Complex Analysis
Prof. Pranav Haridas
Kerala School of Mathematics
Lecture No - 3.2

Differentiation of Power Series

In the last lecture we defined what is meant by a power series and we proved that
a power series converges absolutely in its disk of convergence we also remarked that a
power series behaves very similar to polynomials in its disc of convergence. We begin
this lecture by proving that a power series is holomorphic in its disc of convergence and
that just like in the case of polynomials we can obtain the derivative by differentiating
the power series term by term.
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THEOREM 1. Let F(z) = Y an(z— z9)" be a power series around zy with a radius of
convergence R. Then F is holomorphic in D(zy, R) and the derivative F'(z) is given by the
power series,

o0
Y nap(z—2z9)""
n=1

1



2

which has a radius of convergence R.

PROOE. Consider the power series

o0 o0
Y nan(z-z0)""' =Y (n+Dan1(z-2z0)".
n=1 n=0

Then R’ = lirgninf((n +Dlane )Y
—00
Now it is left to reader as an exercise to verify that nlim (n+DV"=0.
—00
Claim: Let Ry = li%ninf(lanﬂl)_””. Then Ry = R.
—00

For z € D(Zo,Ro),

o0 o0 1
Y anlz—2z0)" = ap+(z—20) Y_ an(z—z9)"~
n=0 n=1

o0 o0
Hence, Y |an(z—20)" < laol +1(z—20)| ¥ lanll(z—z0)|"""! = ¥ an(z—z0)" converges
n=0 n=1

in D(zy, Ry) = Ry <R.
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o0
Let z € D(zy, R) and z # z9. We know Y. a,(z— zp)" converges absolutely.
n=0

o0 1 o0
Y an(z—2z9)" =Y lan(z—29)"|
n=1 n=1

Y lanll(z—zp)|"

|z — 2ol ;=1

[e.0]
< Z lanll(z—20)|"
|z — 2ol ;=1

o0
Hence Y a,(z— zp)" converges in D(zy,R) = R < Ry. Hence R = Ry.
n=0
Exercise: Let a,, and b,, be positive real numbers such that a,, — a and where a > 0

and liminfb,, = b. Then liminfa,b,, = ab.
n—oo n—oo
By using this exercise, we can conclude that the radius of convergence of the power

[e.0]
series Y nay,(z—z9)" 'isR.
n=1
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Fix z; € D(zg, R). Now, consider the Newton quotient,

F(2) - F(z1) _ i (z2—29)" — (21 — zp)"
(z—2z1) =0 " (z—2z1)

Z an((z—20)" ' +(z—20)" (21— 20) +--+ (21— 20" ")
n=0

We want to show that,

oS 00
Zli_{lel Y an((z—20)" '+ (z—20)" (21— z0) + -+ (21— 20)" ') = Y nay(z1—20)" .
z€D(z0,R)\{z1} =1 n=1

Define G(z) = ozo an((z—20)" 1+ (2—20)" " %(21 — 20) + - + (21 — 20) " 1).
n=1

Let R;, R» be such that |z; — zg| < R < R < R and € > 0 be such that D(z;, €) € D(zg, Ry).

(Refer Slide Time: 20:32)

| Oun Qz-a)“'fr (2-2) (22t -+ [2.—2,)“')] < [GanR]
Adnce J/\Jmi?{ ja,.[_r/" = R_ 3+ Ri<R, we hwe

n—

N s+ ¥ n»N
o] > Ra
> lan| €
R\'\

2

= oy (Cz—a,)""—f‘ -« Cz.—a,)“"), < n é%‘)

« <

,f:g 8/8

Let z€ D(z,¢€),

lan ((z—20)" "+ (2— 20)" (71— 20) + - + (21 — 20)" ') | = laynR] |



Since li}gninflanl_”’1 = Rand R, < R, we have N e N such that Vn > N,
—00

|an|_1/n >Ry = layl < ﬁ
2

R n
= Ian((z—ZO)”‘l+(z—ZO)"‘Z(Z1—ZO)+---+(Z1—Zo)"‘1)|sn(R—l) :
2
Hence by Weierstrass M-test, ) a;, ((z —20)" V4 (2—20)" %21 — 20) + -+ + (21 — 20) ”_1) con-

verges uniformly in D(z, €) to G(z). Since G(z) is continuous, we have

lim G(z) = G(z;)
Z— 2]
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That is,
_ F@-Faz) . . & -
lim ) - G(z1) = n; nan(z1 - zo)

z€D(zg,R)\{z1}
. Thus F(z) =) a,(z— zp)" is holomorphic on D(zy, R).
O

COROLLARY 2. Let F(z) =Y a,(z—z9)" on D(zy, R), where R is the radius of conver-

F"(z0)

gence of the power series. Then a, = —
n!




PROOE. Thereader should verify that F"*(z) = OZO nn-1)...(n—-m+1)a,(z—z9)" ™.
n=m

F™(z)
m!

Now, F(zg) = m(m-1)...2-1a,, = m'a,, = a;, = 0]
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COROLLARY 3. IfG(z) is a power series Y b, (z— zy)" such that G(z) = F(z) in a neigh-

borhood of zy, where F(z) = a,(z— z9)". Then a;, = by,.

PROOF. Since F(z) = G(z) in D(zg,¢) for some € > 0, we have F"*(z) = G"(z)Vn €

N = a, = by, [

Now lets calculate the derivative of one of the important power series we discussed ear-

lier, the exponential function.

0 N d [ee) Zn—l x© LN
Consider e* = Z —. Then, —e* = = Z — = e~
n=o 1! dz =1 = n!
) ) el — g7 iz d ) el 4o i%
Now consider, sin(z) = T Then, E sin(z) = T = cos(z).

. d :
Similarly, P cos(z) = —sin(z).
z
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PROPOSITION 4. Let F(z) = Y, an(z—2z9)" and G(z) = Y. by(z— z9)" be power series
n=0 n=0

which converges in D(zy, R). Then F(z)G(z) is given by power series Y. ¢,(z— zp)" where
n=0

n
Cn = Y. aipb,_i which also has a radius of convergence at least R.
k=0

o0 oo
PROOE. Notice that for z € D(zg, R), Y. a,(z—zp)" and Y. bj,(z—z)" converges abso-
n=0 n=0

n n n
lutely. Let A, = ¥ ax(z—20)%,Bp = ¥ br(z—20)*C,,= ¥ ck(z—20)F and D,, = B,—G(2).
k=0 k=0 k=0
(Refer Slide Time: 41:39)
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Then

Cn = aogbo + (ar1bo + apb1)(z— z9) + - + (anbo + an_1 b1 + -+ + agbp) (2 — z0)"
= Bpao+ Bp-1a1(z2— 20) + By_2a2(2 — 29)* + -+ + Boan(z — 20)".
=G(2) (ap + ai1(z—z9) + -+ an(z—20))" + (Dpag + Dyp—1a1(z2— 29) + -+ + Doan(z — zp)")

Ch,=GA,+(Dnag+Dy_1a1(z—z9) +---+ Dgya,(z— Zo)n)
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Consider Dyag+ Dy—1a,(z— zp) + -+ Doan(z — zp)". For a given € > 0,3N such that

|Dyl<eVn=N.

|Dpag+ -+ Doan(z— 20)"| < |Doan(z—20)" + -+ Dyan_n(z— 2z9)" V|

n—-N+1

+|Dn+1an-N+1(2 — 2p) + -+ Dyapl

-N
<|Dollan(z—zp)|" + -+ |Dnllan-n(z—20)" |

o0
+e ) lanlz—zo)|"
n=0

-N
|Dpag + -+ Doan(z—29)"| < |Dollan(z — 20)|" + -+ |Dnllan-nllz— 2ol" ™ + ex

lim |Dyag+ -+ Doan(z—z9)"| < ex

n—o0

limsup |Dyag+ -+ Doan(z—zp)"| =0
n—oo

= lim |D,ag+ -+ Doa,(z—zp)"| =0
n—o0

= lim C,, = F(2)G(z).
n—oo



