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Lecture — 18.1
The Extreme Value Theorem
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In this module, we are going to tie up the relationship between compactness and continuity.
We are going to essentially study the interaction between these two concepts and derive
several classical theorems that you might have learnt in calculus. Let me just phase state the

first theorem which is the most important of the lot.

Theorem: Let F': A — R be continuous. Suppose /K C A is compact. Then F(K) is

compact.

The proof is rather easy: let Yn € F(K) pe a sequence. Let Tn € K be such that

F(%n) = Yn. For each Yn there will be at least one such Tn simply because Yn is there in

the image of K under F. By compactness, we can find a subsequence “nx that converges to
re K.


https://www.codecogs.com/eqnedit.php?latex=F%3A%20A%20%5Clongrightarrow%20%5Cmathbb%7BR%7D#0
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By sequential characterization of continuity, F(zn,) must converge to F(x), which is there

in F(K).

So, we started off with an arbitrary sequence Yn € F'(K) and we have found a subsequence
of that which we can just call Ynx which converges to a point in F(K) which means K is

compact. The proof was fairly easy.
Now, we get an immediate consequence of this which is the extreme value theorem.

Extreme value theorem: Any continuous function on a compact set attains its maxima and

minima. That is, Im, M such that F'(K) C [m, M] and F21,22 € K sych that
F(xy)=m, F(x2) =M

This is an elaborate version of saying that a function on a compact set attains its maxima and

minima.
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https://www.codecogs.com/eqnedit.php?latex=F(K)%20%5Csubset%20%5Bm%2CM%5D#0
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Why is this an immediate consequence of the previous theorem? Well, think about it for a

moment. F(K) is compact; therefore, it is closed and bounded. And now we can just see that
m = inf F(K); and M =sup F'(K) Apd m, M € F(K), because this is closed, And

we are done.

We have shown that the infimum and supremum belong to F(K); therefore, there must be

elements 71 and 72 in the set K such that £ (¥1) =m , and F(zs) =M So, the extreme
value theorem can be given a direct proof without resorting to any of this notion of
compactness etc... But notice that we have got a much more general statement. This statement

applies not only to closed intervals. It also applies to any compact set.

This is a course on Real Analysis. And you have just watched the module on the Extreme

Value Theorem.
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