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Example 1

Find absolute extreme values of f(x) = x*>/? defined on [-2, 3].
For x # 0, f'(x) = $x~'/3, which is also nonzero.
So, the only critical point is the interior point x = 0.

The possible extreme points are the end-points —2, 3 and the critical
point 0.

We see that
f(_z) = 4|,-"3’ f(UJ :& }((3] - 32,1"_1- _ 9];"3.

Hence, the absolute maximum value of f(x) is 9'/* and it occurs at the
end-point x = 3, and the minimum value is 0. which occurs at the

interior (also critical) point x = 0.

Let us see, how to go about it this. Consider an example. Find the absolute extreme values of
f(x) = x*/3. Where is our function defined? It is only on —2,3]. Though this function can be
defined elsewhere, our search is limited, the function is defined on this interval only, on [-2, 3].
And how does it act? It acts as f(x) = x2/.

Now, how do we get its maximum, or minimum values? First, the end points —2 and 3 are
possible points. Then, we will go for the critical points. Those critical points and along with these
end points are possible values where its extreme values can occur. So, let us find the critical points.
Of course, if x = 0, then f(x) can be 0.

To find the critical points we need the derivative of f(x). If you take the derivative, it is
f'(x) = (2/3)x~1/3. This is not defined at 0. So, at 0, we do not define it. f(x) is not differentiable
at 0. But if x is nonzero, then its derivative is (2/3)x~!/3. We substitute. If x # 0, then f’(x) # 0.
That means the only possible critical point is 0, where f(x) is not differentiable. And there is no
other point.

There are points where f(x) is differentiable, but those points are not critical points, because
S’ does not vanish there. So, no other critical points; O is the only critical point.

Now you have three things. The possible extreme points are the end points —2 and 3, and the
only critical point 0. Then, all that we have to do is compare the values and find out which are the

extremum, that is, maximum or minimum. We have f(-2) = (=2)/3 = 4!/3 from here, £(0) =0,



and £(3) = 3%/3 = 91/3, Out of these, we find that the maximum value is 9'/3 and the minimum
value is 0. Here, the minimum is achieved at the critical point 0, and the maximum is achieved at 3.
So, the point of absolute maximum is 3, and the point of absolute minimum is 0, and the absolute

maximum value is 9!/3, the absolute minimum value is 0. That is what we conclude from this.
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Find absolute extreme values of f(x) = x'/* defined on [-2, 3].

Forx # 0, f’(x) = $ 472/, which is also non-zero. “m’ﬁ%{ﬂb n=0-
—_—
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Let us take another similar problem. Suppose you have f(x) = x'/°. Again, it is defined on
the same closed interval [—2, 3]. Let us find out the derivative and see the critical points. It is not
differentiable at x = 0. And, if x # 0, then it is differentiable with the derivative as (1/3)x~%/3. But
for nonzero x, f’(x) is never equal to. So, nonzero points are not critical points.
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Find absolute extreme values of f(x) = x'? defined on [-2, 3].
For x # 0, f'(x) = 3 x~%/*, which is also non-zero.

And, f(x) is not differentiable at x = 0.

Thus x = 0 is the only critical point of f(x).

We compare the values at these possible extreme points:
=27 fo =0 f3=3".

So, the absolute maximum value of f(x) is 3'/* which occurs at the

end-point x = 3, and the absolute minimum value of f(x) is 2%
which occurs at the end-point x = -2.

So, the only critical point again is 0. And we have the endpoints, which are —2 and 3. You



compare the values: f(-2) = —2!/3, £(0) = 0, and £(3) = 3!/3. Again, you get the maximum
value as 3!/3, which occurs at 3. So, we say that the maximum value of f(x) is 3'/3 and the point
of absolute maximum is 3. Now, f(0) = 0 is not the minimum, because there is a negative value.
So, —2 is a point of absolute minimum; and the absolute minimum value is 2173,
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Example 3

Find local maximum and local minimum of f(x) = P+ 2).

- 2 Sx+4
@ =P+ 2x7 P +2) = 275
So, f'(x) = 0 for x = —4/5. And f(x) is not differentiable at x = 0.

Thus, the critical points are x = —4/5 and x = 0.

¥ If -1 < x <0, thenf(x) >0 =r(0).

2 If0 < x < 1, then f(x) > 0 = f(0).
Hence the critical point x = 0 is a local
minimum point, where the local minimum
=8 value of f(x) is 0.

From the graph, we find x = —4/5 is a point of local maximum.

A

We will take some more examples. Let us take the function f(x) = x*/3(x +2). What is

—

the domain? It is defined everywhere, of course. We have to find its local maximum and local
minimum. That means they will occur only at critical points, as there is no endpoint here; its
domain is the whole of R, all points are interior points.

Now, we find the derivative. Here, f(x) = x*/3(x +2). Itis fg form, product of two functions.

So, first we take f times derivative of g, that is fg’, which with f as x%/3

2/3

and g as x + 2, gives
x2/3 x 1 = x?/3. Next, the derivative of x2/3 times (x +2). It gives (2/3)x~'/3(x +2). You simplify
their sum. That gives (5x +4)/(3x'/3). To find the critical points, we should see where this
becomes 0. It is O at the point x = —4/5, from this numerator. And where else? The critical points
can be those, where f(x) is not differentiable. The function f(x) = x'/3 is not differentiable at
x = 0. Now, you have two critical points. One is, where it is differentiable and derivative 0, another
where it is not differentiable. These are —4/5 and 0.

Out of these two points, we should find out or decide about the maximum and minimum. How
do we go about it? If you go for absolute maximum or absolute minimum, you just substitute
x = —4/5and x = 0 to get f(—4/5) and f(0). And whichever is larger that will be maximum,
whichever is smaller that will be absolute minimum.

But we want local maximum and local minimum. That means, in some neighborhood of —4/5
and in some neighborhood of 0, we have to compare the values. Let us take the point O first, that
will be easier. Let us take some neighborhood of 0; it may be, say, (—1, 1). You could have taken
(—=1/2,1/2) also; but bigger might give a trouble; smaller is better to find out extreme points.



In this neighborhood for —1 < x < 0, f(x) is negative or positive?. As x is negative, this
becomes negative; you get this to be positive now, it is 2 — 1. So, you get f(x) > 0, which is
f(0). Is it okay? You are taking the left-hand neighborhood, where f(x) > 0 = f(0). That is
what you see from the graph also. Now, you take right neighborhood. There also, you find that
f(x) > 0= f(0). So, at O there is a minimum. The critical point x = 0 is a local minimum point,
where the local minimum value of f(x) is 0.

Now, this kind of analysis will be difficult for x = —4/5. Because the function is complicated,
but still it can be done by computing with the inequalities. However, from the graph, you can see
directly that x = —4/5 is a point of local maximum. You have to really do this kind of thing. Take
a neighborhood around —4/5. Limit the radius of the neighborhood to 1 so that it will be easier to
compute this one. And it will carry through.
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Example 4

Let f(x) = ax® + bx* + ¢x + d, a cubic. How many critical points and
how many extreme points f(x) can have? Give examples by taking
particular values of a. b, ¢ and d to illustrate each case.

Notice that f(x) is differentiable everywhere.
And, f’(x) = 3ax® + 2bx + ¢ can have at most two roots.

Hence, there can be 0, 1 or 2 critical points of f(x). For instance,

£(x) = x* + x has no critical points and no extreme points.

Let us take another example; say, f(x) = ax’ + bx? + cx + d. It is a polynomial of degree 3, a
cubic. We are not going to find the critical points or extreme points, it is asking something else. It
asks: how many critical points and how many extreme points f(x) can have? How do we proceed?

To find the critical point, see that this is a polynomial; so it is differentiable everywhere; and it
is defined over the whole of R. Then, every point is an interior point. Now, f’ will be a quadratic;
itis f’(x) = 3ax? + 2bx + c. That can vanish at most at two points. If there are real roots, there
will be exactly two; if not, there will be none; the two roots will be complex. It will be depending
ona,b and c.

That is what we are going to do. Now, f’(x) = 3ax? + 2bx + ¢ can have at most two real roots.
Since there are maximum of two real roots, it can have say, 0 or 1 or 2 critical points, maximum of
two critical points; that is what it says. Let us see how to proceed.

Suppose I take the polynomial x> +x. My a is 1, b is 0, d is 0, and c is 1. Now, does it have
any critical point? We get the derivative as 3x + 1. This is never equal to 0 for any real number.



So, it does not have a critical point. Also, look at the graph of y = x> + x. Here, x>

is growing and
x will be added to it. You will see that there is no extreme point, neither negative nor positive. It
grows to infinity and also it decreases to minus infinity. It will neither have maximum points nor
minimum points; and it has no critical points. That serves an example for the O case.
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Example 4 e

Let f(x) = ax® + bx® + cx + d, a cubic. How many critical points and
how many extreme points f(x) can have? Give examples by taking
particular values of a, b, ¢ and d to illustrate each case.

Notice that f(x) is differentiable everywhere.
And, f'(x) = 3ax? + 2bx + ¢ can have at most two roots.
Hence, there can be 0, 1 or 2 critical points of f(x). For instance,

f(x) = x* + x has no critical points and no extreme points.

f(x) = x> —1 has one critical point x = 0 and no extreme point.
- — =

Az =0

" =0

Now let us take f(x) = x> — 1. Its derivative is f’(x) = 3x>. You want critical points. So,
equate that to 0. You get x = 0, the only critical point. But it is x> — 1; it is growing with —1 shifted.
So, it has no extreme points. But it has one critical point. It serves the 1 case.
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Let f(x) = ax® + bx* + cx + d, a cubic. How many critical points and
how many extreme points f(x) can have? Give examples by taking

particular values of @, b, ¢ and d to illustrate each case.

Notice that f(x) is differentiable everywhere.

And, f/(x) = 3ax? + 2bx + ¢ can have at most two roots.

Hence, there can be 0, 1 or 2 critical points of f(x). For instance,
flx) = x* + x has no critical points and no extreme points.
f(x) = x* = 1 has one critical point x = 0 and no extreme point.
fix) = x® = 3x has two critical points at x = 1, and both are

R _— 2 3

extreme points. ) -3 =k T

&= v T X

Let us take another example: f(x) = x> — 3x. For the critical points, you differentiate. It gives

f'(x) = 3x? — 3. If you equate that to 0, you will get x x = +1. These are the critical points. There



are two critical points.
In the first case, there are O critical points; next, 1 critical point; next, 2 critical points. Here,
both the critical points are also extreme points. That is clear from x> — 3x. Both are really extreme
points. You have to find some neighborhoods and then complete the argument. But that is what
you see intuitively. It will have one extreme point +1. If you substitute, it gives 1 — 3 = —2. That
is, f(1) = =2. And f(—1) = =1 + 3 = 2. There is a maximum value at —1 and a minimum value
at 1. So, all sorts of things could happen for a cubic. That is what we see from these examples.
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Example 4

Let f(x) = ax® + bx* + cx + d. a cubic. How many critical points and
how many extreme points f(x) can have? Give examples by taking
particular values of a. b, ¢ and d to illustrate each case.

Notice that f(x) is differentiable everywhere.

And, f'(x) = 3ax? + 2bx + ¢ can have at most two roots. '

Hence. there can be 0, 1 or 2 critical points of f(x). For instance,
f(x) = x> + x has no critical points and no extreme points.
J(x) = x* — 1 has one critical point x = 0 and no extreme point.
f(x) = x° = 3x has two critical points at x = +1, and both are
extreme points.

We will see later that a cubic can have either no extreme points or two

extw.

[~

As you see, a cubic can have either no extreme points, or as we have shown in an example,
it will have two extreme points. We will see later why ‘only one’ does not happen? It either has
no extreme points (here you see two examples), no extreme points; or two extreme points (the last
one). For f(x) = x> — 1, there is one critical point, no extreme points. We will see latter, why such
a thing is happening. Why for a cubic, it is not possible that there is only one extreme point. Of
course, you can se it from its graph. In general, the graph of a cubic would be something like this;
and that should give the answer. But we will see analytically why this happens.

Let us take another example. It is a different kind of thing; it is given that f(x) is an even
function. Also, f(x) has a local maximum at x = ¢. We need to find out whether there is a local
maximum or a local minimum or some such thing happens at x = —c. Because it is even, it may
have something to do with ¢ and —c. So, what do we do?

If you take f(c), it is equal to f(—c) because it is even. What can you say about x = —¢? If it
is absolute maximum then of course, you could have told directly there is the absolute maximum
at x = —c, because it is the same value f(—c) = f(c). But it is only asking for local maximum at
x = —c. Since given is a local maximum at x = ¢, we have a neighborhood of c, say, (¢ — §, ¢ + )
where if x belongs to that neighborhood, then f(x) < f(c). That is what it says.
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Let f(x) be an even function having a local maximum at x = ¢. What
can be told about the value of f(x) at x = —¢? drLr) = Ff'y

There exists & > 0 such that for each x € (¢ — 6. ¢ + §). we have
S < f(©.

As f(x) is even, f(—x) = f(x) and f(—c) = f(c).

So, f(=x) < f(-c).

But—x e (—c—-48,—c+4).

That is, f(r) < f(—c) foreacht € (—c — 6, —c + 0).

Thus, f(x) has also a local maximum at x = —c.

Now, what will happen in a neighborhood of —c? Well, since f is even, f(—x) = f(x) and
f(=c) = f(c). We conclude that f(—x) < f(—c); but for which x? Whenever x € (¢ — d,c +9).
Then, in that case, —x belongs to what? If x € (¢ — 6§, ¢+ ), then —x belongs to minus of this thing.
But the inequalities will be reversed, and thus, —x € (—c — d,—c + §). Since —x belongs to this,
we have a neighborhood of —c, where if this is say ¢, then 7 belongs to that neighborhood, and then
f() £ f(=c). So, f(—c) is a local maximum value. Where does it occur? It occurs at x = —c.
So, you would say that there is a local maximum of f or f has a local maximum at x = —c also. Is
that fine?
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Find the absolute maximum, absolute minimum, and the points where
they occur for the function f(x) = V4 —x% for x € [-2, 1].
N _
Ans: f1(x) = —x/ V4 — x2. ZV-w>
f(x) is not differentiable at x = £2. But 2 € [-2. 1].

So only critical points are —2 and 0.

Now. f(=2) = 0.£(0) = 2 and f(1) = V3.

Hence the absolute maximum value of f(x) is 2 which occurs at the
interior point x = (0, and the absolute minimum value of f(x) is 0
which occurs at the end-point x = -2.

Let us solve some more problems and see how these ideas are exploited. Here, we are required



to find the absolute maximum, absolute minimum and the points where these absolute maximum,
absolute minimum occur; for the function f(x) = V4 — x2 where x € [-2,1]. All that we have to
do is: find the critical points and and the end points and then compare the values at these points.

Differentiate. For (4 — x2)!/2, it should be half the derivative with respect to 4 — x2 and then
derivative of 4 — x* with respect to x. That gives (1/2) times (4 — x?)~'/? times —2x. The 2 there
cancels and we get —x/ V4 — 2.

And this is equal to 0, when x equal to 0. Therefore, the only critical point is 0. Also, O is an
interior point. Thus, you have now three points: —2, 0, 1. And, where is it not differentiable? They
are also critical points. So, we have to see, where it is not differentiable. It is not differentiable at
-2, and 2. Now, 2 is not in the domain; and -2 is an endpoint, which we are going to consider
anyway.

So, we just evaluate f at —2, 0 and 1. We find that f(-2) =0, £(0) =2 and f(1) = V3. So, it
has a maximum value 2 at x = 0, and it has a minimum value 0 at x = —2. Itis fairly straightforward.
(Refer Slide Time: 19:22)

Exercise 2

Find the absolute maximum, absolute minimum, and the points where

they occur for the function f(x) = sinx for x € [£, 32 ].
Ans: f(x) = sinx = f’(x) = cosx.

Itis O forx = =75

In (=%, 32), the only critical point is Z.
fF)=-Lf(3) = LfCD = 5.

Hence, the absolute maximum value of f(x) is | which occurs at the

interior point x = 7 and the absolute minimum value of f(x) is —1

which occurs at the end-point x = - 5.

'

We take one more exercise. Find the absolute maximum, absolute minimum and the points
where they occur for the function f(x) = sinx, where x belongs to the closed interval [—7/2, 57/6].
Again, we differentiate. We get f’(x) = cosx; and we equate that to 0 to get the critical points.
Of course, it is differentiable everywhere; so we do not have to worry about other types of critical
points. Now, f’(x) = cosx is equal to O when x is an odd multiple of 7/2; that is, at —/2 and also
at /2. But —x/2 is an endpoint. So the only interior point is 7r/2. That is, the only critical point
isx =m/2.

Then we have two more points, the endpoints. We have to compare the values. Now,
sin(—n/2) = -1, sin(57/6) = 1/2 and sin(7/2) = 1. Out of these, the maximum is here at
m/2, and the minimum is at —r/2. That is what it says.



(Refer Slide Time: 20:45)
Exercise 3 §aicy

Find extreme values of the function f(x) = V3 + 2x —x2  and where

they occur. - —5_]
Ans: The function is defined when 3 + 2x —x% > 0 or
B-x)x+1)=20o0r-1<x<3 — X

2 = SX50. 3

Let us go to next problem. Find the extreme values of the function f(x) = V3 +2x — x2; and
also, find the extreme points of the same. All these things we have to find. Again, we proceed the
same way. You see that the domain is not given. What is the domain? Since the square root is there,
3 +2x —x? must be greater than equal to 0. If you factorize that, you get (3 —x)(x +1). Itis greater
than or equal to 0 means x must lie between —1 to 3. Why? The expression is —(x — 3) (x — (=1)).
If x is inside [—1, 3], then that x — (—1) > 0 and x — 3 < 0O so that the expression is greater than
or equal to 0. So, that gives x € [—1,3]. That is our domain now; it is [—1, 3]. We consider the
interior points, the critical points, the endpoints, and then compare. That is what we do.
(Refer Slide Time: 22:50)
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Find extreme values of the function f(x) = V3 +2x —x? and where
they occur.
Ans: The function is defined when 3 + 2x — x% = 0 or
B-x)x+1)=00r-1<x<3.
Now, f7(x) =ﬂf% This is 0 when x = 1, which is an interior point.
So, x = 1 is the only critical point.
We see that f(—1) =0, f(1) = 2:and f(3) = 0.
Hence, the absolute maximum of f(x) is 2 which occurs at the
interior point x = 1, and the absolute minimum value of f(x) is 0
which occurs at both the end-points x = —1 and x = 3.

When you differentiate, you get f’(x) = (1 —x)/V3 + 2x — x2. And this is 0, when x = 1. But



x = 1 does not belong to our domain. Is that fine? No. Itis —1 to 3. So, x = 1 belongs to the
domain. And that is an interior point, of course.

That point x = 1 is the only critical point. Then, we compare the values of f at all these points.
Now, f(=1) =0, f(1) =2 and f(3) = 0. We find that the maximum value of 2 occurs at x = 1,
and the minimum value of 0 is now occurring at two points: at —1 and at 3. The minimum value of
the function is 0. And the points of absolute minima are —1 and 3. Also, these are the end points.
Let us stop here.
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