Measure Theory
Prof. Indrava Roy
Department of Mathematics
Institute of Mathematical Science

Lecture — 4
Basic Properties of the Elementary Measure-Part 1
Key words: Elementary measure, properties of elementary measure.
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So, let us continue with our study of the basic properties of the elementary measure. Before
we do that, I would like to state an easy observation or you can state it as a Lemma.
Observation / Lemma: Let us suppose that we are in R”. If E and F' are elementary sets in
R", then

(i) E U F is an elementary set.

(i) E'\F is an elementary set.

(iii) If E is translated by an element x in R”, then (E + x ) is also elementary.

This we have already seen before, but let us review it here. The proof is quite easy.

Proof: (i) So for the first part, it is very easy. Write E and F' as a union of disjoint or non-

disjoint boxes, that is,

n
E = UBl-,
i=1
and
m
F = UBJ/



where B;, B; € R" for each i, j. Then E union F is simply the union of the two things,
n m
eur=(0n)u(
i= j=

and it is obvious that this is a finite union of boxes in R". So it is quite obvious that the union

of two elementary sets is elementary.

(Refer Slide Time: 02:57)

Sy C\C z’—.ufgg, Y= .l\,ﬂ
) = e — el
e\f = ENT
=) X / ™M / e
e valn
- \)‘D;\| N ‘/ \-’63 / I
L) O™ 7 J
r r M
TR A
/ N ()
= ( ‘k/%u/ 0 \ | \‘\5.1’ )
\‘\.;‘ )=l
o Vel .»J.n:l G ™M
M AR
- Y\ (n { ral
= LU /\'\(\-L’ﬁ,ﬁj/
N

~

~A ) Mo
Go e Ao Mab ek G u o shwedm s

e o olee e b )

(ii) Now, let us come to the second one, that is £\ F. Let us again assume that

N
E=JB
i=1
and,
M
F= Bj’.
J=1

such that B, B/ are boxesin R" for each i,j. Then E\F is simply E intersection by

complement of F. So you can write it as follows.

E\F=ENF°
N M
= (Gs)n( Us
i=1 j=1

Now you can use De Morgan's law.



So you will get,

E\F = <[VJ

M c
Let me call | B[ N (B;) as C; for i = 1,...,N. So if we show that each C; is an
j=1

elementary set, then we are done due to the first property of union of elementary sets being
elementary.

So now let us try to show that each of these C;’s are elementary and we will do an induction
on the number of boxes that are used to define the elementary set F'. So if we can do an
induction on M and show that for each M this is an elementary set, then we are done because
then we will have a finite union of elementary sets, which is elementary. So let us try to do
that.
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M c
To prove: If B is a box then | B[ [ <Bj’) is elementary.
j=1

So first take M = 1, and this is our base case for the induction. Suppose By is a box. We have



to show that B (Bi)c is elementary.

So what we are going to do is to break it up into coordinates and we will see what happens
for each coordinate. Remember that B is a box in R”, so it is a Cartesian product of intervals,
that is

B=IxLx...xI,
where each [, is a bounded interval in R for k = 1,2,...,n. Similarly B] is a box. So this is a
Cartesian product of let us say,

Bi=J, X X...xJ,
such that each J, is a bounded interval in R for k = 1,2,....,n.
Now we have to use some formula which describes the complement of a Cartesian product of
n sets in terms of the complement of the individual coordinates sets. So I want to write down

/

a formula for (Bl)C and this is as follows.

(Refer Slide Time: 09:07)

7 ,m
r & [/~ i R
/./\k \ A‘.‘\{'!\ X XJ ¥ J (V4
\_—4») L=
L™
[/ - “ 1 \\» w
UL J ke dix T x Adm ) W/
e ) Vs
=
:)‘-j \
- o~ c ¢ [ -\ |
"/ o /:J N j - xT % T » -X_J,\Jl j ./
4 J. Jo _
{ .u J /
L’j,(.‘
FaFke
c (4 c 7\ i | 1
\ {3 x 7 « xJ, 3 o x J

. c . . .
So we write (Bi) as a union of components where first component is a union of

(Jl XX ... xXJ7.. . X Jn), where i varies from 1 to n. So the first component is a union of
n sets with the j-th set with a compliment. Then we have the second component which is a
unionof(]l XJZX...XJ;:X...XJ]-C...XJH> over i and j and i # j. So now you will have
two coordinates with complements and the rest remain the same. Here we are assuming i # j
because if i = j, then you will just have one set. So this is for distinct coordinates i and j and
you will put a complement for each of the coordinates J; and J;. Similarly we get the third

components for i, j,k = 1,...,n such that i #j #k and three coordinates with the



complement and the rest are the same and in the end you have the union of the sets where all

the n coordinates are with a complement. That is,

= <U(J1><Jz><...><J,.°...><Jn)>U U (J1><J2><...fox...xJ]?...xJn)

Ul U <J1><J2><...fox...xJ].C...xJ,f...xJn> LU UExL X TE).
L

This formula is a bit tedious and might look scary, but the idea is very simple, and it just uses
the elementary operations of unions and complements and cross products of Cartesian
products. So I suggest you to go back and check what are the formulas when you have the
Cartesian product of a union or the union of Cartesian products and so on and then what
happens when you take the complements for such unions.

This is a union. So when we take the intersection of all these unions with our box B, then you
can distribute this Cartesian product inside the unions and then you will have an intersection
of two Cartesian products and then again you can distribute it. So let’s write this down
carefully.
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—_ (o]
= U[(Jlizx...le xJn)ﬂ(lelzx...xIn)]
i=1

i, j
B

Ul U l(]lszx...><J,.°><...xJJ?...xJn>ﬂ(Ilszx...xIn)l

Ul U
i, J, k
| i#j#k

<J1><J2><...><J,~°><...xJJ-C...xJ,f...xJn>ﬂ(lelzx...xln)l

...U[(fo...x];)ﬂ(llszx...xIn)].

So you have for each of these an intersection of two sets each of which are Cartesian products
themselves. So let us consider for example unions from the first group, let us call this set A;.
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Thatis A, = |J [(]1xsz...fo...xJn)ﬂ(Ilszx...xIn)].
i=1

So this is just by the property of cross products and intersections,
n
=U [(N8) X (BNR) X x (FENE) - x (LN |
1=

So, now we have a finite union of such elements. So if we can prove that all these sets are
boxes, then we will be done because then A, will be an elementary set.

Similarly one could do for other groups where you have two complements, three
complements or n complements and they will all be of the same form. So the idea is to show
that if you have two intervals, then the intersection can either be empty or it will be another
interval. If you can show that intersection of the complement of an interval with another
interval is also an interval, then we would be done because then it will be a Cartesian product
of intervals and so it will be a box. So, it suffices to show that if / and J are intervals in R
then I N J¢ complement is also an interval or a union of intervals. So this is again quite easy

and I leave it to you as an exercise, check that this claim holds.

So for example, I will just give a visual idea here.




So if you have the interval / from a to b and you have interval J from c to d as above. So J€ is
the region left of ¢ and right of d. Then I N J¢ is simply the region from a to c. So similarly
you can check all other cases. If I and J are disjoint intervals, then I N J¢ will simply be /. In
all other cases I N J° will be an interval. It is very easy to prove, and I leave it as an exercise
for you.

Therefore, we have that all the constituent sets in the union of A; is given by boxes.
Therefore, A, is an elementary set because it is a finite union of boxes. Now we can go back
to the other groups A,, As, ..., A,. Since you have the intersection coordinate wise, therefore
each one will be an interval and each of these constituent sets will be a box and therefore you
will have a finite union of boxes. In particular A, itself is a box because you have just one

constituent set. Therefore we have proved that B[ ) (B{ )C is an elementary set. So this proves

the base case for our induction.
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Now we come at the induction step. Assume that if Bj’ ’s are boxes forj = 1,2,...,M, then

M c
BAOl N (Bj) is an elementary set. We will have to prove that if B; ’s are boxes for
j=1 '

M+1 c
j=12,..M+1, then | B\ N <B~') is an elementary set. This will prove our
J=1



M+1 c
induction hypothesis. So, let us write down what is | B(")( [ (BJ/ > . Note that you can
j=1

o]
take out M of these (B]’) and group it with B. So,

sn( N (8)7)=|50( N (8))|N G

j=1 j=1

C
Now from our induction hypothesis we know that, | B[ <Bf ) is an elementary set.

J

D

1

J

I
This is in fact a finite union of boxes, let us call it |J C, , where each C; is a box. Now we

k=1
! C
!
have to take | (J C; )N ( BM+1) .
k=1
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So now we can distribute it inside the union. This implies

B Mﬁl (Bj/>c = LZJ (Ckﬂ (BMH)C)'

j=1 k=1

So we are just distributing the intersection inside the union and now this is a box. We have

already proved from the base case M = 1that for each k, (Ckﬂ (B]’VI H)c)is an elementary



M+1 c
set. Now we have again a finite union of elementary sets. This implies B[ ) ( N (B]’ > >

N M
is an elementary set. This implies if E = | J B;, and F = | B/, then
i=1 j=1

enre=Usn(fi() )

M c
Each of | B, ( N <BJ’) ) is elementary, so is the union, and hence E () F° is elementary.
j=1

This completes our proof.



