, b] such that f(c) = b—l” ft:bf(.r) dx = 0.

o ""‘“{ .\’g:"ié %

Suppose our function f : [a,b] — R is positive throughout [a, b]. Then the integral will

become positive, which is the area. If f is negative throughout then its integral also will become
negative. But the integral is 0. That means at some points f is positive, and at some points f is
negative. Since f is continuous, by the Intermediate Value Theorem f must be O somewhere. That
is the argument we are going to give. But we can also directly do it because we have the Mean
Value Theorem for integrals available with us. In fact, that is exactly the proof of Mean Value
Theorem for Integrals, whatever argument we thought.

We can now apply the Mean Value Theorem for Integrals directly. By the Mean Value Theorem
for Integrals, there exists a point ¢ € [a, b] such that f(c) = (1/(b - 1)) fab f(x) dx. But this
integral is 0. So, f(c) must be equal to 0.

The job became easier for us due to this. Alternatively, you can argue whatever way we have
just told but using the Mean Value Theorem for Integrals. That is, if f(x) > 0 for each x, then its
minimum exists and is achieved at some point in [a, b] due to continuity of f(x). Let us say m is
equal to the minimum of f(x). Now m > 0 and this m(b — a) > 0. Then the integral is also bigger
than 0.

To repeat, since f is continuous, it achieves its minimum, say m inside the interval [a, b] at some
point c¢. Since f(x) > O for each x, we have m = f(c) > 0. Then, /ab f(x)dx > m(b —a) > 0.
Similarly, if f(x) < O for each x then you would reach at the conclusion that this integral is less
than 0. But the integral is given to be equal to 0. Is that okay?

We will do one or two problems and then, may be, conclude today. First problem asks to
evaluate the integral f_ 11 (2 — |x|) dx. How do we proceed? If you draw the figure, it is 2 — |x|. It
will be looking something like this. This distance is 2, and you join it something this way. As it is

from —1 to 1, at —1, it will be something like this. So, it is this area we have to compute.
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1. Evaluate the integrals _fjl (2 = |x]) dx.
Ans: Draw a figure. The integral is the area of the polygon joining
points (—1,0) to (1,0) to (1, 1) to (0,2) to (-1, 1) to (—1,0). You can
find the area as 3.

| . | 0 |
Alternate: f_l(z —Ixdx= [ 2dx— ([ (-x)dx+ [, xdx) =
) C-1)? _ 120 _4_1_1_ (
212) + —5 3 ‘]t 3—3=3 3 2o
2. Evaluate the integral f_](l + V1 —x2) dx. 1
Ans: f_ll V1 — x? dx = Area of the semi-circle of unit radius = 5.
Thus, f_]](] + V1 -x2)dx = f_' 1dx + f_'l Vi-xdx=2+3.

1

3. Evaluate the integral uvz(r —V2)dr.

ans: [P Byade= [Pras— [P VB = A\l 4?/‘

———

0220 _ \B(VZ-0)=1-2=-1. ~

You can see the polygon now. It joins the points (—1,0) to (1,0) to (1, 1) to (0,2) to (-1, 0).
The integral is the area of this polygon, which is easier to compute. This is —1 to 1, so length is 2;
this is 1; and this is same thing as this area. So, you have 3 times 1, and the answer should be 3.

You can also do directly through integration. The integral is equal to integral of 2 minus that
of |x|. Now, /_ 11 —|x| dx can be broken into two integrals such as /_ (1 —|x| dx plus /01 —|x| dx. In
[-1,0], |x| becomes —x and in [0, 1], |x| becomes x. So,

[11(2—|x|)dx:[112dx—(/_‘f(—x)dx+‘/01xdx).

Now if you just evaluate them using our earlier formula, you also get back the answer as 3.

Now, we take this integral: /_ 11 (1 +V1-x2 ) dx. We do not know right now how to integrate
V1 - x2. But you can use the earlier argument. We think of what curve is it, and whether we know
its area geometrically or not. In the integral f_ 11 V1 — x2 dx the curve is y = V1 — x2. It describes
the semicircle of unit radius with center at the origin that lies above the x-axis. So, its area is /2.

Then, you can use the properties of the integral to see that

1 1 1
/ (1+\/1—x2)dx:/ 1a’x+/ Vi-x2dx=2+2.
1 -1 -1

2

Let us take the last problem. Evaluate fo\/z (r - V2 ) dt. Recall our remark that fa b f(t)dt =

fa b f(x) dx. To compute this integral we break it into two integrals: foﬁ t dt minus /0\/5 V2 dt.

We can apply our earlier formula that /a by dx = (1/(m + 1)) (b — a™*1). That gives the first
integral equal to [(V2)? — 0%]/2 and the second integral equal to V2(V2 — 0). Then, the answer
simplifies to —1. Let us stop here today.



