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Department of Mathematics
Indian Institute of Technology, Palakkad

Lecture — 9.1
Subsequences
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Let us talk a bit more about Subsequences in this module. First let me recall the definition of

a subsequence.

If Gn is a sequence and o : N — N is an increasing function, then %o (n) is called a
subsequence. In other words, this is just a collection of terms from the sequence @n in the
same order. So it is @ni> @na;s -+ where 701 < N2 < N3, .... Tt is just terms of the sequence

in the same order.
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And a moment’s thought should convince you that this proposition is true. If not, the proof

certainty will; it is a very easy proposition.

If Gn — @, then any subsequence %o(n) — @ So, all subsequences of a convergent

sequence converges to the same limit

Proof. Let N be the function coming from the definition of @» — @ . Now, observe that

o(n) =n, Why is this? You can show this by induction . This is actually obvious to see

show by induction. This just follows from the fact that ¢ is an increasing function.


https://www.codecogs.com/eqnedit.php?latex=a_n%20%5Cto%20a#0
https://www.codecogs.com/eqnedit.php?latex=a_%7B%5Csigma%20(n)%7D%20%5Cto%20a#0
https://www.codecogs.com/eqnedit.php?latex=a_n%20%5Cto%20a#0
https://www.codecogs.com/eqnedit.php?latex=%5Csigma%20(n)%20%5Cgeq%20n#0
https://www.codecogs.com/eqnedit.php?latex=%5Csigma#0

(Refer Slide Time: 02:40)

< B

e h2 M) ehen
( Teep) - q] = £
becoe  gch) 2 h 2 HCE)

w e (m) kO oA se qane
suth hak  Ceh  SwbSequune A 9
[ WA ther S segung  (hat  Conltiged o
7/"@'77 ﬂ’? =24,

frafs Sy G 72 A T o
For — Soml Cheile oF £20 a4

Now, if 7 > N(€), then |Gom) — af < e simply because (1) = n > N(€). And that is
it we are done. So, the same function N that works for @n — @ also works for o(n) = @,

So, this was a fairly easy proposition.

The next one is a slightly more complicated proposition. It is sort of a converse for this
proposition. Now, the naive converse of this is: “If every subsequence converges to the same

limit a, then the sequence itself converges to the limit a”.

Well, that is a bit naive and simplistic because (an) itself is a subsequence of the Gn.
Therefore, saying that every subsequence converges to ‘a’ directly says that @n — @, It is

not really much of a big deal.
We can do slightly better by stating a more nuanced version .

Let a n be a sequence such that each subsequence has a further subsequence that converges

to ‘a’, then n — @,

What this is saying is, no matter what subsequence you take, we are not guaranteed that that
subsequence converges to ‘a’, but what we are guaranteed is that some subsequence of the

subsequence you are considering converges to the point ‘a’.
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In this event, the whole sequence (an) itself converges to a. And the proof is by

contradiction. You have to negate what it means.
Suppose, 9n 7 a.
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What does this mean? This means, for some choice of € > 0, and each N € N, we can find

n >N suchthat|an - a| > €,

What this is saying is, there is some ¢ that plays the role of an obstacle that cannot be

surmounted. That means, no matter what N you choose, that will not work in the definition

of convergence for this particular choice of €. That means, lan — al = € for some n > N.

Now, I want you to prove that this can happen only if for infinitely many choices of

n € N, we have lan —al > €

Let me just give you a hint. Look at this N, and keep on increasing it. You will be able to get

infinitely many terms n with an —al > €
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Now, it is fairly easy , we can construct a subsequence using these n. How do you do that?
Well, it is fairly straightforward to do it. At this stage I can just leave it to you, but let us

indulge ourselves and actually try to write down a proof . Now, what you do is the following.

Choose first consider 17 € N @ |an — a| > €} Let us call this set S. What we know is this

is an infinite set that is, what I have asked you to prove .

Given that it is an infinite set what you do is . Set 71 := Inf S’ Then set 72 = inf(S'\ 1

. And I believe you know what is going to come. Set "k = inf(S'\ {s1, 52, ..., Sk—l}), and
this will give you the required subsequence . So, we have found a subsequence that cannot
converge to ‘a’. That is, how this subsequence was constructed, that cannot possibly

converge to ‘a’.

This is a contradiction, so that means, our original hypothesis that @» does not converge to a

is wrong, and this concludes the proof.

This is a course on Real Analysis, and you have just watched the module on subsequences.
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