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Lecture 15 - Part 2

Rules of Differentiation - Part 2
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Example 2: Find the derivative of f(1) = D= @

Let us apply this. We want to find the derivative of this function f(¢). Instead of x it is written as
t. Here, f(t) = tan(5 — sin 2¢). See that sin 2¢ means really sin(27); we write it as an abbreviation:
sin 2¢. Here, there is a series of compositions. First, 7 to 2¢; next 2¢ to sin 2¢; next 5 — sin 2¢; next
tan of that. There is a series of compositions here. We have to proceed slowly.

So, let us say s = 2t and x(s) = 5 — sins. We are directly taking 5 — sin s instead of another
composition. Let f(x) = tanx; this is your x now. So, f(x) = tanx. We have three compositions.
Our interest is in finding what happens to df /dt. So, df /dt = (df /dx)(dx/dt) as f is a function
of x and x is a function of t. But dx/dt = (dx/ds)(ds/dt) as x is a function of s and s is a function
of ¢. That is how the chain rule is applied in succession. That is, df /dt = (df /dx)(dx/ds)(ds/dt).
Now, df /dx = sec’>x as f(x) = tanx; dx/ds = —coss as 5 gives 0 minus from sin s, you get
cos s, so it is —cos s. And then ds/dt = 2; it is the derivative of 2¢ giving 2. So, you simply get

—2cos s sec’ x. Then, you replace to get in terms of 7. That is, —2 cos?, s is 2¢ and in sec’

X, x is
5 —sin2¢. So, we write 5 — sin 2¢. The answer is —2 cos 2¢ sec?(5 — sin2¢). That is how, we will
be using the chain rule.
Now there is a shortcut. We do not have to always write s = 2¢, x equal to this and f equal to
tan x. We proceed directly this way:
dtan(5 — sin2t)  dtan(5 —sin2¢) d(5 — sin2t) d(2t)
dt T Td(5—sin2r)  d(2)
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Example 2
Example 2: Find the derivative of f(r) = tan(5 — sin 2z).

Let s = 27 and x(s) = 5 — sins so that f = tan x. Then
sec” x (—coss)(2) = -2cos 2t secz(S — sin 21).

d _df dvds _
dt  dx ds dt
With a little practice, we proceed directly:
dltan(5 —sin2)]  d[tan(S —sin2n)] d(5 — sin21) d(2f)
~ d(5-sin2r) d(21) dt
/

dt
= —=2cos2t secz(S —sin 21).
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We can write it directly and then proceed immediately to get the answer. This is how we will
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be doing in a shorter way.
Let us take another example. We are required to find the derivative of f, where f(x) is given
. Of course, if you expand it by binomial theorem, you can do it, but there is no need,
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as (5x3 —x*)7

the chain rule will come of help.
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Example 3: Find df /dx, where f(x) = (5x*> =x")".

= 7(5x* = )% (1522 — 42P).
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df _d(5x® —x*)’ d(sx’ —xh)
dx

de — d(5x3 — %)

)
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. The next one gives

We use the chain rule directly. Now, df /dx has f as (5x3 —x*)75. Here, we think of 5x> —x* as
5x3 — x* by dx. The last one can be differentiated because we know differentiation of polynomials.
4\6
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one variable. So, it is d of this variable to the power 7, by d of that, and then multiplied with d of

The first one gives dy’/dy, where y is 5x3 — x*; it is 7y°, that is, 7(5x3 —



5 x 3x? — 4x3. That is what it is. So, it is pretty straightforward.

We will take one more example. We are required to find the derivative of the function f(x),
which is given implicitly by an equation. What is the equation? It is x + sin(xy) + y*> = 0. We
want to find dy/dx, which is f’(x). We differentiate the whole thing implicitly. Of course, using
chain rule whenever required because y is there.
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Example 3: Find df /dx, where f(x) = (5x° —x*). Awy) A

df  d(5x3 —xH" di5 - xY e ?
X = B \ o 15x2 — 453).
dv  d(5x* —x*) dx (5x” —x7)" (15x )

Example 4: Find f’(x). where vy = f(x) is given implicitly by

A&

X2 + sin(xy) +y* = 0.

et

Differentiating the equation we get 2x + cos(xy) (v + xy") + 2yy’ = 0.

2x + ycos(xy)
2y + cos(xy)

Solving this, we obtain f'(x) =]y =
|
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When we differentiate the equation, x> gives 2x, sin(xy) gives d sin(xy)/d(xy) X d(xy)/dx. Of
course, you have to put a bracket to disambiguate. That gives us cos(xy) X d(xy)/dx. Now, what
is d(xy)/dx? Let us find out. It is the the multiplication formula: d(fg)/dx = f'g+ fg’. Here, f’
is x’, then y plus x times y’. Asx” =1, we get d(xy)/dx = y +xy’. That is how you get for the first
one, for the differentiation of sin(xy).

Next, we have y2. So, dy?/dx will use the chain rule again. It is dy?/dx is dy*/dy into dy/dx,
which is equal to 2yy’. That is how we get the equation. We thus arrive at the equation

2x 4+ cos(xy)(y +xy) +2yy" = 0.

This is okay. This equation involves the derivatives. We solve it for y’. So, we keep y’ on
one side and all the other expressions on the other side. We get y’ is equal to this expression:
—[2x + ycos(xy)]/[2y + cos(xy)]. That is how we can differentiate implicitly.

Let us take another example. We are required to find the tangent and the normal to the curve
y = f(x). Itis a function; its graph will be the curve. We will write that as the curve y = f(x). It
is given implicitly by this equation. We are interested in the tangent and the normal at x = 2.

Suppose that it is differentiable; and that the derivative at 2 exists, so that the slope of the
tangent can be found out, which is the derivative evaluated at x = 2. Once you know the slope
of the tangent, you can find the slope of the normal. It is just the perpendicular direction. Then

we would find the equation of the tangent and normal using our formula: (y — y;) = m(x — xy) if



it passes through the point (xg, y;). So, you have to find out y(2) also. What is that point when
x =27 Whatis y(2)? We have to compute all these things, and then come back to find the tangent
and the normal. That is our plan.
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At x = 2, find the tangent and normal to the curve y = f(x) given - ‘;’:_

implicitly by x> + y* — 9xy = 0. (Folium of Descartes)

Differentiate implicitly:

-
,_ Jy—x

s}

3243y -9 -9y’ =0 = y = =——.
- = ¥ —3x

\ /
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First, we differentiate. Our equation is x> + y3 — 9xy = 0. We differentiate the left side and
the right side. The right side gives you 0; the left side gives: from x>, we get 3x?; for y3, we have
dy?/dy into dy/dx, it is 3y%y’; then we go to the other one; from —9xy, the —9 comes out, it is
derivative of xy, which we know to be y + xy’, using multiplication formula. So, the left side is
3x2 +3y%y" — 9y — 9xy’ and the right side is 0.
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At x = 2, find the tangent and normal to the curve y = f(x) given " ‘;’:T_

implicitly by ﬁ + y* — 9xy = 0. (Folium of Descartes)
Differentiate implicitly:

] 3? = xz
302 4+32 -9y -9y’ =0 = y = =

¥2—-3x

Then y'(2) = ‘5‘ Evaluating the given equation at x = 2, we get

22 +y32)-9%x2x¥(2) = 0.
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We solve it keeping y” on one side and taking all other factors to the other side and then divide



by the coefficient of y’. After simplification, we get y’ = [3y — x?]/[y*> — 3x]. That is our y’. You
need y’(2) and also y(2), which can be obtained from the equation itself.

Since y’ is this, we would like to find out what is its value at 2. You need first to find the
value of y at 2. Once you replace x = 2 here in the equation x> + y> — 9xy = 0, we would get
23+ [y(2)]? =9 x 2 x y(2) = 0. This gives us, if you simplify this, that y(2) = 4.
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At x = 2, find the tangent and normal to the curve y = f(x) given NPTEL

implicitly by x* + y* — 9xy = 0. (Folium of Descartes)
Differentiate implicitly:

¢ 2 3= 3
32 +3% -9y -9y =0 = y = 2, (2 LT)

-

y* = 3x

Then y'(2) Evaluating the given equation at x = 2, we get Il — 2
23 +y3(2) —9x2x y(2) = 0. It implies ¥(2) = 4. Wi = o>—2

A@;wa \Jf.

That means we have the point in the plane as (2,4). We are interested in finding the tangent
and the normal at this point. We know that y(2) = 4. We use this here to compute y’(2). So,
y'(2) = [3y(2) = 2%]/[[y(2)]*> = 3 x 2]. This gives you y’(2) = 4/5. Now, we have got y(2) and
also y'(2).
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At x = 2, find the tangent and normal to the curve y = f(x) given NPTEL

implicitly by x* + ¥* — 9xy = 0. (Folium of Descartes)
Differentiate implicitly:

3y — x2
32 +3yy -9y -9y’ =0 = y = = ;
y* —3x

Then y"(2) = '5‘ Evaluating the given equation at x = 2, we get
23 +y3(2) —9x 2xy(2) = 0. It implies y(2) = 4. Thus, the tangent at
x=2is

(y_—4_) = g(x—Q). or, dx—5y+12=0.

| S—




Then, at x = 2, the equation of the tangent will be y — y; equal to the slope, whichis y'(2) = 4/5
times x — x1. Simplifying we would get the equation of the tangent as 4x — Sy + 12 = 0.
(Refer Slide Time: 12:03)
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Atx = 2, find the tangent and normal to the curve y = f(x) given - ‘;.’:T_

implicitly by x* + y* — 9xy = 0. (Folium of Descartes)
Differentiate implicitly:

2./ ' ' 3y - xl’.
343y -9 -9’ =0 = y = T
y* = 3x
Then y'(2) = ;1 Evaluating the given equation at x = 2, we get
2% +33(2) =9 x 2 x y(2) = 0. It implies y(2) = 4. Thus, the tangent at
x=2is

4
(}‘_4)=§(x—2). o, 4x-5y+12=0.

The normal at x = 2 has slope —jir So, its equation is

PR Y
(y—4) = *g(.x —Ok RG SEES-cR=D ILJ
:i sy 2

For the equation of the normal, we need the slope. If two straight lines are perpendicular their

slopes when multiplied give us —1. So, if the slope of the tangent at that point (2,4) is 4/5, then

the slope of the normal will be —5/4. That is what it says, that the slope of the normal at x = 2 is

—5/4. We apply the same formula for getting the normal. It will be y — 4 = (-5/4)(x — 2). That

gives Sx +4y —26 = 0. So, it is an application of the idea of the derivative to compute x” and y’ for

curves given implicitly.
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If f*(x) is differentiable, its derivative is f*'(x). Ol? Lﬂ Q,@
It is called second order derivative of f(x).

When f(r) is the position of a moving body at time #, () is its

acceleration.

N
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See all the while we have taken only one derivative such as f’(x). You can really take more



derivatives. If f’(x) exists at every point of the domain of f, then it is a function also defined on
the same domain. And if that function is again differentiable, then its derivative we would write
as f”(x). We can compute this from the derivative. This is called the second derivative or second
order derivative of f(x).
(Refer Slide Time: 13:45)
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If f(x) is differentiable, its derivative is /" (x).
It is called second order derivative of f(x).

When f(¢) is the position of a moving body at time ¢, f"(¢) is its

acceleration.
Taking further derivatives, we write the nth order derivative as " (x).

For example,

Jx) =sinx = f(x) =cosx, [ (x) = —sinx, f®x) = —cosx, ...

g(x) =cosx = f'(x)=—sinx, f7(x) = —cosx, fA(x) =sinyx, ....

Similarly, we have third order derivatives, fourth order derivatives and so on. In general, the nth
order derivative is written as £ (x). What does the second derivative mean physically? Suppose,
t is time and f(¢) is the displacement of a body. So, f’(¢) gives the speed at a point and f”(¢) will
be its differentiation; it is really acceleration. Acceleration takes care of direction also, but in the
absence of any such, we are thinking f this as acceleration. It is really the absolute value of that, it
is the length of that vector without direction. In this sense, f”(#) can be thought of as acceleration.

If we take further derivative, we may go to £ (x). As an example, consider f(x) = sinx.
We would get f’(x) = cosx. That is also differentiable. We take f”(x); it is —sinx. That is also
differentiable. And its derivative is the third order derivative f”’(x) = f®)(x) = —cosx. Again,
that is also differentiable; and it gives the fourth order derivative f¥(x) = sinx. After that the
pattern repeats; we get sin x from where we have started. So, after every four derivatives, the pattern
will repeat.

Similarly, for cosx we would get f; (x) = —sinx, f”(x) = —cosx, and 3 (x) = sinx. After
this we get £(*)(x) = cosx again, and the pattern would repeat thereafter.

We will take another example to see how it proceeds. Suppose we are given the function
y = f(x), but parametrically, that is, x = x(#) is a function of 7, and y = y(¢) is also a function of
t. So, x(t) is given as t — > and y(¢) is given as t — 3. We are interested in getting the second
derivative of y with respect to x. This is another way of writing the second derivative; either you
write f”(x) or you can write d>f/dx?. Similarly, the nth derivative will be written as d" f /dx".
Do not confuse this with x to the power #; it is just a notation.
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Find d”y/dx* as a function of 7, where x(1) =t — > and y = 1 — £°.
N—

dx dy . dy jex 1 =3¢
- = ] = 21‘. — = 1 = 3?” B = =2 f— = e
di =" i = & di! dr 1-2¢°
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Now, coming to second derivative of this, what do we do? We compute the first derivative first.
It is a different function x(¢) is given as ¢ — 2. Its derivative is 1 — 2¢. That is, dx/dt = 1 — 2t
and dy/dt = 1 — 3¢>. That gives dy/dx =. How? It is dy/dt multiplied by (dx/dt)~!. After
simplification, that gives dy/dx = (1 —3¢?)/(1 — 2t). There is no more simplification.

So, dy/dx is now given in terms of #; it is (1 — 3¢%)/(1 — 2¢). Sometimes it becomes possible
to simply and express this as a function of x. Then, directly you can take d>y/dx*. But here it is
not. So, you have to go for the chain rule and find the derivatives again for ¢. That is why we write
z = dy/dx; this notation will be helpful.
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Find d?y/dx? as a function of ¢, where x(#) =t — > and y = t — 1.

dx dy 2 _ ) d) (f\ 1-37

dz _ (=60)(1-25) - (-2)(1 -32) 62— 61+2

dr (1-21)2 T -2

d*y\ dz dzgdx 67 -61+2 1 61> — 61+ 2

d2| dy  dildr T (-2 1-2tr (1-21)3 .~

&L{? i\

Next, you find dz/dt, that is the derivative of dy/dx with respect to t. We apply f(¢)/g(t)-



formula for the derivative. That is, the derivative of f(7)/g(¢) is f'(¢)g(t) — g’(¢) f(¢) divided by
[g(1)]*>. We have here f(f) = 1 — 3¢> and g(¢) = 1 —2t. So, dz/dt is equal to (=61)(1 — 2t) —
(=2)(1 — 3¢?) divided by (1 — 2¢)2. If you simplify, that gives (612 — 6¢ +2)/(1 — 2¢)°.

Now, this is dz/dt. But we want the second derivative of y with respect to x, which is d?y/dx?.
Since dy/dx is z, we need dz/dx = (dz/dt)(dx/dt)~". Thatis dz/dt divided by dx/dt. We know
dz/dt = (6t> — 6t +2)/(1 —2t)? and dx/dt = 1 — 2t. So, we can get dz/dt in terms of ¢ now. That
gives d?y/dx? = dz/dt = (61> — 61 +2)/(1 — 21)3.

In fact, we can leave it there because that is what we want to find in terms of z. Sometimes it is
possible to express it in terms of x also, but not always. We should be satisfied with that once it is
expressed in terms of 7. So, we have z, which is dy/dx in terms of ¢ and also its second derivative
d?y/dx?* in terms of t again. That is how we will be proceeding with functions given parametrically.
So, we stop here.



