Measure Theory
Prof. Indrava Roy
Department of Mathematics
Institute of Mathematical Science

Module No # 04
Lecture No # 18
Connecting the Jordan Measure with the Riemann integral — Part 2
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Now we return to the theorem that we want to prove which is stated here so we consider a
bounded subset of R and the statement this theorem state that E this bounded subset E is Jordan
measureable. If and only if the indicate function for this set E Ki E is Riemann integreable in the
sense this integral exist and here | have added another statement which then identifies the Jordan

measure with this integral from a to b of Ki e dx.

So, not only that Jordan measurability of E implies the Riemann integrability of the indicative
function and vice versa. But the Jordan measure is actually exactly the value of integral of the
indicative function. So let us see a proof here and we will show that the inner Jordan measure of
E is precisely equal to the lower Darboux integral of Ki E. And the outer Jordan measure of E is
precisely the upper Darboux integral of Ki E.

So I will just prove the statement for the inner Jordan measure and the proof for the outer Jordan

measure is very similar.
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So I will leave that as an exercise so first let us show that given epsilon greater than O the inner
Jordan measure of E is less than or equal to the lower Darboux integral + epsilon. So since
epsilon is arbitrary then it would imply that the inner Jordan measure is less than or equal to the
lower Darboux integral. So to show this chose an elementary set A of E such that the inner

Jordan measure is less than or equal to m of A + epsilon.

Now if E is the subset of this interval a, b then we can partition this interval a, b as follows so
first choose intervals we can in fact choose a disjoint intervals Ik such that A is the union of Ik k
= 1to, n let us say. And we can and let JL from 1 to n be an arbitrary partition of the seta, b — A.
So we take the partition inside A or disjoint it intervals Ik which is used in the disjoint union

expression for the elementary set A and we can take an arbitrary partition for a, b — A.

Then the indicative function of A is a piecewise constant function such that Ki A equals 1 on
each lk and Ki A equals to 0 on each JL. So this is straight forward from the definition of the
indicative function because if a point x belongs to one of this Ik’s where it belongs to A and we
will have the value 1. And if it is outside A then will have the value 0 so this is still a piecewise
constant function and Ki of A is less than or equal to Ki of E. We have a point wise inequality of
functions Ki A is less than or equal to Ki E.
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So therefore m of A which is the definition of sum of mlk k = 1 to, n this can be written as k — 1
to, n 1 times nlk + L =1 to, n 0 times n JL. So this is the piecewise constant Riemann Darboux
integral for the indicative function of p which is the p square constant function. So we have
indicated that the piecewise constant in Riemann Darboux integral for Ki A is nothing but the

elementary measure of the elementary set A.

So therefore this is m of A is less than or equal to the lower Darboux integral from a to b of Ki e
x dx. Since we also have the Ki a, x is less than or equal to Ki ex for all x in this interval a, b. So
we have that the inner Jordan measure of E which was less than or equal to m A+ epsilon this is
less than or equal to again the lower Darboux integral + epsilon. And since epsilon is arbitrary

this implies that the lower the inner Jordan measure is less or equal to the lower Darboux integral
of Ki E.
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Now we have to prove the reverse in equality to show that the lower Darboux integral is less than
or equal to the inner Jordan measure of E. So to show this remember that by definition we have
this is the supremum of piece wise constant functions g which are point less than or equal to f,
and you take the piece wise constant Riemann Darboux integral for the function gx now what we

can do here is the following.

So if Jk so here | am using the fact that if given g a piece wise constant function such that g is
less than or equal to. So this is supremum over Ki g less than or equal to Ki e if you take any
piece wise constant function g such that g is less than or equal to Ki e because g is piece wise
constant we can choose a partition Ik k = 1 to, n again say of this interval a, b such that g = ck on
g takes the value Ck on Ik.

And in fact the piecewise constant Riemann Darboux integral for g is then Ck m Ik k = 1 to, n
now in this sum we note that each Ck must be less than or equal to 1. Since g is less than or equal
to Ki E and the indicator function takes the value at most 1. So each Ck is less than or equal to 1
also some of this Ck’s may be negative. So sum of this Ck’s may be negative so I will only
consider those Ck’s which are positive in this sum and then bound it above by 1.
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So therefore if Ck is positive so let me write the set of indices if J prime is the set of indices or
let us say | prime is the set of indices in 1, 2 up to n such that Ci prime is greater than 0 for all i
prime in this set i prime Which means that we are only choosing those indices for which this
constant value for g is positive. So then the Riemann Darboux integral of gx which is equal to
the sum k = 1 to n and Ck measure of Ik this is then less than or equal to the sum over | prime m

of I i prime.

So we are only taking those indices for which Ci prime is greater than 0 but we already know
that Ci prime must be bounded above by 1. And since we have discarded the negative values this
can be bounded above in the sum Ck and ml k can be bounded above by this new sum over the
indices for which C this value Ck are positive strictly positive. So now therefore they elementary
set the union li prime belongs to the | prime this is an elementary sets that sits inside E that must

sit inside E because Ci prime is greater than 0.

And therefore so this is because since Ci prime is greater than O for all i prime in i prime because
otherwise this point wise inequality that we had for g and Ki will not hold. So we have produce
an elementary set with sits inside E and the Riemann Darboux integral of g is bounded above by
the elementary measure which is the elementary measure of the union i prime of li prime. So this

is our required elementary set that we needed which sits inside E



And so we can write that the piecewise constant Riemann Darboux integral for g is less than or
equal to the measure of the elementary set which is the union of li primes over i prime and this is
less than or equal to the inner measure by the definition of the inner Jordan measure. So for each
g for any g in fact which is piecewise constant on a, b we have this inequality which abounds the

Riemann Darboux integral of the piecewise constant function g by the inner Jordan measure of g.

Now the right hand side of this inequality this is independent of g so therefore we can take the
supremum over g less than equal to Ki E g piecewise constant and take the values of the
Riemann Darboux integral of this piecewise constant functions. And this supremum will also be
bounded above by the inner Jordan measure of E and this is nothing but on the left hand side this
is nothing but by the definition of the lower Darboux integral this is the lower Darboux integral
of Ki E. So we have the reverse inequality that we want to it.

(Refer Slide Time: 16:02)

£ . " 4, T
\),EAHDL'\FXA-’“ = R - o

U {
' Dol whaves A
o, Wiy A bwes Backiux J
Hanr ona Com ARl .'\,iJ.
i s B N
selea 1AM (wbewale
s prEs wd @ ?"’( / 0

o + a(z) Ax.

3¢5 4

. j\wl/ Dovbowe
Ry

\ £a)dn :

G\J

R 3 LA Gorfr Ao

: ) R e biwe I,

n D I &N g b
Pectin Gvr: Ja-gon B & -
) 0 - A~ 3,
¢b: Q2 C
. 0
( A L %" 7\
T (T ) & M%)

(3

Now we come to the generalization of the previous result to any Rd we have seen it for
dimension 1 and we can easily generalize these results to arbitrary dimension. So for that if f is
function from a box in Rd so this is the box closed box in Rd let us say. And it is supposed to be
bounded function then one can define the upper and lower Darboux integrals in the same way as

before replacing intervals with boxes in Rd.

So for example the lower Darboux integral over this box B of this function fx is equal to the

supremum of over functions g which are point wise bounded by f g piecewise constant and we



can take the piecewise constant Riemann Darboux integral of this piecewise constant function gx
over this box B. So here piecewise constant function g on b is the same as saying that they are

exist the partition of B into boxes Bi i =1 to, n such that g takes the value Ci on Bi.

So it is constant on each Bi so we have replaced intervals with boxes and the rest of the
definition remains the same and in this case the piecewise constant Riemann Darboux integral is
by definition the sum Ci m of Bi i = 1 to, n. So we can also define in the same way the upper
Darboux integral so this is the lower Darboux integral.
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And we can also define the upper Darboux integral of fx over this box b which is the infimum of,
f less than or equal to h piecewise constant m B and you can take the piecewise constant
Riemann Darboux integral of the function h. So with these notions we can write the theorem
which is the generalization of the previous theorem for arbitrary dimensions. If E is a subset as

the bounded subset of Rd then E is Jordan measureable.

If and only if Ki E is Riemann Darboux integral which is the same as saying that if E is sitting
inside a box b then the Riemann Darboux integral of Ki E x dx over this box B exist. And in this
case the measure the Jordan measure of E is precisely this integral of the indicative function over
B. So this is the straight forward generalization using the same proof basically we can rewrite the
proof for arbitrary dimensions and it will work fine.
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So as a corollary as an application of this theorem or corollary we state the following result that
if fis the function is a bounded function over an interval a, b then f is a Riemann darboux
integrable. If and only if, the subset Ef of R2 given by this is similar to the region and the graph
actually exactly the region and the graph which; you have seen before. Such that x belongs to a,

b and 0 less than equal to t less than or equal to fx so here let me take only for positive real’s R+.

So f only takes non negative values so this subset is Jordan measureable in R2 in this case the
Jordan measure of Ef is exactly the Riemann integral of fx. So | will leave the proof as an
exercise because it is essentially a repetition of the proof that was given earlier for the last
theorem which stated that when he is Jordan measureable. If and only if the indicative function is

Riemann Darboux integrable.

So I will just write that we have to carefully repeat the proof given for the statement E is the
subset of a, b is Jordan measureable this was the statement of the theorem that was given before.
If and only if the Riemann integral of the indicative function exist, so one has to carefully repeat
it because there are some differences between that proof and this proof nevertheless the idea of
the proof is entirely the same and one can replace the we can make the necessary replacement to

get the proof for this case as well.



