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@ Therefore, the solution to
1
EAZ =(a+kz—f
could be presented as

)= /0\ eE (f(W,)exp (—./Oltk(l/l/s)ds) = x) ot

(using F-K formula for u)

“E U; F(W,) exp <-at-/0tk(ws)ds> dr‘Wo :x} .

under some condition on f. Note that the coefficient of z in the
equation is strictly positive, away from zero.
This is made precise below.
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Next we need to show the continuity property of z, z' and z".

So we have proved yet that the function z as defined here z of x is equal to expectation of
integration 0 to infinity f of Wt e to the power of minus alpha t minus 0 to t k Ws ds, so this

thing, this zx satisfies the equation half of Laplacian z.



So since we have considered only one-dimensional case here, so we have done that half of z
double prime, the second order derivative of z is equal to alpha plus k times of z minus f,

okay.

So the only thing is that in this proof, something is remaining that we have not proved that, I
mean this z is continuous, z prime is also continuous and z double prime is only piecewise
continuous. We have not proved that, that we need to do here. So we need to show the

continuity properties of this z, z prime and z double prime.
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@ Asz(x)=

E [/Ox F(x+ W) exp (—ut— /otk(x ; Ws)ds) dt‘Wo = o}

t

and f(x W) exp (-m / k(x + Ws)ds>

0
< F(x + Wy)exp(—at) ¥ t;w. The RHS isiin L}(p[0,00) x P).
Again from (5),

1s continnous

x—E [/ [F(x + W)|e™ dt|Wp =0
0

Due to General Lebesgue Convergence Theorem the continuity of
t
x = f(x + W) exp (—nt —/ k(x + Ws)u’s>
0

for almost every t and w, implies, the continuity of

x»—)EU f(x«W,)exp(—nt—/ k(x + Ws)ds) dt‘WO:O
0 0 ‘

Thus, x ~ z(x) is continuous on R.

@ Theorem (Kac 1951)
Let f:R — Rand k: R — [0, 00) be piecewise continuous with

/‘ IF(x + y)le " dy < oV x € R

for some fixed constant a > 0. Then z(x) as in (2) is piecewise
(%, and satisfies

1
(a+k)z= EZ” +fon R\ (DrUDy).

(Dy = set of points of discontinuity of the function f)




So here, exactly the earlier expression, only instead of WO is equal to x, I am writing WO is
equal to 0 and f of Wt becomes f of x plus Wt. So expectation of integration 0 to infinity f of
x plus Wt into e to the power of minus alpha t minus integration 0 to t k of x plus Ws ds,

okay this whole thing is integrated with respect to t variable dt, okay.

So this is the expression of zx, we are recollecting it here and here this thing, f of x plus Wt
into e to the power minus alpha t minus integration 0 to t k of x plus Ws ds, this whole
quantity is less than or equal to f of x plus Wt into e to the minus alpha t, why? Because k is

non-negative, okay.

So here this right hand side, this thing is L1 function with respect to this Lebesgue measure,
with respect to t because this is integration with respect to Lebesgue measure on t time
variable and probability (measure) integration with respect to probability measure, so here

this whole thing is in L1 of the, with respect to this product measure. So what did we obtain?

We have obtained that this left hand side, this integrant is dominated by some particular L1
function, okay and again we see that, okay the map x to expectation of 0 to infinity f of x plus
Wt e to the minus alpha t dt, this thing is continuous. How do you do that? This continuity is
obtained writing in limit inside these integrations and that can be done only if that you can

get, you know Dominated Convergence Theorem.

And that is due to the condition on f which is quoted in the statement of the theorem that this
thing is finite and so we are here, so here this map x to this thing is continuous and hence due
to the Dominated Convergence Theorem, the continuity of, so here x to f of x plus Wt into e
to the power minus alpha t minus 0 to t k of x plus Ws ds for almost every t and omega, that

implies the continuity.

I mean why that is continuous with respect to time, because W is Brownian motion, it is
continuous path process so it is continuous with respect with to t. Here also we have
continuity with respect to t, here also we have continuity with respect to t, okay, so but we are
not looking at that, we are looking at for every t and every omega that continuous map of x to

f of x this thing.

So from here what we get is that this map from x to expectation of integration 0 to infinity f

of x plus Wt into e to the power of minus alpha t minus 0 to t k of x plus Ws ds okay,



integration WO is equal to 0, so this thing would be continuous, okay. Now what is this? This
is exactly zx. So from here what we are going to get is that x to zx this map is continuous,

okay.
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Hence, Dy, C Dy (or in other words, if kz is discont. at x, that

implies k is discont. at x)

@ We now wish to show that Z’ is also continuous

Therefore, from (8)

%z” =(k+a)z-fYxeR(DrUD)
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check if kz is L,la(
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< F(x+ W) exp(—at) ¥ t;w. The RHS isin L}(p[0,00) x P).
Again from (5),
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Due to General Lebesgue Convergence Theorem the continuity of

t
x = f(x+ W) exp (—(\t - / k(x + Ws)c/s>
0

for almost every t and w, implies, the continuity of
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Thus, x + z(x) is continuous on R.
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Then what do we do is that we consider that D kz, this is set of all discontinuities of the
function kx zx okay. So here since we have obtained the z function is continuous, so it has no
point of discontinuities. So it means that if k into z has any point of discontinuity that is
coming due to the discontinuity of k. So the set of all point of discontinuities of the function

of kz is subset of set of all discontinuities of the function k.



We cannot just say that these things are equal because sometimes point of discontinuities of k
I mean, may not be discontinuities of kz because say for example there is a say, z is 0 or
something, okay. So you may not get that discontinuity there but we can say that this is a
subset of this Dk. So here we write in words that kz is discontinuous at x that implies that k is

discontinuous at that point x.

We now show that, we wish to show that the z prime that is the almost everywhere derivative,
okay so here because we cannot talk about derivative everywhere, correct because it is z itself
need not be you know differentiable, I have not proved here, just I have proved z is

continuous.

So this z prime okay, so we are now showing that okay it is also continuous. So z prime is

also continuous. How are we doing that?
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Q Now, if we can prove that G, (f — kz) = z. where z is given by a
conditional expectation as in (2), then using that relation, we get

22'(¥) = k(x)z{x) = f + az(x) = (k(x) + a)z(x) - f{x)

vV xR\ (DrUDy).
Thus, to prove z solves the ODE (3), it is sufficient to prove
Gi(f—kz)=zon R




Hence, Dy, C Dy (or in other words, if kz is discont. at x, that
implies k is discont. at x)

@ We now wish to show that 2’ is also continuous
Therefore, from (8)

7' =(k+a)z-fY¥xeR(DUD,)

/u ;z"{x)dx .g{k[z} - a)z(x)dx - { " Flx)d

= 7(y)=2(0) 4 Q/I(k{x] F0)z(x)dx —2[ f(x)dx .
for continuity cont, asfell

check if hz is LL, "

e
So first we look at 8 so 8 here we see that half of z double prime is written in this way, okay.
So this can be integrated out, so we want to do that here. So half z double prime is equal to k
of x plus alpha times z minus f, okay for all x this is true when R, okay set minus is missing,

set minus Df Dk.

So for those cases this is true, and then we integrate out. So we integrate from 0 to y half z
double prime and here on the right hand side what we see is that this 0 to infinity k x plus
alpha times zx dx, okay. So what we know only that z is continuous and of course for k we
know that is non-negative etc, and piecewise continuous, ofcourse. And f is the function,

given function what is mentioned earlier.

So here when we see that f is piecewise continuous and that 0 to y we are integrating, here we
are using the L1 loc property of function f, so what we do is that left hand side, the
integration of z double prime is z prime. Okay this is second derivative, so integrate so we get

to the first derivative here.

So z prime y minus z prime of 0, so that minus z prime of 0 I take on the right hand side, so z
prime of y is equal to z prime of O plus 2, this half comes here on the right hand side so 2
times integration 0 to y, okay k of x plus alpha zx dx minus 2 times 0 to y f of x dx. Now here
if we want to conform the continuity of z prime from here, we really need the integrant is
locally integrable, okay. If integrant is locally integrable, L1 loc we say in short, then this

integration as a function of y is indeed continuous.



However that is not yet clear so we need to check for continuity of this term with respect to y
we need to check that indeed that this product is in L1 loc, okay. So for alpha z we do not
need to bother because z is a continuous function. Any continuous function is in L1 loc,
correct because you take any compact set, okay and on a compact set continuous function

anyway bounded, and there it is therefore, you know integrable.

So only thing is that, this you know, this product etc is in L1 loc, that requires proof. And for
f what happens that the condition what we have on f that, I mean that integration that is finite,
okay. So from that we understand that whenever we consider, I mean that f'is in L1 loc. If f is
not in L1 loc that we would not have got that condition because we had multiplied something

but that is e to the minus alpha t okay.

So that thing is also, you know a non-zero quantity, so we get continuity of this term with
respect to y but for this we need to something more. But if you do this then we would be able

to ensure that the first derivative of z is also continuous with respect to the y variable.
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@ To prove that kz is L}, . it is sufficient to prove that
Ga(lke])(x) < g ¥ x€R.
Construct

Bx):=E Uﬂ |F(We) exp (—r.r - ./utk(ws)ds) dr‘w., = x]

Then |2|(x) < Z(x).
Hence

Gu([kz[)(x) < Ga(k2)(x)
= G,(|f1)(x) = 2(x) < 0o (proved)

Thus 2'(y) is continuous.

Proof of (3) starts
Q For a piecewise continuous function g satisfying

[l ey <,
the resolvent

Gl | [ e etmelte
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= f_l_g{y f x]\/%e'lvlvﬁdy (by integrating wrt t)
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@ Above is absolutely continuous in x and so a.e. differentiable.




0 (6.(f) - 2)(x)

=F fe “f(We)dt = /HW,}E at = [{ HWi)ds g
J0

L0

Wa=X]

E ,E"M“W‘) (1 e gl - x}

(using (9))

[ t .
=E fe CF(W) [ k(W,)e™ b ““V”]“”dsdr‘Wg_x}

LSO 1]

X o i
i ] E [f e Ilf(w’?)k(wsle ',l;:ktlv"”f"d[!% — X} ds
s=0 t=3

e {(s.t):s€(0.t).t >0} ={(s.t): t € (5.0¢).5 > O}.

% We also use Fubini's Theorem.

Hence, Di; C Dy (or in other words, if kz is discont. at x, that
implies k is discont. at x)

@ We now wish to show that 2’ is also continuous
Therefore, from (8)

1
o = (ka)z= ¥ xeR(DUD)

el ¥ ¥
[H 22 (x)dx /u (k(x) ...n}z(x]dx_l/‘: f(x)dx
= ZJU’) :z'(ﬂ) I 2/; (HX) { rl}z(x}dx —2-/; f(x)dx

C— — — —
for continuity cont. asfeL}
check if kz is L},

Now to prove that k times z is in L1 loc okay, it is sufficient to prove that the G alpha of mod
kz is finite. Why is it so? Because G alpha mod kz as you know we have done the G alpha of
f is finite that implies that fis in L1 loc, that you know the integration, so let us recall quickly

what is G alpha definition, so this is G alpha definition.

G alpha of g is equal to this function, right, correct, so here g is there and e to the minus alpha
t is there or if you want to remove this expectation etc then this is without expectation,
correct, g of y into e to the power of some number, some function which is strictly positive
function, okay and then dy. So if this is finite for all x that ensures that okay that this function

gisin L1 loc, okay.



So we do this here. We want to prove that kz is in L1 loc, we want to prove that G alpha of
mod kz is finite for each and every x here, okay. So for doing this I mean we have not treated
mod of kz before because we have treated G alpha of kz, okay so here, for the first time we

are doing it. So we are taking z hat of x.

So this z hat of x is defined as expectation of mod of f Wt e to the minus alpha t k Ws ds,
okay so now here it is clear that I have mod here so this is not less than or equals to zx, okay

because zx has just f of Wt without any modulus.

So we know that zx is less than or equals to mod zx and therefore now we can take modulus
both sides, but right hand side is always non-negative, so mod z is still less than or equals to
mod zx, okay, you understand? That zx, first that prove that less than this, and then this is

non-negative so mod of zx is less than or equals to z hat of x.

Okay hence so here actually mod of zx is like, mod is outside, okay so you take mod inside,
you get less than equal to sign correct. So mod of z is equal to, is less than z hat of x. So
hence G alpha of mod kz what is this? This is where you are going to have mod here, okay, so

that is less than or equals to G alpha of kz hat.

Okay because k is anyway non-negative, okay so when we want to write down this mod kz in

this whole expression of the integration so here let us go back to the definition of this.

So this expression we look at, so here if you mod, so then k is anyway non-negative and if
you have kz so mod z would appear here, okay so there you have z hat here, okay. So mod z
is less than or equals to z hat, so that we can write down here, z hat okay, z hat k alpha of k z

hat x. So monotonicity we are using of G alpha, okay.

Now this G alpha of k z hat is exactly equal to G alpha of mod f minus z hat. How do you do
that? We do that because of earlier equation what we have established here. G alpha of f
minus z is equal to G alpha of kz, does not matter what f I choose. If I would have chosen
here mod f itself then I would have got g alpha of mod f minus this thing, so instead of z I

would have got z hat there is equal to G alpha of k z hat here.

So that is the thing we are using here, that this G alpha of k z hat is equal to G alpha of mod f

minus z hat x. Okay I am using that earlier result which you have already proved, okay. So



now this quantity, is it finite? Yes it is finite because z hat, you know I mean coming from
here, here the condition on f is such that this is finite, okay so z hat is finite because here we

have even some quantity which is even less than 1.

So our condition was that mod of f of Wt e to the minus alpha t, only that part okay that is
finite. Here we have again some you know negative term here. So this is smaller than 1, so
that is finite and here this part is also finite because of that assumption of f so all these are

finite.

So what we have obtained is that G alpha of mod kz of x is finite for each and every x and
that was the thing we were looking for, then we can say that okay kz in L1 loc. Since kz is in
L1 loc so this thing is continuous with respect to y variable or in other words z prime is

continuous with respect to y variable.
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Q 2'(x) =2(a + k(x))z(x) — f(x) ¥ x € R\ (Dr U Dy).
The RHS is cont. on R\ (Dr U Dy).
Therefore, z” is cont. on R except on Dy U Dy.
Or, in other words, 2" is piecewise continuous.




Hence, Dy, C Dy (or in other words, if kz is discont. at x, that
implies k is discont. at x)

@ We now wish to show that 2’ is also continuous
Therefore, from (8)

1
57 = (ka2 = FV x€R(D U D)

/u ;z"{x)dx I/”W{k(x} + 0)z{x)dx -[ Flx)dx
= 7(y)=2(0) 4 2/ (k(x) +)z(x)dx —2[ f(x)dx.
for continuity comt. -L«f-'L!“

check il kz is I'!.:.

Okay, so till now I talked only about z prime. Now we should look at the z double prime. So
here z double prime is coming from the equation itself okay, because half z double prime is
equal to this, but now you are multiplying 2 okay, so g multiplied by 2 properly, half z double
prime is equal to k plus alpha z minus f, so I should got 2 times f here, 2 times, here is 2
missing, so z double prime of x is equal to 2 times of alpha plus kx zx minus 2 times of f of x,

okay.

So this is true for all x, which x? Which are in R but not in Df union Dk. What happens that,
because we did not get this equation for all R but we have obtained only for these points
which is not in the point of discontinuities of f and k, actually kz we had but we are dropping
kz by k here, okay, it is just because that this is a larger set, so since we are subtracting by

larger set so still this equation holds, okay.

So still this equation holds. So this equation we know for this type of point x. Now this right
hand side we look at this, so this is piecewise continuous, f is piecewise continuous, and k is
also piecewise continuous, z is continuous of course but then this multiplication we can only

talk about piecewise continuous.

So this right hand side is continuous on these R subtract the point of discontinuities of f and
k, okay, so on this region, okay, on this set and since this is continuous on this, so left hand

side is also continuous on this set. Okay so we can say that z double prime is continuous on R



except Df union Dk, okay. This is trivially true, so or in other words that z double prime is

piecewise continuous, okay. So this proves this theorem. So what is the theorem?
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@ Theorem (Kac 1951)
Let f:R = Rand k:R - [0.00) be piecewise continuous with

-t

[ |f(x+y)le"Vdy < 0 ¥ xR

for some fixed constant o == 0. Then z(x) as in (2) is piecewise
C?, and satisfies

(n+k)z= éz"— fon R\ (Dr U Dy).

(D; = set of points of discontinuity of the function f)

@ Therefore, the solution to
lAz (a+k)z-f
= (a+K)z -
2
could be presented as

z(x} = ﬁxe ”’E(f[Wr)EXP( [;k(m]ds) ‘Wg =X) dt

(using F-IC formula for u)

£ M F(W)exp (—nr—‘[k(ws)ds) dr‘Wo x} .

under some condition on . Note that the coefficient of z in the
equation is strictly positive, away from zero.
This is made precise below.

That what we started in the last lecture, this is Kac's Theorem which says that if f satisfies
this condition, okay this integrability condition and k is of course non-negative and piecewise
continuous then for alpha positive, okay, I mean this alpha positive, so then z as defined in
earlier [ mean, integration of f, so this is this one, that z is equal to f of Wt this thing, okay,

integration of f because to this t and expectation is Wt.

So that expression of z is piecewise C2 that we have proved, that z double prime is piecewise
continuous and that satisfies this equation that how z double prime is equal to alpha plus kz

minus f, okay, that is proved. Okay thank you very much.






