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Problem Session

PROBLEM 1. Compute the integral

27 do
fo a+cosf

where a > 1.

SOLUTION 1. Let y(f) = et for t € [0,27]. Now, for z € Y, we have |z| = 1. If z = e?

z+z 1 1
then cos@ = —— = —(z+—).
2 2 z
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f2ﬂ o 1 fZH ie%do
o a+cosf ilJo (a_,_%(eie_,_e%g))eiﬁ

_1 f o Y (ndt
i Jo (a+ 1 (y(t) + ﬁ))y(t)

1 dz

_;[y (a+3(z+1))z
2 dz

:;fyzz+2az+1'

We know that z2+2az+1 has roots at —a+ v a? — 1. Note that, since a> 1,—a—vVa? - 1<
—1and hence —a— v a2 — 1 ¢D. Also it is an easy verification that -1 < —a+ Va2 + 1 < 0.

By residue theorem, we have

1 dz
= —a—Va?- —a—\ g2 —
27rifyzz+2az+1 Wy(-a a l)Res(f, a a 1)+
Wy(-a+Va? = )Res(f,~a+Va?-1]
:Res(f,—a+\/a2—1).
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Now, on D

1

B 1 1 1
Z2+2az+1_((aM)(a+ azl))(z(a+ az—l) z—(—a—m)

1 1
W (z_(—a+\/ﬁ) +h(z))

1
where h is a function holomorphic on D. Hence, Res ( f,—a+Va*- 1) =\
2Va? -1

Therefore,

fZ” do _2[ dz —471( lf dz )_ 27
o a+cosf ilyz2+2az+1 " \2milJy Z2+2az+1) 2v/g2-1

PROBLEM 2. Compute the integral

. 1 . .
SOLUTION 2. Since ——— is an even function,

(1+x2)°

Consider the function f(z) = i+ z2)2 = G2 i?
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Consider C to be the curve y_r_.r +7, where y(f) = Re't for t € [0,27] and Re R,
Then,

1 1 1 )
f 2dz:Res —,i].
2ri Je (1+ 22) (1+2%)

1
Let us now try to find out what will be Res (ﬁ, i )
1+z

We have,
I 1 )
(1+22)? -D2\(z+i)?)
Suppose
b, (z—-i)".
(z+z)2 ,IZO
Then

1 bo b,

= + +h
(1227 G- @-p "

where h is a holomorphic function on i. Therefore,

1
Res| ———,i| =b;.
((1+zz)2 )



Since b is the coefficient of (z — i) in the power series expansion of

d 1
bl_E((zH)Z)

z=i

Thus,

1 f 1 1
- dz= —.
2mi Je (14 Zz)Z 4i

Now, notice that

1
[ S S
C (1+22) v-r—r (1+ 2?) v (1+22)

1
(z+1i

around i,

and also
1 R 1
I L —
Y-r—r (1+ 22) -R (1+x?)
_ 1 1
Now, let us concentrate on the term I = 527 fy mdz.
1
By triangle inequality, we have |1 + z?| > R — 1 and hence < )
y g q ty | | (1+Zz)2 R4—2R2+1
Therefore,
2R 1 1

Il = <

1 f 1
. 54z
27[1 ')/(1+Zz)
and we have |I| — 0as R — oo.

Hence taking the limit as R — oo,

1f°° dx _i

271 J-oo (1+xz)2_4i'

Hence
o0 1 1 [>® 1
L R
0 (1+x?) 2 oo (1+ x?) 4

PROBLEM 3. Evaluate the integral

21 R*-2R°+1 R3-2R+1



SOLUTION 3. Here the problem is similar to that of Problem 2. Hence the setup for
solving this problem is also similar to that of Problem 2 that we consider the curve C =
Y_r—pr+Y,fory(t) = Re'' for t € [0,27].

eiz 1 eiz
If f(z) = = ( -
d (1+22)° (z-D*\(z+D)?
eiz
in the power series expansion of Gz around z =i,
z

+1)?

), then Res(f, i) will be the coefficient of (z — i)

-1

Res(f,i) = 4 ((e—lz)

dz\(z+0)?)|,.; 2e
Hence,
R pix -i\ 7
lim —zdx:Zni (—) =—
R—ooJ_p (1 + x2) 2e e
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PROBLEM 4. Let Q be an open set containing D and let f be non-constant holomor-

phic function on Q which satisfies | f(z)| = 1 whenever |z| = 1. Then D is contained in

f(Q.

SoLUTION 4. Claim: There exists zy € D such that f(zp) = 0.
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If not, then g(z) = += is holomorphic in a neighborhood of D. Since |f(z)| = 1 for

f(2
|z| = 1, by the maximum modulus principle, we have

(1) If(z)| <1 VzeD.
For |z| = 1, note that |g(z)| = 1. By a similar argument as above, we have |g(z)| < 1. Hence
2) If(2) =1 VzeD.

By (1) and (2), we have | f(z)| = 1 for z € D. By open mapping theorem, f (D) is open and
thus | f(z)| = 1 is a contradiction. Hence there exists zy € D such that f(z) = 0.

Let w € D. Define a constant function g on Q given by g(z) = —w. Then |g(2)| < |f (2)]
on the circle |z| = 1. By Rouche’s theorem, f and f + g have equal number of zeroes in D
counted with multiplicity.

We know that f vanishes on D. Hence there exists z; € D such that (f + g)(z1) = 0.

That s, f(z1) = w. Since w € D was arbitrary, we have D < f(Q).



