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ALGEBRA I

1. LECTURE 35: EUCLIDEAN DOMAINS

Given integers m,n with m > 0, there exist integers ¢, r such that
n=qgm-+r, and 0 < r < m. Define (m,n) to be the ideal generated
by m,n. The Euclidean algorithm gives a way to find their ged.

Lemma 1.1. Given n = gm +r, then (m,n) = (m,r).

Example 1.2. Let us start with the numbers 168 and 49 ok. So we
have

(168,49) = (49,21) = (21,7) = (7).

Polynomials also admit Euclidean division. Given polynomials p(x), h(z)
then there exist ¢(z),r(z) such that

p(x) = h(z)q(x) + r(z)
with deg(r) < deg(h).
The Euclidean domain is a ring R which has the following properties.

e Commutative ring.
e Integral domain.
e There exists a size function d : R — Z~.
e For all m,n € R, m # 0, there exist ¢,7 € R such that n =
gm + r, where d(r) < d(m) or r # 0.
An ideal in R is a subset I C R such that

e [ is a group under addition.
e Foralla e I,rnR, ar € I.

A principal ideal is of the form (m) for some m € R.
Theorem 1.3. Fvery ideal in a Euclidean domain is a principal ideal.

Let us look at one more surprising example of a Euclidean domain:
Gaussian integers. The function d is defined by

d(a + bi) = a® + b*.



