Complex Analysis
Prof. Pranav Haridas
Kerala School of Mathematics
Lecture No - 24

Problem Session

PROBLEM 1. Let Q = C\ {0} and y : [a, b] — Q be a closed curve. Prove that there
exists a closed curve o such that y is homotopy as closed curves to o and image of o is

contained in S'.

(Refer Slide Time: 00:30)

Frwialtm L QLE.I' !-rl= C‘%“% ,-GWMGE T rﬁ,h:l — J2 Le &
closed  cwswe Praw  tet thee oxis doiad ot & AT
T s I"WMF'P‘IMG s ulsied o B oo Aand /'I.M.dl&e [-E a

A Ltrined  an S

SOLUTION 1. Giveny :[a, b] — Q is closed curve. That is y(a) = y(b). Define

v (%)
1= ——=.
o0 Iy (8]
Then
Y(a) Y(b)
(@ ly(@!| |yl o(b)

Hence we have a closed curve whose image is contained in S!, which is o.
It remains to prove that y is homotopy as closed curves to o.
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H{g+t = (-7l + mar)

Hf&,a') = (I—-A; ¥(a) —+ s 0la) =
L'-—&)'Y(v'j 4 mrlE) = BAL).

Define
H:[0,1] x [a,b] — Q
given by
H(s,t)=(1-9)y(t) +so(1)

Now it is left as an exercise to the reader to verify that H is indeed a homotopy from y to

o as closed curve.

PROBLEM 2. Compute the integral:

f cos(t?)dt.
0

SOLUTION 2. Notice that cos(#?) = Re (e”z) and

[e'e) R
f = lim cos(t?)dt.
0 R—o00Jg

(Refer Slide Time: 06:58)



ﬁ s
B
jﬁ dt | Loy
— 1t
o "-"T e
Y=t fm e [0R] |
1 R K l
P42 . o at
Lo e e = | A
W Wl
'H" ]
ot Ty = e te [o ”)
P L¥r =
-k
T8~ Re" te [omg
. i ey

Now, let y () = ¢ for £ € [0, R]. Then, by the change of variable,
f ei¥dz = fR el dt.
11 0
Now lets define another path from 0 to R. Let
Y2(0) = te”™* t€[0,R]

y3(t) = Re'! te0,7/4].

Then y,(t) + (—y3) is a curve from 0 to R.

. i2? . .
Since e'* is an entire function, by Cauchy’s theorem,

. 2 - 2
f e'? clz:f e'“ dz.
Y1 Yo+(=Y3)

. 2 . 2 . 2
f e'? dz:f e'? dz—f e?dz
Y2+(=Y3) Y2 Y3

R inla\e . m/4 . i .
:f el(te ) e””4dt—f el[Re t)zRie”d[.
0 0

= fR e_t2 (ﬂ) dz‘—fm4 eiRzemRie”dt.
0 V2 0



Now,

1+i) (R 14§ [
lim ( )f e_tzdt— e_tzdt
R—o0 0

V2 V2 b
1+ (\/ﬁ)
V2 \ 2
Ao i .
Now let’s consider the term f e Rieltdr.
0
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We know that €2/’ = cos(21) + i sin(2t). Now,
/4 . /4 .
ip2 21t ) .2 2it .
f B e Rieltay sf )e’R “"Rielt|dt
0 0

/4 5 .
< Rf e—R sm(2t)dt
0

/4
—_ R (e—th) i
R2
0
_ 1 (1 e—Rzn/4)
R
1
<




Hence,

1imf e“dz=0.
Y3

R—o0

Hence

fcos(tz)dt:f)f‘tef e”zdt:ﬁ ;fsin(tz)dtzﬁmf e”zdt:ﬂ.
0 0 212 0 0 2V2

PROBLEM 3. Prove that

> : 2 © 2
f e~ Lt dx:f e dx
—00 (e9)

SOLUTION 3. (Refer Slide Time: 21:33)
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We can rewrite the L.H.S in the problem as,

o . R . 9
f e Gy = lim | e "M gx.
—0o R—oo J_R

Let f(z) = e~ . Then f is an entire function.
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Let y1,Y2,73, Y4 be straight lines such that,

Y1

Y2

Y3

Ya:

Then we can parametrize these curves as follows:

Yi(t) =t
Y2() =R+ it
Y3(t)=—t+ia

ya(f) = —R+it

dx = E_E-tf e .
-£
=R ain, '_-_'Ah—l. R‘“‘"{
T a;' ! W
_L_ i —
-R— R
:R— R+ica
R+ia— —-R+ica
—-R— —R+ia.
te[-R,R]
te0,a]
te[-R,R]
tel0,al.

Let us compute the integral of f along all these curves,

Y1

f(z)dz:fR e dr.
R

WL



f(Z)dz:fa o~ (RP=1")+2iR1) ; 1,

Y2 0

f(2)dz

—

X P2 2\ioipA .
:U o (RP=)42iR0) ;
0
a
[
0
a
[
0
2

ae?
=—

Y2

—0 asR—oo.

e

Let us consider the integral of f over —y3,

R -
f(z)dz:f e UHa gy,

(=73) -R

o0 . 9

lim f(z)dz:f e~ Ut gy,
R—00J(—y3) —00

Since the case of integral over y, is also going to similar as in the case of y,, we have

ff(z)dz—»O as R— oo.
Y4
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By Cauchy-Goursat theorem,

fRdz+ | f(rdz+ | f(2)dz+ f(2)dz=0
Y2 Y3

Y1 (=y4)

= | f(@dz+ | f(2)dz=0 as R — oo
gl Y3

f(@dz= f(z2)dz
Y1 (=73)

o0 2 o0 .
f e * dx:f e~ O™ g
-0 -0

PROBLEM 4. Let Q) be a simply connected domain and f : Q — C be a holomorphic
function such that f(z) # 0V z € Q and f’ is also holomorphic. Then there exists g :
Q — C such that

f(z)=e8¥.
!/ !
SOLUTION 4. Consider the function ?((Z)). Since f is non-vanishing on Q, % is
z z
holomorphic on Q. Since Q is simply connected, there exists an anti-derivative go(z)
/
such that g/ (z) = ];((Z)). Define h(z) = e'80(@),
z
Consider
(f(Z))’_ [ (@)h(z) - f(2)h' (2)
h(z) (h(2))? '

Now,

f’(z)h(z) _ f(z)h’(z) — f’(z)eg‘)(z) _ f(z)ego(z)& — f’(z)eg‘)(z) _ eg"(z)f'(z) =0.
f(2

Hence, on Q,

@)'_
(h(Z) =0

f(2) = ch(z) = ce8@

Let ¢ € C be such that e = ¢, then f(z) = e *8@_ Put g(z) = ¢’ + go(2), then g is holo-

morphic on Q and f = eé.



