Introduction To Rings And Fields
Prof. Krishna Hanumanthu
Department of Mathematics

Chennai Mathematical Institute

Lecture - 02
Examples of rings

So, let us continue. In the last video we looked at various examples of rings and we
defined what rings are and what sub rings are. So, we will just continue with this
discussion. So, before I start, some comments I want to make and these are impor-
tant comments to make in the beginning.
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So, let us say a remark. So, remember one of the properties of in the definition of a
ring was that ring is the multiplication of the ring is commutative. So, remark the



first remark is it is possible or it is done like this, it is possible to define rings with-
out asking for multiplication to be commutative. So, in other words if you just re-
move that word from the definition, that multiplication need not be commutative. It
has to have a other properties, it is associative it has one it has it is closed and what
are the other properties?

So, it is associative it contains identity element, if you just ask that it is possible to
study rings like that, they are called “non-commutative rings” ok, because you do
not ask for commutativity. So, that is a definitely important example that people
study and the most important example here is for non-commutative rings. So, ma-
trix rings. So, I will not spend a lot of time on this I would not discuss this in de-
tail. But matrix rings are so, example you look at for example, 3 by 3 square matri-
ces with real entries. So, this is just an example.

You can multiply you can take any size square matrices with any entries in any
ring in fact, is a integers, reals, complexes, rational numbers and so on. So, see
here also we can add under addition it is a perfectly good abelian group, you can
multiply matrices, it is associative it has identity element, but it is not commutative
ok. So, that is why it is not a ring in the sense of my definition of the last video.
However, it is what is called a non-commutative ring.

So, the study of non-commutative rings and their properties comes under the sub-
ject of non-commutative algebra. So, I am not studying doing that in this course.
So, in this course we will only consider commutative rings.
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So, in this course we will only consider commutative rings. So, the non-commuta-
tive ring theory is an important subject that is one studies people study, but it is not
the focus for us in this course. So, for us we will only look at rings which were the
multiplication is commutative in particular we will not study matrix rings in this
course ok.

So, the other remark is that rings can also be defined, ok, by not asking for a multi-
plicative identity ok. So, in other words remember one is supposed to be there in
any ring by our definition. So, you can ask you do not need to ask it. So, some-
times there other properties will be satisfied for example, if you take R to be 2Z.
So, this is the set of all even integers. So, even integers; that means, integers of the
form 2n, where n is an arbitrary integer, they do have all the properties of a ring.
So, there is an addition under addition, it is an abelian group, because 0 is there in-
verse of an even integer is even integer sum of 2 even integers is an even integer
and so on.



It also has multiplication because if you multiply 2 even integers you get an even
integer, you can it is associative multiplication of integers is a associative. It is
even commutative right integer multiplication is commutative, but there is no 1.
There is no element in the set which functions as 1. Of course, 1 is not even, but
there is no integer here the functions as identity for multiplication, because you
multiply any integer with anything in here, it is going to not give that integer back.
So, this is a this does not have 1 ok.

So, one also studies sometimes, it is important to expand your definition of a ring
to consider rings without unit without multiplicative identity, but we do not do that.
So, in this course again let me emphasize this, I will make this remarks once and |
will not say it again.
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In this course, we will not consider this. So, we will always assume R has rings
have multiplicative identity. So, basically what I am saying is that in my earlier
video, first video, last video whatever the definition of ring is, is the ring that we



will consider. This remark is to indicate you that there are other kinds of things that
people study.

But, in this course we will stick to the definition that I gave. So, before continuing
with the properties of rings so, let me just give you more examples of rings. So, we
look at various rings examples of rings in the last video, which are all subsets of
complex numbers. So, they are in fact, sub rings of complex numbers. So, what I
want to do now is give you examples of rings that cannot be that are not inside C.
So, that you see that there are lots of examples of rings.

So, one trivial example to just get rid of is we will quickly say this: the zero ring.
So, the zero ring is just the ring consisting of just the element 0. So, here this triv-
ially satisfies all the properties of a ring that I wrote in the last video. It is closed
under addition multiplication and so on it is an abelian group under addition and
multiplication is associative and so on.

So, what is the identity element multiplicative identity in this ring. So, in this ring
there is a 1, but it is equal to 0. So, 1 is equal to O in this ring. So, this is a trivial
example. So, I have do not want to spend a lot of time on this. But, one example of
a ring that I want to consider when you studied groups; so, this is 1, you studied
group quotients right.
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So, if you have a group then you can quotient by a sub group. So, let us take Z and
let us consider nZ. So, let us first look at just as an example letus say 3 Z;3 Zis a
subgroup of Z. So, here I am considering the addition, which is the only operation
which makes Z a group. So, 3 Z is a sub group of Z right, because you can add 2
elements of this you get another element of this.

What are the elements of 3 Z? These are multiples of 3. So, if you have 2 multiples
of 3 you add them you get an again a multiple of 3, 0 is there inverse of a multiple
of 3 is also a multiple of 3 and so on. So, consider the quotient group; so, consider
the quotient group Z mod 3 Z. Remember from your group theory course, this has
3 elements we usually denote them by the it is set of cosets right set of cossets of 3
ZinZ.

There are 3 of them denoted by 0 bar 1 bar 2 bar, this is really 0 plus 3 Z this is 1
plus 3 Z, this is 2 plus 3 Z; there is addition on this right. So, you add them by just
taking any representative and adding them. For example, 1 bar plus 2 bar is 0 bar, 0



bar plus 1 bar is 1 bar 0 bar is identity element and so on. So, it is a group under
addition.

So, let me record that here Z mod 3 Z has addition. So, let us denote again that by
plus and it is a group under that. In fact, it is an abelian group. In fact, note that any
group of order 3 is abelian. So, it is a group of order 3. So, it is under addition it is
a group of order 3 so, it is abelian, but this is where you would have stopped in
group theory.

Now, I want to introduce a multiplication on this set. So, I want to say that this also
has multiplication. And then I want to ask is it a group, there is also a on Z mod 3
Z. So, it has only 3 elements right. So, it is easy for me to define the multiplication.
I will tell you how to multiply, you multiply just like you add. How did you add 1
bar and 2 bar? You picked any representatives of those cosets.

For example, 1 bar you can take representative 1, 2 bar you can represent take rep-
resentative 2 and you add them, you get 3. So, you take the coset of 3 which is 0,
you do exactly the same thing for multiplication, you take two representatives and
multiply them.
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So, for example, 0 bar dot 1 bar is 0 bar 0 bar dot 2 bar is 0 bar and 1 bar dot 2 bar,
what would this be? You take 1 and 2 multiply them you get 2 bar 2, so, you get 2
bar. So, and the other way because multiplication of integers is commutative you
get the other if you interchange the role of the order of these elements, you get the
same element.

And finally, I need to multiply an element with itself what is 0 bar dot 0 bar, that I
claim is 0 bar right, that is clear because 0 time 0 is 0. What is 1 bar times 1 bar? It
is 1 times 1 bar. So, it is 1 bar 2 bar times 2 bar is 4, but 4 bar is 1 bar because 4 is
1 modulo 3; so, this completely describes multiplication on Z mod 3 Z.

So, now, if you just stare at this carefully, I claim that this multiplication has all the
properties that we want. It has, there is an identity element, what is an identity ele-
ment? Namely 1 bar right, 1 bar is an identity element, because whenever you mul-



tiply anything by 1 bar you get that element back ok, it is certainly associative,
why is that? So, this is something I won’t to spend a lot of time discussing, but this
is basically because multiplication of integers is associative. So, and to multiply
cosets you are really multiplying integers and then taking the corresponding cosets.
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So, this is associative, this is also commutative for the same reason right, because
multiplication of integers is commutative. And hence it has all the properties that
we want. So, we are able to conclude now, Z mod 3 Z is a ring ok. So, Z mod 3 Z
is a ring and it is a ring with exactly 3 elements.

So, more generally for every positive integer, let us say for every non-negative in-
teger Z mod n Z, there is absolutely no difference it is exactly the same calculation
and if you replace 3 by n you get that Z mod n Z is a ring.



So, if n is positive, then the number of elements is exactly n that is because we
know this already because Z mod n Z is a group of order n right. So, on that we are
giving multiplication, so, it is a ring of order n.

So, what we have done in particular is given any positive integer n we have pro-
duced a ring of that order. For example, if n equal to 1 you get the O ring that I dis-
cussed earlier right. So, if you take n equal to 1, 1 Z is just 1 Z. So, Z mod Z has
only 1 coset. So, we, namely the 0 coset. So, that is the ring 0 ring, but Z mod 2 Z
has 2 elements Z mod 3 Z has 3 elements and so on.

And later on once we start talking about homomorphisms of rings and some other
properties of rings, you will see that whenever n is positive Z mod n Z cannot be
realized as a sub ring of C. So, these are examples of rings that are not sub rings of
C ok. So, I will remark that here and we will discuss this later.
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For n positive Z mod n Z let us say n at least 2, because n equal to 1 we get the 0
ring, that is a certainly a sub ring of C. So, it is not a sub ring of , so, it is not a sub
ring of C.

So, next one more example I want to do, similarly that is not a sub ring of C is I do
not know the numbering. So, let us say this is next is 3. So, what is the next ring?
So, let us look at let us get R to be the set of continuous functions from the real
numbers to real numbers so, f is continuous. So, [ am looking at all functions from
the set of real numbers to set of real numbers that are continuous.

So, remember this is just something that you have learned in analysis right. So,
continuous functions from R to R, you take all such things. I want to actually think
of this as a ring. So, there is a ring structure on R. The usual R is a set of continu-
ous functions, what is this? Remember we have to start from scratch here. So, it is
not like we can do in earlier examples there is already some there all coming from
usual integers or rational numbers and so on.
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So, here we have to define addition multiplication carefully. So, how do we define
addition? So, let us take two continuous functions. So, let us say f and g are both
inside R; that means, f'is a function from R to R which is continuous, so, is g. So, |
want to define f plus g right and I need it to be in R, I want to define a function
which [ want to call the sum of f plus and fand g.

So, there is an obvious thing to do. So, define because the target space as addition I
can simply define f plus g of a real number let us say a to be f of a plus g of a right.
So, for any so, take any real number the function f plus g on that real number sim-
ply is fof a plus g of a.
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So, this is just definitely a function and it is an exercise in analysis to show that £
plus g is actually continuous. So, it is continuous. So, f plus g is in R. So, this tells
me that there is addition on R right, you give me two continuous functions I add
them to get another continuous function.

Now, we have addition. So, we can ask is R an abelian group under addition. So, is
R an abelian group under this particular addition that I defined? And you can
quickly check that it is so. Because what is zero element? Zero element is simply
the 0 function, what is a zero function? This function sends a to 0 for all a in R. So,
the zero function so, zero element is the zero function zero function is a function
which sends every real number to the real number 0.

Certainly it is a continuous function, it is a constant functions so, it is continuous
function and if we add anything to 0. So, let us say f plus 0 of a is f of a by defini-
tion f of a plus 0 of a I am denoting the function also by 0, but fof a plus O of ais f
of a because 0 of a is 0. So, this is the 0 element, so, that is good.
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So, there is a identity element certainly one can check that there is inverses right.
So, because minus f a minus given a continuous function f you can define minus f
of a to be minus f of a. So, this is a continuous function. For every continuous
function it is negative is also a continuous function, we are just changing the sign.

So, every element has an inverse and one can check that plus is associative and
plus is commutative. Remember we need an abelian group ok, these both follow,
the basic reason that they both follow, these both follow is that addition and is as-
sociative and commutative in R. Because, we are ultimately adding inside R. Re-
member here we are adding inside R, this addition is in R, because f of a and g of a
are in real numbers. So, you add them as real numbers. So, these both follow be-
cause plus has these properties on R, ok.

So, the answer to this question is yes R the set of continuous functions on real
numbers, real valued continuous functions on real numbers is an abelian group un-
der multiplication.
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So, now what is multiplication on R? So, how do you multiply to real valued con-
tinuous functions on R real numbers, the exactly the same way; so, let us say that
we defined addition. So, let us say f, g are in R how do you define fg from as a
continuous function from R to R. You take f g of a to be f of a times g of a.

So, again we are using the fact that real numbers have multiplication earlier we use
the fact that real numbers have addition here we are using the fact that real num-
bers say multiplication. It is an easy exercise to check that f g is continuous.
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So, fg is in R. So, if f and g are continuous their product is continuous. So, there is
a operation and one can check that the function the constant function 1, which
sends every real number to 1 is the multiplicative identity ok.

Because, if f times the constant function is simply f so, it is the multiplicative iden-
tity and we can check quickly that is associative and commutative; again just like
addition is commutative and associative on real numbers multiplication is associa-
tive and commutative on real numbers, that carries over to the set of functions. So,
the multiplication on R also has the required properties.

(Refer Slide Time: 23:47)
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Hence, R is a ring ok. So, this is sometimes so, interesting ring to look at we will
come back and consider this ring again in this course. So, this is a ring of this is a
ring consisting of all continuous real valued functions on real numbers ok. So,
these are some of the rings that I wanted to discuss, I want introduce one important
definition and then we will look at more properties of rings.

So, this is the definition. So, note that in a ring multiplication is not a group opera-
tion. So, they it is not a group operation because it is allowed to not satisfy one
group axiom. Namely, that not every element is required to have a multiplicative
inverse so, but sometimes some elements do have multiplicative inverses. So, we
want to give a special name to them. So, let R be a ring, an element a in R is called
a unit if it has a multiplicative inverse ok, so, that is all.



So, unit is a element of a ring which has multiplicative inverse. Not every element
in a ring is supposed to have, is required to have multiplicative inverses. So, it need
not be a unit, but if it does we call it a unit.
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So, one important remark is if R is a ring and assume that R is not the zero ring.
So, R is not the zero ring consisting of just the element 0, that is not an interesting
ring. So, we usually do not study that. So, if R is a ring and we will all assume it if
for now that it is not the 0 ring that is in fact, an assumption that we make most of
the time. Then 1 is a unit right, 1 is a unit because it has a multiplicative inverse.
Since 1 times 1 is 1, so, 1 has an inverse the inverse of 1 is itself. So, 1 is a unit, so,
every non zero ring has a unit.

But, maybe some other units also exist. So, now, let us look at examples. So, what
are the units in let us say the ring Z? So, the Z the set of integers Z is a ring, be-



cause we saw that it has addition and multiplication, what are the units? So, we
agreed that 1 is a unit; 1 is a unit in any non zero ring, but minus 1 is also unit here
right because minus 1 times minus 1 is 1. So, minus 1 has a multiplicative inverse.
So, this is the inverse of so, minus 1 is the inverse of itself. What is multiplicative
inverse | should have mentioned that earlier, multiplicative inverse is an element
that you multiply to get 1. So, multiplicative inverse means just in the group sense.
So, inverse is any element when you multiply you to get the multiplicative identity.
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So, minus 1 is a unit because minus 1 times minus 1 is 1, but there are no other
units, right. Why is that? There are no other units of, no other units in Z, that is be-
cause, you take any integer, let n be an integer, which is different from 1 and minus
1. Can you multiply n with something to get 1? So, for example, if n is 3 can you
multiply with something to get 1? This is not possible right.

So, this is not possible, you multiply any integer n which is not 1 or minus 1 with
any other integer you will never get 1, because the inverse really you need to go to



rational numbers to get the inverse you have to take 1 by n. But, 1 by n is not an in-
teger. So, the only units; so, the only units in Z are 1 and minus 1 ok. So, similarly
now let me look at units in let us say Q.
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I claim units in Q are actually all non zero rational numbers. So, every non zero ra-
tional number is a unit, why is this? So, take any non zero rational number what is
the proof of this? Let us take a by b in rational numbers.

So, a and b are in integer right, remember rational numbers are ratios of integers.
And we assume that a is non zero and b is non zero, we take a non zero rational
number. Does it have a multiplicative inverse? It does, because you take a times b
time times a or b times b over ais 1.
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So, a by b has a multiplicative inverse. So, it is a unit. So, multiplicative every non
zero rational number has a multiplicative inverse. So, every non zero rational num-
ber is a unit in the ring of rational numbers. So, set of units in Q is equal to Q mi-
nus 0. So, rings which have this property are very important, they have a special
name and they are called fields.
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So, let me end this video with this definition: a field is a ring R in which every non
zero element is a unit. So, one thing I should mention the set of units in Q is Q mi-
nus 0, I proved that every non zero rational number is a unit. I should also say that
0 is not a unit, but that is obvious right 0 is not a unit, because what is the meaning
of 0 not being a unit. I am claiming that 0 does not have a multiplicative inverse
that is because if we multiply 0 with any rational number you get 0. You will never
get 1 so, 0 certainly cannot have a multiplicative inverse.

So, in any ring you do not expect 0 to be a unit. What is the next best that can hap-
pen? Every non zero element can be a unit. So, if that happens we call it a field.
So, examples of fields are, Q is a field because of the example I did, similarly R is
a field C is a field; so, are fields.

So, Q R C are fields Z is not a field, right. The example also makes it clear that Z is
not a field, because there are non zero elements of Z that are not fields for exam-
ple, 2 is not a field ok. So, let me stop this video here. I will in this video we



looked at more examples of rings and I defined important objects called units, and
I talked about fields, which are special kinds of rings and we looked at examples of
fields. So, in the next video we will consider one of the most important classes of
rings, called polynomial rings.

Thank you.



