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ALGEBRA I

1. LECTURE 82: RATIONAL CANONICAL FORM

Let M = K[t]/p(t) with p(t) = t? + a;t¥* + ... + ag. M has basis
{1,t,...,t%} on which ¢ acts by

; it iti<d—-1
t-t = .
—&ltdfl—...—ad 1=d-—1
Thus the matrix for the action of ¢ is given by
0 ... 0 —Qq
1 0 o —Qg—
O e
p(t) 0 1 _ :
0 ... 1 —aq

Theorem 1.1. Let A€ M,,(K),B € M,,(K) and M = Ms, N = Mpg.
Then

MEBNQMAO.
0 B

Proof. Let x4, ..., x,, be abasis of M such that ¢ acts as multiplication
by A on this basis; let y1,...,y, be a basis of N such that ¢ acts as
multiplication by B. Then M @& N has a basis {x1, ..., Zm, Y1, -, Yn}

on which ¢ acts as multiplication by (61 g) U

Given A € M, (K),
My = K[t]/p1(t) & ... & K[t]/p, (1),
for monic polynomials py, ..., p, with p;|ps]...|p.. Then
My= M, @...® M,
Thus
Ma = Maiag(c,,,....Cpp)-
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Theorem 1.2. Every matriz A € M, (K) is similar to a unique matriz
of the form

Cp ) 0 0
0 Cupp O
0 0 S
0 0 Cpr(t)
where py|pa|...|pr
Example 1.3. Let
-1 11
A=10 01
0 1
Then
t+1 -1 -1 1 0 0
tI — A= 0 t 1] ~10 t+1 0
0 -1 t 0 0 -1

Then Ma = K[t]/(t +1)® K[t]/(#* — 1). Thus

C,
A~ (i
( i)



