Real Analysis - 1
Dr. Jaikrishnan J
Department of Mathematics
Indian Institute of Technology, Palakkad

Lecture — 9.2
Examples of Convergent and Divergent Sequences
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Slip of the tongue

This is the most important module not most important example!

In this module we are going to see several examples, this is in some sense the most important

example as the popular saying goes an example is worth a thousand proofs.
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So, let us start the first example, the constant sequence Gn = k converges to k. Well there is

really nothing to prove for the choice of N (e) you can choose any natural number this will

work .

1

— =
The second one we have already seen n , this is an example that we saw in some detail.

1 1
— =0 —=—=0

3, n? Vn

Now how do you show this? Well. There are two ways, one of them is the clever way, the

other one is the way that you should not even be considering. Let us do it the clever way ,

clever way is as follows.

1
__)O —
n

Suppose N(€) is the function coming from . Since n , there is a function

N (€) that does what is needed in the definition of convergence.


https://www.codecogs.com/eqnedit.php?latex=a_n%20%3D%20k#0
https://www.codecogs.com/eqnedit.php?latex=N(%5Cepsilon)#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7B1%7D%7Bn%7D%20%5Cto%200#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7B1%7D%7Bn%5E2%7D%20%5Cto%200%20~%20%5Cfrac%7B1%7D%7B%5Csqrt%7Bn%7D%7D%20%5Cto%200#0
https://www.codecogs.com/eqnedit.php?latex=N(%5Cepsilon)#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7B1%7D%7Bn%7D%20%5Cto%200#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7B1%7D%7Bn%7D%20%5Cto%200#0
https://www.codecogs.com/eqnedit.php?latex=N(%5Cepsilon)#0
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Now, choose the same £V (€) for showing n , the same will work. why will the same

1

1
work? Because n2 1, that is the reason. So, the same N (€) will work.

1 1

1
. 2 — <€
2 <€
What about for V7 2 Well just choose N(€%). How does this 1 if 7 then V1 .

1 ) 1 1
2 — <€ —F= <€ =
So, if 7 > N (€%) then n and therefore, vn . So, this quickly dispenses of vn
1 1

also. Just a remark for this sequence n? , we could have also used the fact that n
and applied the fact that product of limits product of sequences the limit of a product of a

sequence is the product of the limits we could have done that also.

So, these are some easy examples, now let us start seeing some more slightly complicated

ones .


https://www.codecogs.com/eqnedit.php?latex=N(%5Cepsilon)#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7B1%7D%7Bn%7D%20%5Cto%200#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7B1%7D%7Bn%5E2%7D%20%3C%20%5Cfrac%7B1%7D%7Bn%7D#0
https://www.codecogs.com/eqnedit.php?latex=N(%5Cepsilon)#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7B1%7D%7B%5Csqrt%7Bn%7D%7D#0
https://www.codecogs.com/eqnedit.php?latex=N(%5Cepsilon%20%5E2)#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7B1%7D%7Bn%7D%20%3C%20%5Cepsilon%20%5E2#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7B1%7D%7B%5Csqrt%7Bn%7D%7D%20%3C%20%20%5Cepsilon%20#0
https://www.codecogs.com/eqnedit.php?latex=n%20%3E%20N(%5Cepsilon%20%5E2)#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7B1%7D%7Bn%7D%20%3C%20%5Cepsilon%20%5E2#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7B1%7D%7B%5Csqrt%7Bn%7D%7D%20%3C%20%20%5Cepsilon%20#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7B1%7D%7B%5Csqrt%7Bn%7D%7D#0
https://www.codecogs.com/eqnedit.php?latex=(%5Cfrac%7B1%7D%7Bn%5E2%7D)#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7B1%7D%7Bn%7D%20%5Cto%200%20#0
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4. n . This sequence is why is that the case? Because n and we can use the
1
o l1¥F——1__ : .
algebraic limit theorems. So, the sequence n . This is not really complicated. I did

not keep up my promise, no worries.

sinn

Look at this one 7 . Now this looks complicated, but at first sight you might think well.
an a
Why not just apply the fact that quotients if you have bn then the limit is just b, where

an — @ and bn — b. Well this is slightly problematic; because the denominator sequence

(n) certainly does not converge it diverges to infinity and the numerator sequence look at

(sinm) : sinl,sin2,sin3,sin4, ... and so on.

If you were to plot this you will notice that this oscillates wildly. So, it does not really clear

what I am supposed to do with this. Well let us manipulate first . Let us look at | n |
because at the end of the day if this were to have a limit I would guess it is 0 because the
1

— =
denominator has the term n and n . I would guess that this also converges to 0. Look at

sinn

sinn

n


https://www.codecogs.com/eqnedit.php?latex=1%20%5Cmp%20%5Cfrac%7B1%7D%7Bn%7D%20%5Cto%201#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7B1%7D%7Bn%7D%20%5Cto%200#0
https://www.codecogs.com/eqnedit.php?latex=1%20%5Cmp%20%5Cfrac%7B1%7D%7Bn%7D%20%5Cto%201#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7B%5Csin%20n%7D%7Bn%7D#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7Ba_n%7D%7Bb_n%7D#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7Ba%7D%7Bb%7D#0
https://www.codecogs.com/eqnedit.php?latex=a_n%20%5Cto%20a#0
https://www.codecogs.com/eqnedit.php?latex=b_n%20%5Cto%20b#0
https://www.codecogs.com/eqnedit.php?latex=(%5Csin%20n)%3A%20~%5Csin%201%2C%5Csin%202%2C%20%5Csin%203%2C%20%5Csin%204%2C...#0
https://www.codecogs.com/eqnedit.php?latex=%7C%5Cfrac%7B%5Csin%20n%7D%7Bn%7D%7C#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7B1%7D%7Bn%7D%20%5Cto%200#0
https://www.codecogs.com/eqnedit.php?latex=%7C%5Cfrac%7B%5Csin%20n%7D%7Bn%7D%7C#0

Now, all of us are familiar with the fact that —1 <sinz <1Vz € R, This comes from
the definitions. I mean the various basic properties of the sine function. We will rigorously
define what the sine function, the cosine function, the logarithm exponential in a later
module. But for the time being you can just take this for granted. You have known this all

the way back from 8th or 9th standard.

1
So, =1 <sinz < 1Vr € RS, certainly this is going to be less than or equal to n.
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Well in fact, what is this saying , this is just saying n n n. Now, apply the
1 1

— = — =
squeeze theorem . Both the RHS sequence n , the LHS sequence n . Therefore,

sinn sinn

_)
n  has to converge to 0. Apply the squeeze theorem to conclude n . So, this

was a somewhat involved example.

Now let us see somehow, what I am going to do now is consider the sequence (a) Note,

this is not @n; a". So, what I am going to do is to make it ultra precise. Consider the

sequence b", where b is fixed. Now what happens to this sequence? Well, it depends on

whether the 10| > 1 or [0 # 1, that is it lies between -1 and 1.


https://www.codecogs.com/eqnedit.php?latex=%20-1%20%5Cleq%20%5Csin%20x%20%5Cleq%201~%20%5Cforall%20x%20%5Cin%20%5Cmathbb%7BR%7D#0
https://www.codecogs.com/eqnedit.php?latex=%20-1%20%5Cleq%20%5Csin%20x%20%5Cleq%201~%20%5Cforall%20x%20%5Cin%20%5Cmathbb%7BR%7D#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7B1%7D%7Bn%7D#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7B-1%7D%7Bn%7D%20%5Cleq%20%5Cfrac%7B%5Csin%20n%7D%7Bn%7D%20%5Cleq%20%5Cfrac%7B1%7D%7Bn%7D#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7B1%7D%7Bn%7D%20%5Cto%200#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7B1%7D%7Bn%7D%20%5Cto%200#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7B%5Csin%20n%7D%7Bn%7D#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7B%5Csin%20n%7D%7Bn%7D%20%5Cto%200#0
https://www.codecogs.com/eqnedit.php?latex=(a%5En)#0
https://www.codecogs.com/eqnedit.php?latex=a_n%3B~%20a%5En#0
https://www.codecogs.com/eqnedit.php?latex=b%5En#0
https://www.codecogs.com/eqnedit.php?latex=%7Cb%7C%20%3E%201#0
https://www.codecogs.com/eqnedit.php?latex=%7Cb%7C%20%5Cngtr%201#0

To see precisely what happens, what we will do is. First we will first consider b > 1. The
case b = 1 is the simplest, it is just goingto be 1, 1, 1, 1, 1,..... it converges to 1. Consider the

case b > 1. What I do is; write b=1 +r, where r > 0. I can do this because I am assuming b

>1.
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Now, I want to compute (L+r)" , that is the nth term of the sequence. How do you
compute this well? We know the familiar binomial formula. If you are not familiar with this
just check your high school textbooks again you would have proved it using induction or by a
combinatorial argument . Now what is this? This is nothing, but 1 + nr + - 4+ -+ - + 7" 1
am not really interested in the in between terms they will involve the various and choose

something. I am not really interested in those terms.

But the key fact is all these terms are positive. So, in any case, (L+7r)"=1+nr am

just ignoring all the other positive terms. So, (1+7)"=1+4nr But now r is a fixed
quantity. That means, when I multiply n with r, we see that nr diverges to infinity. Please
recall the definition of what diverges to infinity means; diverges to plus infinity to be ultra

precise.

This just means that nr can be made larger than any pre- specified number if n is large

enough. In fact, you can precisely write down how large n has to be. For 7" > M in terms


https://www.codecogs.com/eqnedit.php?latex=(1%20%2B%20r)%5E%20n#0
https://www.codecogs.com/eqnedit.php?latex=1%20%2B%20nr%20%2B%20%5Ccdot%20%2B%20%5Ccdot%20%2B%20%5Ccdot%20%2Br%5En#0
https://www.codecogs.com/eqnedit.php?latex=(1%2Br)%5En%20%5Cgeq%201%2B%20nr#0
https://www.codecogs.com/eqnedit.php?latex=(1%2Br)%5En%20%5Cgeq%201%2B%20nr#0
https://www.codecogs.com/eqnedit.php?latex=nr%20%5Cgeq%20M#0

of r that is easy to do . So, what this shows is (1+7)" also diverges to + infinity, . Now we
have dealt with the case when this number b > 1.

(Refer Slide Time: 11:20)
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Now, choose b such that 0 < b < 1. Now how do you deal with this case? You might be

tempted to write b = 1 - r and take (1—r)" Well, don’t do that, always try to use what has
1 1

_— — CcC = —
been shown so far. Let b . Let us see by definition b well of course, if b#0 .

Again the case b = 0 is really trivial. I am not going to leave that to you there is nothing really
to show I will just take 0 <b < 1.

1

1
So, take b,

now what happens? b" or in other words ¢" diverges to +infinity, why?

a1

because ¢ > 1 and that is the case we immediately just saw. Because ¢" diverges to +infinity

b this means that if n is chosen not n . Let me write down a full proof fix € > 0.
1
€

1
> -
. Then we can find IV (€) such that if * > IV (€) then

€.
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https://www.codecogs.com/eqnedit.php?latex=c%20%3D%20%5Cfrac%7B1%7D%7Bb%7D#0
https://www.codecogs.com/eqnedit.php?latex=c%20%3D%20%5Cfrac%7B1%7D%7Bb%7D#0
https://www.codecogs.com/eqnedit.php?latex=b%20%5Cneq%200#0
https://www.codecogs.com/eqnedit.php?latex=c%20%3D%20%5Cfrac%7B1%7D%7Bb%7D#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7B1%7D%7Bb%5En%7D#0
https://www.codecogs.com/eqnedit.php?latex=c%5En%20#0
https://www.codecogs.com/eqnedit.php?latex=c%5En#0
https://www.codecogs.com/eqnedit.php?latex=c%5En%20%3D%20%5Cfrac%7B1%7D%7Bb%7D#0
https://www.codecogs.com/eqnedit.php?latex=%5Cepsilon%20%3E%200#0
https://www.codecogs.com/eqnedit.php?latex=M%20%3D%20%5Cfrac%7B1%7D%7B%5Cepsilon%7D#0
https://www.codecogs.com/eqnedit.php?latex=N(%5Cepsilon)#0
https://www.codecogs.com/eqnedit.php?latex=%20n%20%3E%20N(%5Cepsilon)#0
https://www.codecogs.com/eqnedit.php?latex=c%5En%20%3E%20%5Cfrac%7B1%7D%7B%5Cepsilon%7D#0

(Refer Slide Time: 13:33)

. : T i, . ! e
Fhop cN>) " This jS Sew as 4*:}

iy fi 2k Peg.
Sy g <}9) 5 b

s Shos = o

2F b= bon ) diegs o +inig
jF 02bel Hoy b vy 0 0.
iF -1zbz0 o ) —m—mm—
2 ereraso -

1 1

But this is same as saying b” = € which is same as saying 0" < € . So, this shows b — 0.
Let me summarize what is it that we have shown. We have shown that if b > 1 then "

diverges to +infinity. If 0 < 0 < 1 then " — 0.

Now if =1 <0 < 0 then »" again converges to 0, why is this? Well, I am going to leave it

to you. Exercise.

Excellent, this is a very interesting one. So, we have now shown that the sequence b", the

behavior crucially depends on the choice of b.


https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7B1%7D%7Bb%5En%7D%20%3E%20%5Cfrac%7B1%7D%7B%5Cepsilon%7D#0
https://www.codecogs.com/eqnedit.php?latex=b%5En%20%3C%20%5Cepsilon#0
https://www.codecogs.com/eqnedit.php?latex=b%5En%20%5Cto%200#0
https://www.codecogs.com/eqnedit.php?latex=b%5En#0
https://www.codecogs.com/eqnedit.php?latex=0%20%5Cleq%20b%20%3C%201#0
https://www.codecogs.com/eqnedit.php?latex=b%5En%20%5Cto%200#0
https://www.codecogs.com/eqnedit.php?latex=-1%20%3C%20b%20%5Cleq%200#0
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Correction
The identity is frue whenever b # 1

| = b

7. For this one let me choose a somewhat complicated example. Let me just deal with the
case 0 <b <1 and define @n =1+b+b"+---+0" Tam defining the nth term of the

sequence to be just @n = 1+ b+ b* + - - -+ b". What is limit of @n asn goes to infinity?
1

All of you know the answer: it is just 1 — b; this is called the geometric series,

1+b+b>+- -+ soon all the way up to infinity is called the geometric series.

So, this geometric series will serve as a motivation. In fact, this was related to what we saw in

1

that story about chocolate wrappers. So, this series converges to 1 — b. How do you show

that? Well, it is rather easy; you just have to use a bit of algebra. The bit of algebra is as

follows, 1 + b + b® + - - - 4 b™ 1 can write this as 1 - b into.
So,(1=0") =1 =b)(1+b+b*+..4+b"),

In fact, this is all the way up to b", why is this correct? Well, there is a 1 accounted for by 1
into 1 then this —b™ " is accounted for by this product. What happens is all the intermediate

.. . 2 ..
terms b comes once as positive and once negative, b~ comes once as positive and once

negative, everything else just cancels off. So,


https://www.codecogs.com/eqnedit.php?latex=a_n%20%3D%201%20%2B%20%20b%20%2B%20b%5E2%20%20%2B%20%20%5Ccdot%20%5Ccdot%20%5Ccdot%20%2B%20b%5En#0
https://www.codecogs.com/eqnedit.php?latex=a_n%20%3D%201%20%2B%20%20b%20%2B%20b%5E2%20%20%2B%20%20%5Ccdot%20%5Ccdot%20%5Ccdot%20%2B%20b%5En#0
https://www.codecogs.com/eqnedit.php?latex=a_n#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7B1%7D%7B1-b%7D#0
https://www.codecogs.com/eqnedit.php?latex=%201%20%2B%20%20b%20%2B%20b%5E2%20%20%2B%20%20%5Ccdot%20%5Ccdot%20%5Ccdot%20%2B%20#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7B1%7D%7B1-b%7D#0
https://www.codecogs.com/eqnedit.php?latex=%201%20%2B%20%20b%20%2B%20b%5E2%20%20%2B%20%20%5Ccdot%20%5Ccdot%20%5Ccdot%20%2B%20b%5En#0
https://www.codecogs.com/eqnedit.php?latex=(1-b%5E%7Bn%2B1%7D)%20%3D%20(1-b)(1%20%2B%20b%20%2B%20b%5E2%20%2B...%2Bb%5En)#0
https://www.codecogs.com/eqnedit.php?latex=b%5En#0
https://www.codecogs.com/eqnedit.php?latex=-b%5E%7Bn%2B1%7D#0
https://www.codecogs.com/eqnedit.php?latex=b%5E2#0

(1 - an) = (1 - b)(l +b+0*+ .+ bn). So, what we are interested in a”" is
1 — bn—l—l

nothing, but 1 —b

Now, if you were to observe this algebraic identity is true whenever b#0 , this is true. So,
1 — bn—l—l

., =
we have got 1—0
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IF x = 0 then the sequence becomes constant sequence |

Excellent how does this help us. So, what the limit is well 0 <b < 1. So, b"*t — 0. That is

what we just saw in the last example right. So, the numerator converges to 1 and the
1

denominator is just the constant 1 - b. So, @n converges to 1 — b, excellent. Now what

happens —1 < b<0. Again I leave it to as an exercise. Hint: you get exactly the same

1

thing. So this shows that geometric series converge to 1 — b, excellent.

Now one more example before we conclude this set of examples. Again this is going to be a

somewhat complicated one.
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8. What I do is fix € R and consider 1 + n2x .. What do I do with this? We want to show
1 1

- % J—
that if x = 0 then 1 + n?x . There is nothing to show because this will just become 7.

(Refer Slide Time: 21:24)
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Now, if © 7 0 then 1 + n2x converges to as you can guess 0. Why is this the case? Well,

1
because 1 + n2z diverges to + infinity if x > 0 and well, I am not formally defined what

diverges to -infinity is. But I let me just loosely use this diverges to -infinity if x <0.

1

Because of this we immediately get that 1 + n?2 must converge to 0 if x is any number

other than 0 . So, this is one set of examples.

In the next module we will see some more set of examples that involve polynomials and

exponentials together.

This is a course on Real Analysis; you have just seen the module on Examples of Convergent

and Divergent Sequences.
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