
ALGEBRA I

1. Lecture 78: Structure of finitely generated modules
over a PID

Let R be a principal ideal domain and suppose M is the finitely gen-
erated R-module . So, we can assume that M is generated by some finite
set of elements x1, . . . , xm for some positive integer m. Define an R-
module homomorphism φ : Rm → M by φ((a1, . . . , am)) =

∑m
i=1 aixi.

ker(φ) is a sub module of M and (since R is a principal ideal domain;
which also a noetherian ring) therefore finitely generated. So, let us
say it is generated by v1, . . . , vn. Form the matrix with the columns
are v1, . . . , vn. So M ≡ Rm/ker(φ).

Theorem 1.1 (Structure theorem for finitely generated modules). Ev-
ery finitely generated R-module M may be expressed as

M ≡ Rs ⊕R/(d1)⊕ . . .⊕R/(dr),
where d1, . . . , dr can be chosen in such a way that (d1) ⊇ . . . ⊇ (dr),
and this decomposition is unique.
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