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PROBLEM 1. Evaluate

J

where n e Nand y(1) = e'!, t€ [0,27].

SOLUTION 1. Let f(z) = e*—e™%.

Cauchy integral formula we have,
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Then f is an entire function.
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By higher order
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Hence,

z" (n—1)!

ef—e’* 27mi f71(0
f dz= O
Y
Now it is an easy check to verify that,

—e% if k is even

e“+e % if k is odd.

Therefore,
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4wi .
if nis even
= (n - 1)'
0 if n is odd.

PROBLEM 2. Evaluate
2
zc+1
fz—dz
y z2(z°+4)

where y(1) = rei, te[0,27], when0<r<2andr>2.
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SOLUTION 2. We may spilt the integrand by using the partial fractions.
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By our routine calculation, we will get the values of the coefficients a, b and c as,
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a=—-—,b=c=-.
4 8

Now we have,
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First we shall consider the case when 0 < r < 2 and we have y(¢) = re'’, t € [0,27].
is holomorphic on C\ {-2i}. Also, y is null-homotopic on C\

f dz
-=0.
y 2+ 21

1
We know that -
z2+21

{—2i}. By Cauchy’s theorem,
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Similarly,

f dz
- =0.
y 2—21
Hence, when 0 < r < 2, we have,
fZ2+1 1 (dz mi
—_—azZ=— _—= .
y 2(2% +4) 4)y z 2

Now, let us consider the case when r > 2.
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Let € > 0 be small enough such that D(2i,e) < D(0,r) and let y,(f) = 2i +eell, re

[0,27]. Now y is homotopic y; as closed curves by the straight line homotopy,
H(s, 1) = (1—98)y(#) + sy1(0), (s, 1) €10,1] x [0, 27].

Hence by Cauchy’s theorem, we have
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2mi yz—2i_2m' v 2= 21
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and by the Cauchy integral formula,
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Similarly, we have

and
dz 7i
4J)y z 2
Hence,
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PROBLEM 3. Let f be a bounded entire function and a, b € C be two distinct complex

numbers. Let R > max(|al,|b|). Then evaluate,

f(2)

Ip=| —L 22—
) e-aE-b

where y(1) = Re't, t € [0,27). Also evaluate lim Ip.

R—o0
SOLUTION 3.

f(2) .
y (z—a)(z—D)

_f 1 (f(Z) f(2) )
Jya-b\(z—a) (z-b)

f(z) 1 ff(Z)
" (a- b)[ (a—b) yz—bdz

-——f(
( —b)f() ( f()
Ip=2n (f(a) f(b)).
a-b

Notice that f is bounded, thus there exists an M > 0 such that |f(z)| < M for every z € C.
Since, |z—al =|z|—|al| = R—-|al and |z— b| = R —|b|,

f@ | M
(z—a)(z—Db)|  (R—lal)(R—1D|)
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and hence

M
2nR.
(R—lal)(R—1bl)

|Irl <

Now,
lim |Iz| < lim 2R =0.
R—»ool | R—oo (R—al)(R—|b|)
- fb
Hence I%im Ip=0 = 2ni(%) =0 = f(a) = f(b),i.e, f isaconstant.
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PROBLEM 4. Let f be an entire function such that | f'(z)| < | f(z)| for every z € C. Then

there exists a positive real number a such that

If(2)] < ae'?,



1
SOLUTION 4. Since 0 <|f’(z)| < |f(2)|, we have f is does not vanish on C. Hence ? is

f'(2)
f(2)

every z € C. By Liouville’s theorem, g = ¢ for some c€ C, i.e., f'(z) = cf(2).

an entire function. Let g(z) = . Then g is holomorphic on C and also |g(z)| < 1 for

We know that f is an entire function, hence there exists a power series expansion,

f@)=) apz"
n=0
in C. Also we know that,
(0,0
fl@=) na,z" .
n=1

Since f'(z) = cf(z), we have

o0 1 o0
n-1 _ n
n - n .
E nanz E canz
n=1 n=0

Hence
Ckao
capg=ay, car=2ay,...,car=(k+1)ar, = ai= T
Then we have,
o0 n-n o0 n
aopc"z (c2)
f@=73 = dg =ag-e”.
- ! - n!
n=0 n=0

PROBLEM 5. Suppose f is an entire function such that |f(z)| < a + b|z|¥ for every

z € C,where a, b, k€ N. Then f is a polynomial.

SOLUTION 5. Let zg € C and v : [0,27] — C be a curve given by y(#) = z + Re'’.

Now by the higher order Cauchy integral formula,

|
Y

27mi (z—zp)k+2

Since |f(2)| < a+ b|z|¥, there must exists positive integers a’ and b’ such that | f(z)| <

a +b'|z— z|* for every z € C.



Then in (1), we have

_ (k+1)! (@ + D' Rk
- 27T Rk+2

a b’
=(k+ 1)!(Rk+l + E)'

2nR

'(k+ 1)!f f(2)
Y

27mi (z—zp)k+2
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Hence, if R — 0o, we have | f¥*1(z)| =0 = f**1(z) = 0 for every z€ C. Thus f/ =0

for every ¢ = k + 1. Then,
00 k
f@=) anz"=) az*
n=0 n=0

which is a polynomial.

PROBLEM 6. Does there exists a holomorphic function on D, the unit disc, such that

f(z,) = 0where {z,} is a countable set in D consisting of distinct points.
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1 1
SOLUTION 6. Consider z,, = 1— — and the function defined by f(z) = sin(l—).
/4

Then,
f(zy) =sin (#_n%)) =sin(nm) =0.



