Complex Analysis
Prof. Pranav Haridas
Kerala School of Mathematics
Lecture No - 2.4

Complex differentiability

At the very heart of the study of Real analysis, lies the notion of differentiability and
integration and these two notions are tied together by the very beautiful fundamental
theorem of calculus. In Complex analysis also, the things are quite similar. At the very
heart of the study of Complex analysis, the notion of complex differentiability and com-
plex line integrals lie and they are also tied together by a variant of the fundamental
theorem of calculus.

There is a further variant of this fundamental theorem called the Cauchy’s theo-
rem, which wends certain amount of rigidity to complex differentiable functions thereby
making the theory very beautiful. In this lecture we will define complex differentiability
and explore some of its properties.
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Recall that a function f: U < R — R is said to be differetiable at a point xy € U if xg

is an interior point of U and xhn)} M

xeU \{xo}
is called the derivative of f at xy.

exists. The limit is denoted by f’(xp) which

Complex differentiability

Let Q < C and f:Q — C. We say that f is complex differentiable at a point zj €

Q if zy is an interior point and llrIZl w
—20

zeQ\{zp}
%(Zo). If f is complex differentiable at every point z € Q, then we say that f is complex

exists. The limit is deoted by f’(zj) or

differentiable on Q or holomorphic on Q.

(Refer Slide Time: 06:30)

Pt bhat ,é ® z:e—mf!e,( diffjenenhible on 0L en
*d
;\ﬁ’eowwnfbuo on SL.

We iag ot % £ Lmvf)lax &L.M,u-,m/:‘d& af 2,
4% 5] %'[éo) e C &+ Given 270 3 §70 At
Dz §) €S omd
} §2 -3 - 31(%7/ < & yhemeven 0<]z-2)<f,
Z—Z

There also many other variants for the definition of complex differentiability. An-
other important variant is € — § definition for complex differentiability:
We say that f is complex differentaible at zy, if 3 f’(z¢) € C such that, given e > 0,35 > 0
such that D(zy,0) < Q and f(ZZ)_;ZfO(Zo — f'(z9)| < € whenever 0 < |z—zy <.
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Another definition is in terms of linear approximation,

We say that f is complex differentiable at zy if 3 f’(z¢) € C such that

f(2) = fzo) + f'(20)(z— z0) + 0(z — zp), where 0(z — zg) = (z— zp)e(z),e(z) — 0 as z — zy.

LEMMA 1. LetQ < C. If f : Q — C is complex differentiable at zy, then f is continuous

at zp.
The proof the lemma is immediate from the definition of complex differentiability.

EXERCISE 2. Let f(z) = 2" be defined on C. Fix zj € C. Then for z # zj,

f@)-flzg) _2"-%

Z— 20 Z— 20

=" 42" g gl

. (2) — f(20) - - -

llmf f :Zg 1+Zg 1--~+z(',1 1 (n —terms)

z—z0 zZ—Zg
=nzl!
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Laws of Calculus are satisfied:

e Linearity
If f,g:Q < C— C are complex differentiable at zy € Q, then so is f + g with
complex derivative f'(zp) + g'(z9). If ¢ € C, then cf is complex differentiable at
zp and (cf)'(z0) = cf'(z0).

e Product rule
If f,g:Q < C— C be complex differentiable at zp € Q. Then (fg) is complex
differentiable at zy with derivative f'(zg)g(zo) + f(20) g (z0).

e Quotient rule
If f,g:Q < C— C be complex differentiable at zy € Q2 and suppose that g does
not vanish at zy. Then by the continuity, g does not vanish in a neighborhood

of D of zy. Then i is complex differentiable at z.
g

(]_‘)’(Z = L1(20)8(20) — &' (20) f(z0)
’ (8(20))? ‘
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e Chainrule Let f: Q — C be complex differentiable at zy € Q and suppose g :

D — C such that g is complex differentiable at f(zy) and f(Q) < D, then go f
is complex differentiable at zo and (g o f)'(z9) = &' (f(20)) f'(z0).
(Refer Slide Time: 22:06)

(929 () = Q) §0). "
_Pﬂ_'- Lince G 4 complex % at 2.,, I Yaw L st
102) = Yz) t [2-2)§k) + G-2oam)
Whene €i(2) —0 oo 222
Let W = /b(%’) . Lrine d aa conploy 4&.66 at w,
3 3’[»),) md e (w)  AF
3(%) = g(w,) + (w-We) 9'(W5) ¢+ (W-wh) €5¢0)
whene Ow) Do o WU,

PROOFE. Since f is complex differentiable at zg,3 f’(z¢) and e;(z) such that

f(2) = f(zp) + (z2— z0) f'(20) + (z — z9) e1(2), where e;(z) — 0 as z — z.



Let wy = f(zp). Since g is complex differentiable at wy,3 g’'(wp) and ey (w)
such that, g(w) = g(wp) + (w — wy) g’ (wp) + (w — wp) ez (w), where e, (w) — 0 as
w — Wy.

Since f is complex differentiable at z, it is continuous at zy. Hence f(z) — wy

whenever z — z;.

g(f(2) = g(f(20) + (f(2) - f(20) &' (f(20)) + (f(2) - f(20))e2(f (2))
= (&) - f(20) (' (f(20)) + e2(f (2)))
= (z-20) (f'(20) + €1(2) ('(f (20)) + e2(f (2)))

lim SYEVZBUCD iy (11(20) 1 01(2)) (g (f (200 + (£ (2))
—20 Z— 2 =2
2eQ\{zo} 2eQ\ {zo}

= f(20)g' (f(20))
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EXERCISE 3. Prove the linearity, product rule and quotient rule for complex deriva-

tive.
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Functions which are complex differentiable on C are called entire functions. For

example, z — z"" is an entire function.

d

By using the laws of Calculus,we have, p(z) = ap+ a1z +---+ a4z is an entire function.

a-1

Moreover, we know that, for zy € C, p'(z9) = a1 +2axz9 + -+ + dag z
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Let R(z) = % on Q such that g(z) # 0Vz € Q. By the quotient rule R(z) is holomor-
z
phic on Q.

f(2) = f(zo) _ zZ—2zp

e Consider f(z) = z. Fix zy € C, then . Letz=2y+h,z =

z— Zo_ Z— 20
— - h
Zo + h, where h # 0. lim = M = lim —. Suppose h — 0 along the real
zZ—2Z Z—2 h—0 h

h h
axis, then %lirr(l) 7= 1. Suppose h — 0 along the imaginary axis, then l}lm 5= -1
Hence the limit does not exists = f(z) is not holomorphic.
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o Let f(2) = |z|> = zz. Fix zp € C and z = (zo + h).Then,

fzo+h) = (zo+ W) (Zo + h) = zo|* + | h|* + hzo + hzg =

flzo+h) — f(z9) _hh+hZo+hz
h - h

— _  h
:h+Zo+EZ0

Now on taking the limit # — 0 along real axis will obtain z; + zp and along the

imaginary axis will obtain zy — zp. Since the limits are not equal, the limit does

not exists. Hence f is not holomorphic.



