Complex Analysis
Prof. Pranav Haridas
Kerala School of Mathematics
Lecture No - 17

Complex Integration Over Curves

In the last few lectures, we discussed the notion of complex differentiability in great
detail. Just like in the case of real analysis, complex differentiability is tied together in-
tricately with the notion of complex integration. When we say complex integration here,
we mean integration of complex valued functions over rectifiable curves. We will define
the integration of complex valued functions over rectifiable curves in this lecture. There-
after, we will prove fundamental theorems of calculus for such functions. We will also
later on will prove a special version of the fundamental theorem of calculus for holomor-
phic functions defined on nice domains, it is called the Cauchy’s theorem. Let us recall
the notion of the Riemann integral of real valued functions defined on closed interval
[a, b]. We will be defining the complex line integral over rectifiable curves similarly.

(Refer Slide Time: 01:17)

Recall  that —% {: Cabl] R ke wonhmows, thu,
e  Riemamn ..c'w\-r..%mﬂ 4§ eve [aib] o Ahe Jawak
d% fre Rﬁtmammh g
2 &) (-4

I=0

Recall that if f : [a, b] — R is continuous, then the Riemann integral of f over [a, b]

is the limit of the Riemann sums

Zlf(r;?)(tj— tj-1)
]:
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where the limit is taken as the partition size | P| converges to 0.

Here P:a=ty<t1<---<tp=band|P|= 1max(tj— tj-1) and t]’.‘ € [tj-1,tj].

<jsn
b
This limit is denoted by f fndt.
a
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Let y be a rectifiable curve. That is, y : [a, b] — C continuous and |y| is finite. Let
f :v(la, b]) — C be a continuous function.

Then for a partition P of [a, b], a=ty < t; <--- < t;; = b, we define the Riemann sum
n
Y Flren) rap -y(e)
j=1
where t}‘ € [tj-1, L]

PROPOSITION 1. The above Riemann sum converge to a complex limit as the partition
size converge to 0. The limit is denoted by f f(2)dz.
Y

More precisely, givene > 0,36 > 0 such that

<€

f F@dz= Y f (D) (re) - yt-1)
Y

whenever |P| < 6.
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PROOFE. We shall prove thatgivene >0,36 >0suchthatif P :a=1f<ty<---<t,=b

and Py :a=sy< sy, - < Syu = bbe partitions of size less than §, then

m

Z (rep) (rtep -y -0) = X £ (r(sp) (rs) —yise) | <e
j=1 k=1

Let R(Py) = ) f(y())) (r(ep) = y(tj-0) and R(Py) = Y £ (y(sp)) (v(s0) = Y(sk-1)).
j=1 k=1

If Q is a refinement of Py, P, then |Q| < min(|P;],|P2|).
|R(P1) — R(P2)| = |R(P1) — R(Q)| + |R(Q) — R(P»)|.
Hence we may assume that P; is a refinement of P;.

We thus have integers 0 = mg < my <--- < my, = msuch that ¢; = Sm;-
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Then,

m

Z (reep) (rep - vt-0) - Z (Y(sD) (y(s0) =y (sk-1)

<

Zf(Y(f ))(Y(tﬂ y(tj-1)) - i([ %

]=1 j=1 - 1+1

Flysp) (yise)— Y(Sl—l)))‘

|

mj
Flrep)rep =)= X Flrs)) (s =yise-)

(= mj_1+l

z( > [r(r)- i)

1+1

(y(s0) =y (se-1) |).

By uniform continuity of f oy, we have a 6 > 0 such that

€
< — whenever Iz‘]’-k - 5,1 <.

[yl

£ (rep) - £ irisp)

Thus for |P;| < §, we have



n m; n
Z( > | elrap) - £lvesp)| 1o - yese |)siz > oy
j=1\l=mj_1+1 7l =14=mj_1+1
= iZ |y (si) =y (se-1)|
Y1zt
ﬁ|7’|_€
0
Properties

Lety :[a, bl — C be arectifiable and f : y([a, b]) — C be continuous.

(1) Lety:[c,d] — C be a continuous reparametrization of y. Then

ff(z)dz:ff(z)dz.
Y ¥

PROOF. Let ¢ : [a,b] — [c,d] be a homeomorphism such that y(¢(7)) =

y(1).
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It is enough to prove that given € >0, 30 >0 such thatif P:a=t<t; <---<

tn = b is a partition of [a, b] such that |P| < §, then

| rardz- Zf( (1)) (rte - v(ejn)| <e
Y



Let € > 0 be given. We know that 36’ >0suchthatif Q:c=sy<s;<---<sp=b

such that Q < ¢, then

<E€E.

m
[ f@dz=Y. f(7s)) 7 -v)
7 j=0

Since ¢ is continuous on a compact set, it is uniformly continuous.
Hence 36 > 0 such that |p(x) — ¢(y)| < 8’ whenever |x — y| < 6.
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LetP:a=ty<tfh <---<t,=bsuchthat |P|<§é.

Now it is left as an exercise for the reader to check that ¢ is monotonically in-

creasing.

Hence, we have sp = ¢(f) < s; Then since yop =7,



| r@dz= 3 £ (yep) brien - riej-)
7 j=0

n
[ F@dz— Y f[FHew)™) (r(t) (o)
1 j=0
Now,

So=@(t) <s1<--<Sp=@(ty)

where s; = (). Moreover |p(t;) — ¢(tj-1)| <6’
Since |P| < 6,

fj(zm’z— Y F(7lo)™) (y(e) —y(tj-1)
7 =0

<e€.

[f(z)dz =Y f (?(s}f)) (7(s7) =7 (s7-1))
7 j=0

As € can be arbitrary small, we have

ff(z)dZfo(z)dz.
Y Y
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(2)[ f(z)dz:—ff(z)dz.
Y Y

PROOE. Let y : [a,b] — C. Then (-y) : [-b,—a] — C given by (—y)(?) =
y(=t). LetP:a=1ty<tf <---< t, = bbe apartition of [a,b] = P':-b=sp<
§1<---<$p=—awheres;=—1t,_j.

Given € > 0, let 6 > 0 be such that f(2)dz and f f(z2)dz can be e ap-
proximated by partition of size less thal(l g) !

Let P be as above with |P| <,

‘ f f@dz+ f f@)dz =‘ f f@dz- Y fy) (rep-y(j-)
-Y Y -Y

j=1

3 rep) rap - yn) + f f@dz
=1 Y

f f@dz- Zf yep) (e -y0)+ | f2dz

=7

2t (P65 p) (D0 = P S0 e)



<€+

NICLEEDY F(Enep) (=N ep - nis)

< 2€.

Since e is arbitrary, we have

f(z)dz:—ff(z)dz.
=N Y
OJ

(3) Let f be defined on vy, ([a, b]) Uy2([c, d]) where y; and Y, are rectifiable curves
such that y;(b) = y2(c). Then

f f(Z)dz:f f(z)dz+f f(z)dz.
YitYe Y1 Y2

Proof of property (3) is left as an exercise for the reader.
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Let y be a continuously differentiable curve y : [a, b] — C. Then

b
ff(z)dz:f fy@®)y'wat.
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PROOE Given e >0, let 6 > 0 be such thatif |P| < J,

(2)dz- Zf( () (rep - y(t-0)| <e
Y

forapartition P:a=1t) <t <---<t,=Dbof[a,b]. Lety = ¢+ iy. Then,

> f (Y(f )) Y —yti-0) =) f (y(t )) @(t)) = (tj-1))
j=1 j=1
iy frep) wap -wi ).
j=1
By Mean Value Theorem,
> 1 (v (ep - ett-) = Y- £ (rap) @' - 40
j=1 j=1

where s;.‘ € [tj-1,tj].

Hence,
j;f(m;))(‘l’“f)—(P(tj—l)) = j;f(y(t}‘)) (05 =) (1= 50
+ Y Flran)e'ape -
j=1

n

jZ:lf(ﬂt}‘)) (w'(s;) —w'(t}k)) (tj—tj-1)

<

|2 Frap) e e - t)|.
j=1

By uniform continuity of ¢’, let § > 0 be small enough so that

<E.

If M = sup f oy then we have,
la,D]

n
< Y Me(tj—tj_1) =eM(b— a).
=0

_ilf(ﬂt}‘)) CASH BTG GRS
=

(Refer Slide Time: 52:19)



11

"&ﬁxue%ar:. b [Pl —o
Ln 2 4o =0l2) = L 3 JOE)HI
Pi—2p

|Pl=0 =
4

b
[1omgd.
A

Therefore, as |P| — 0, — 0.

£ rlrap) vy -o'up) o= g

Hence,

Jim, > £ (v (ot - ptt;1) = l})ilglojzzlf(y(t}‘))rp ()t = 1)

b
=f for(me'(ndt.

Similarly,

|P|—0 =

n b
lim > f(y()) (i) -y 1) = f o' at.
j=1 a

Hence,

b

b
ff(z)dz:f f(y(t))(p’(t)dt+if fly@)y'(nde
Y a

a

b
- f Flr)y wa.
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Exencints: 5). 9% 1 Tawl) = € @& bovnded
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2¢€ "r(c..n)

jfb(asz- < Ml
T

(5) If f:y(la,b]) — Cis bounded by M, i.e., sup |[f(z)|= M. Then
zey([a,b])

ff(z)dz < Mlyl.
Y

(6) Lety:[a,b] — Cand f, g be defined on y([a, b]). Then for c€ C,
f(cf+g)(z)dz:cff(z)dz+fg(z)dz.
Y Y Y

EXERCISE 2. Prove property (5) and property (6).



