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Prof. Pranav Haridas
Kerala School of Mathematics
Lecture No - 30

Open Mapping Theorem

In this lecture we will explore the local behavior of a non-constant holomorphic function
f defined on an open connected set Q2. We will prove that given a point z, € Q) there exists

aneighborhood U of z, such that in the punctured neighborhood U \ {zy}, our function

f isan m to 1 mapping for some m € N.

We will come to that. But, before that, let us prove a special case of the inverse func-
tion theorem which states that, if the derivative of the function f does not vanish at a

point zy, then the function f is locally invertible in a neighborhood of z; and further we

have a holomorphic inverse.

Let us begin this lecture by proving a preparatory lemma which is needed to prove

the inverse function theorem.
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LEMMA 1. Let f : Q — C be a holomorphic function on an open set Q) < C. Then
define G : Q) x Q — C given by
f@) - f(w)

G(z,w):= <—w
f'(2) when z = w.

when z # w

Then G is continuous on Q x Q.

PROOE. Note that on the points (z, w) € Q x Q where z # w, continuity of G is trivial.

We shall prove the continuity of G on the points z = w. Given zy € Q, since f’
is continuous, if given an € > 0, we have an r > 0 such that for z € D(zy,r), we have
|f(2)~ flz0)] <e.

Pick z,w € D(zy,r) where z # w. Let y(t) = (1 -t)z+ tw for ¢ € [0,1]. Notice that

Y'(t) = w - z. Then,

! / ]' ! ! /
fo f (y(t))dt_—w_zfo i)y wdt
1 !/
w_z‘[yf(z)dz

_fw-f@

w-—2z

=Gz, w).

Consider

1 1
|G(z, w) — G(z0, 20)| = UO f(r) dt—fo f’(zo)dt'

1
[ 0t -s'eo) e

<E€.

Hence G is continuous at (zg, zg) € Q x Q. ]

THEOREM 2. Let Q < C be an open set and f : QO — C be a holomorphic function.

Suppose zy € Q be such that f'(zgy) # 0. Then there exists a neighborhood U of zy in Q such
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that f |y is injective. Furthermore, V = f(U) is an open set and the inverse g: V — U of

f is holomorphic.

|f'( Zo)|

PROOE. Since f'(zy) #0, lete . By Lemma 1, there exists a neighborhood U

of zg such that for z, w € U and z # w, we have

@) - f(w) i )' If(zO)|
Z— W
( ) -
V) ) - \w'
Z— W
|f 0|
(1 = |f(2) - f(w)| > ——|z—w|.

If z # wwe have | f(z) — f(w)| > 0. Thatis f(z) # f(w). Hence f | U is injective.
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Fren by () o e [oan]
|4larse®) = | > Blaals - e
L

deb W E D(%fﬁ'\, cf'g_)

Hhen U
[4() - %(mbe’"’)) > G

KM <

Next we want to show that V, the image of U under f, is an open set. Let a € U. Then

there exists s > 0 such that D(a, s) < U. Then by (1), for every 8 € [0,27],

|f! (zo)ls

‘f(a+se ) fla )‘
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where c is a positive constant. That is f(a + se'?) is outside the disc of radius ¢ around
f(a) for every 0 € [0, 27].
Let wy € D(f(a), ). Then for every 0 € [0, 27], we have,

)f(wo)—f(a+sei9)‘ >§.

Suppose there does not exists z € U such that f(z) = wy. Then consider f(z) — wyp, which

is holomorphic and non-vanishing on U. Hence g(z) = is holomorphic on U.

f(2)—wg

By maximum principle applied to g and compact set D(a, s),

|g(2)| < sup g(a+sei9)‘ forall ze D(a,s).

0¢[0,27]

Hence,

1 1
——— =< inf :
|f(2) — wol o027 |f (a+se®) — wy|

> inf
0€[0,27]

f(a+sei9) - wo’ <|f(2) — wol
Since for each 0 € [0,27], | f(wo) — f (a+ se®)| > g, we have,

inf
0€(0,27)

f(wo)—f(a+sei0)‘ zg

Then,

c
|f(a) —wol = =
2

which is a contradiction to our choice of wy € D (f(a), %) Hence f(a) is an interior point.
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Since a € U was arbitrary, V = f(U) is an open set. Therefore f [: U — V is bijec-
tive. Let g: V — U be its inverse. Now it remains to show that this map g is holomor-
phicon V.

Let w' e V.Forwe Vand w # w', let z,z' € U be such that f(z) = w, f(z') = uw/,

gw-gw)  z-z2° 1
w—w' fla)-f(2) (f(Z)—f(Z’))'
z—2
Claim: If w — w', then z — z’ where f(z) = w.
By (1),
'(20)
If(2) - f(2)] > f 20 I
lz—Z'| < Clw—u'|
2 . . .
where C = Tl Then the claim is verified, if w — w’, then z — z'.
20
Thus,
— ! 1 1
L gwmgwh 1
w—w' w—uw' z—7z' (f(Z) - f(z )) f'(z")
weV\{w'} zeU\{zZ'} 7

Hence g is holomorphic on V. U



EXAMPLE 3. Consider the map , : C — C given by ,,(z) = 2" where m is a positive
integer. Then, for zy # 0, 7,,(29) # 0. Then by Theorem 2, 7,, is a local biholomorphic
function, i.e, 7, is bijective holomorphic function on a neighborhood of each non-zero
point with a holomorphic inverse function.

In particular, If V is an open set which does not contain the origin, then U = 7,,(V)
is also an open set.

Recall that if w = re'® # 0, then z™ = w has roots given by zj = r“mei(%Jr%), k=

0,1...,m-1. Hence 7, (D(0,r)) =D, r™).

THEOREM 4 (Local Behaviour of Holomorphic Functions). Let f : Q:— C be a non-
constant holomorphic function on an open connected set Q) . Let zy € Q and wy = f(zp).
Then there exists a neighborhood U of zy and bijective holomorphic function ¢ on U such
that f(z) = wo + [c[)(z))m for z € U and some integer m > 0. Moreover ¢ maps U onto

D(0,r) for somer > 0.
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PROOE. Since f(zp) = wy, we know that f(z) — wy vanishes at z,. By using the factor-

ization theorem,
f(2)—wo=(z2-20)"g(2)

for some m > 0 and such that g(zp) #0.

Let s > 0 be such that g(z) # 0 on D(zp, s). Since D(zy, s) is simply connected and g
does not vanish on D(z, s), there exists a holomorphic function & on D(z, s) such that
g(2) = e™? on D(z, s).

Define ¢ : D(zp, s) — C to be
h@
P(2) = (z—zg)e m .

Then
(0(2)™ = (z-20)"e"? = (z— 20)" g (2) = f(2) - wo.
Also note that ¢'(zg) # 0. Let U’ be a neighborhood of zy in D(zy, s) such that ¢ [ is
injective and ¢(U’) is an open set. Since ¢(zg) = 0, there exists r > 0 such that D(0,r) <
G(U"). Define U = ¢~ 1(D(0, ).
On U, we have
f@-wo=(¢p2)".
Also ¢ is bijective and holomorphic on U with ¢(U) = D(0, r). 0

Notice that f(2) = wo + (7,0 ¢) (2), hence f is an m to 1 mapping on U \ {zo}.

THEOREM 5 (Open Mapping Theorem). Let f : Q — C be a non-constant holomor-

phic function on an open connected set Q). Then f(Q) is an open set.

PROOE. Let zp € Q and wy = f(zp). By Theorem 4, there exists a neighborhood U of
zo such that f(z) = wp + (¢)™ on U and such that ¢(U) = D(0,r). Hence m, 0 $(U) =
D(0,r™). Then f(U) = D(wy, ™) = wy is an interior point of f(Q). Therefore f(Q) is
open. 0



