Introduction To Rings And Fields
Prof. Krishna Hanumanthu
Department of Mathematics

Chennai Mathematical Institute

Lecture — 19
Problem 6

In this video we are going to continue doing problems that we started in the last video.
So, if you recall in the previous video, I wanted to compute the maximal ideals of certain

rings. So, I will show you the problem that we were doing and we did half of it.
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So, the question was to compute maximal ideals or find the maximal ideals of these four
rings: Z and R X mod X squared we did the first two. So, let us do now the remaining

two here and in this problem I will also recall some facts that we have learned before.

(Refer Side Time: 00:55)
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So, the problem is to compute the following. So, find the maximal ideals of Z and R X
mod X squared R X mod X squared plus 1 and C X mod X squared plus 1. So, we have
already done this we have already done this. And for the second problem the crucial idea
was that, the correspondence theorem which says that if you have a ring R ideal I in it
and the ring R mod I the quotient ring there is a bijective correspondence between ideals

of R that contain I and the ideals of R mod I.

And this bijection, in fact, carries over to prime ideals as well as to maximal ideals. So,
using that we used that to come find out the maximal ideals of R X mod X squared.
These are maximal ideals in R X that contain X squared and by a simple calculation we

saw that there is only one such, namely the ideal generated by X itself.

(Refer Side Time: 02:19)
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So, in order to continue this problem, let me use the following fact which I did when I
first introduced polynomial rings. So, let us say K is a field and let us say R is the poly-
nomial ring in one variable over K. So, R is K X, so then what we have is that recall. So,
recall two things every ideal of R is principal remember principal means if I is an ideal,
so this what I mean if I is an ideal then I is in fact, generated by a single polynomial for

some fin K X which is of course, R.

So, remember this notation here f within brackets means the ideal generated by f, this
consists of all multiples of f that is one we call it a principal ideal. And recall the proof of
this I did using Euclidean division algorithm, the idea is to pick the polynomial in I
whose degree is smallest, positives degree polynomial whose degree is smallest. And
then we use Euclidean division to show that every other polynomial that is in I is a multi-

ple of f.

Now, second fact [ will write which may be I did not mention this explicitly before, but it
is an easy exercise an ideal I in K X which is again R this is a statement which is very
special to polynomial rings over a field in one variable. So, an ideal is maximal if and
only if f is irreducible ok. So, this is not a difficult exercise, so I will just give you a

quick hint to do this. So, one is something we have done before.

Hint for two, the problem is not to do this exercise I will rather do the previous exercise
that I wrote. So, I would like you to prove two for yourself, but I will give you a hint. So,

suppose f is not irreducible, remember an irreducible polynomial is one, which cannot be



factored into two polynomials g and h, where g and h are actually not equal to f or not
equal to 1. So, f'is not irreducible means f can be written as a product of two polynomials
in the polynomial ring and the point of course, is that g is not f h is not f, you can always
factor a polynomial as one times f. If it is not reducible it can be factored in a more inter-

esting fashion, nontrivial fashion.

So then, the ideal by the way I should not I did not write this carefully an ideal I, so I will
just I will not mention I here. The problem the exercise is to show that an ideal generated
by a single polynomial is maximal if and only if f is irreducible. So, the ideal f is con-
tained then right so what I mean is this because, f is g h. Remember the ideal generated

by g is the set of all multiples of g f'is one such multiple, because g times h is f.
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So, this belongs to this and it is not equal right its an easy exercise to show that f is not
equal to g because g is a polynomial of strictly smaller degree. Otherwise, g will be equal
to f when you here we need that g and h are not constant polynomials that is what it

means for f to be not irreducible.

So, g and h are not constant polynomials. So, degree of g is strictly less than degree of f.
So, this cannot be equal to this right because g is not in the ideal generated by f. Because
if g was a multiple of f degree of g will be at least the degree of f, but degree of g is less
than degree of f. At the same time the ideal generated by g cannot be all of K X because,

degree of g is positive its not a constant polynomial.



So, no polynomial no ideal generated by a non constant polynomial can be the unit ideal.
So, this concludes the statement that f is not maximum. So, I have proved one direction
for you: if f is not a irreducible it cannot be maximal; the other direction is f if f is actu-
ally irreducible show that the ideal generated by f is maximal. I will not do this for you,
but the idea is suppose the ideal is not maximal then ideal generated by f is contained in
a proper ideal which is bigger than that. But because of fact one every ideal is principal,
so let us say the bigger ideal is generated by g, then you argue that g must divide f, vio-

lating the irreducibility of f.

(Refer Side Time: 07:55)
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So, the other direction is left for you as an exercise ok. So, this is an easy exercise actu-
ally. So, I strongly urge you to do this carefully, so this is the fact that I am going to use.
Now coming back to the problem. So, let us first consider the quotient ring R X mod X
squared plus 1 what are the maximal ideals of this? Let us call this ring R what are the

maximal ideals of this is remember the third part of the previous problem.

(Refer Side Time: 08:48)
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So, what are the maximal ideals of this? As we agreed by the correspondence theorem,
max ideals of R come from max ideals this is the ring R; now max ideals of R come from

the polynomial ring R X that contain the ideal generated by X squared plus 1.

But now recall this is something I have done at least in two different ways in previous
videos, the ideal generated by X squared plus 1 is already maximal, in the polynomial
ring in one variable over the real numbers. So, this I have checked in fact, for you so;
that means, there is only one ideal that contains X squared plus 1 in R X namely the ideal
itself. In fact, there are two ideals that contains X squared plus 1 one is X squared plus 1
the other is R X unit ideal, but there is exactly one ideal which is maximal and which

contains X squared plus 1.

So, there is exactly one maximal ideal in R X that contains X squared plus 1, which I
used to conclude that there is only one maximal ideal in the quotient ring right. So, I
have skipped the step here, the maximal ideals of R X mod X squared plus 1 are in bijec-
tive correspondence with maximal ideals of R X that contain X squared plus 1, but there

is only one maximal ideal in R X that contains X squared plus 1.

(Refer Side Time: 10:52)
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So, there is exactly one maximal ideal in R X mod X squared plus 1 and what is that and
that ideal is the zero ideal because, because remember if an ideal maximal ideal of R X
contains X squared plus 1, its image under the canonical map from R X to R X mod X
squared plus 1 is the maximal ideal of R X mod X squared plus 1. If X squared plus 1 is
that maximal ideal its image is the 0 ideal because, the ideal X squared plus 1 gets killed

in the quotient ring R X mod X squared plus 1.

So, R X mod X squared plus 1 has a unique maximal ideal and that is 0 ideal, but re-
member there is a special name for rings that have this property that this zero ideal is a
maximal ideal which is that R X mod X squared plus 1 is a field because 0 is a maximal

ideal in this; that means, every non zero element is unit so, this is the field.

But in fact, we already knew this, why did we know this? Because R X mod X squared
plus 1, when I showed that X plus 1 was a maximal ideal in R X. In fact, I showed that R
X mod X squared plus 1 is isomorphic to C as rings or as fields, so there is only zero
ideal which is maximal. So, this is easy: maximal ideals of R X mod X squared plus 1 or

there is only one and that is zero ideal.

(Refer Side Time: 12:21)
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Now, let us look at CX mod X squared plus 1. So, just a final comment about the previ-
ous problem R X mod X squared plus 1, what we have concluded is that, the ideal gener-
ated by X squared plus 1 in R X is maximal remember this is the fact that I said here. So,
X squared plus 1 the ideal is maximal and this is also verified by the fact that I wrote

which is that an ideal is maximal if and only if its generator is irreducible.

And we do know that X squared plus 1 is an irreducible polynomial in the polynomial
ring R X because a degree two polynomial is irreducible if and only if it has no roots
and; the polynomial X square plus 1 has no roots in the field of real numbers. So, its
ideal generated by X squared plus 1 is in fact, irreducible. So, the sorry the ideal gener-

ated by the irreducible polynomial X squared plus 1 is in fact, maximal.

Now this is no longer the case here. So, to find maximal ideals (Refer Time: 13:35) of
the now let us come back to C X mod X squared plus 1 in order to find the maximal
ideals of this ring we are in, we are going to find max ideals C X that contain ok. So,
now, we are interested in finding ideals maximal ideals of C X that contain the polyno-
mial X squared plus 1. So, containing the polynomial X squared plus 1 is equivalent to
containing the ideal generated by the polynomial X squared plus 1. Now immediately

unlike in the previous case we see that.

Unlike in the previous problem when we were dealing with the real numbers this is not
maximal I claim this is not maximal in C X and the reason is every ideal in CX remem-

ber by our general fact is principal. And it is irreducible if and only if that generator is



actually irreducible, it is a principle ideal generated by a polynomial is prime or maximal

rather if and only if fis irreducible.

(Refer Side Time: 14:59)
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Now, the point is X squared plus 1 is not irreducible in C X this is the difference be-
tween real numbers and complex numbers. Why is it not different; why is it not irreduc-
ible? That is because, now, it can factor as X plus i times X minus i, where of course, i is
a square root of minus 1 as always. Remember 1i is not available in the real numbers. So,
we cannot factor X squared plus 1 in R X; however, you can factor it in complex num-
bers. So, C X in C X, X squared plus 1 has two factors so it is not irreducible. So, imme-
diately if you see from the previous the exercise that I left for you see that the argument
that is exercise I will see that, the ideal generated by X plus X squared plus 1 is con-

tained in X squared X plus i and also X minus i.

So, there it is you see that it is not maximal because, it is contained in a bigger ideal
which is a proper ideal X plus 1 is strictly bigger than X squared plus the one ideals and
X plus i is. In fact, not equal to the full ring CX because lots of polynomials are not there
for example, the element one is not there. So, this confirms that X squared plus 1 is not
irreducible. So, there are at least two maximal ideals in C X and also I should remember
I should mention that, though X squared plus 1 is not maximal, this is maximal, this is

also maximal. So, this I will leave for you as an exercise.



Again using the fact that I told you which was in fact, an exercise is that a principal ideal
generated by a polynomial f is maximal if and only if the polynomial is irreducible. Here
the ideal is generated by X plus i and X plus i is in fact, an irreducible polynomial you
can clearly check that it is a degree one polynomial, you cannot possibly factor it as a
product of two positive degree polynomials. So, this is irreducible X minus 1 is irreduc-
ible, so that ideal generated by them are maximal. So, we have at least at this point we

can only say this at least two maximal ideals in C X that contain X squared plus 1.

(Refer Side Time: 17:41)
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But now; that means, that implies by correspondence theorem CX mod X squared plus 1
contains at least 2 maximal ideals. Now the question is: are there any others, are there
more? So, you have at least two maximal ideals unlike the ring R X mod X squared plus
1 which has a unique maximal ideal. The ring C X mod X squared plus 1 has at least 2
maximal ideals, are there more? So, if there are more, you will have you will have a
maximal ideal generated by a single polynomial f X which is irreducible in CX and the

ideal generated by f X contains the ideal generated by X squared plus 1.

So, now I will leave this is an exercise to show that there are no more. And the reason is
if X squared plus 1 is contained in the ideal generated by f X and it is not equal to f X
and let us say f X is also not equal to the full ring it is not the unit ideal; if these two facts
hold; that means, that degree of f is exactly equal to 1. Because if it is two it must be

equal to X squared plus 1, if it is O it must equal the unit ideal. So, it cannot be more than



2, it cannot be more than 2 and it cannot be 0, so it cannot it has to be 1. But if it is one
then f X must be of the form X minus a belonging to C. But once that happens you can
assume that f is monic because, you can always clear divide multiply by the inverse of

the leading coefficient and assume that f X is monic.

(Refer Side Time: 19:58)
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So, f X is X minus a, but then if X squared plus 1 is contained in X minus a, this implies
that a squared plus 1 is 0. So, this little fact is an exercise for you; because X squared
plus 1 is belongs to X minus a; that means, X squared plus 1 is X minus a times some-
thing. Now you plug-in minus plug-in a in both sides, you will get that a squared plus 1
is equal to 0, but; that means, a is equal to 1 or a is equal to minus i. So, this is now only
possibilities remember that we already considered X plus i and X minus i, this we have

already considered.

So in fact, there are exactly 2 maximal ideals, in C X mod X squared plus 1. Hence there
are exactly 2 ideal 2 maximal ideals, in C X mod X squared plus 1. And I will leave this

there, X plus i and X minus i.

(Refer Side Time: 21:14)
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And now I will leave a final exercise regarding this problem for you, we know that be-
cause X plus i is a maximal ideal CX mod X plus i is isomorphic to a field what field is
that? In fact, that is just isomorphic to C and similarly C X mod X minus i is also iso-
morphic to C. This you can use first isomorphism theorem define a function from C X to
C by evaluating a polynomial at i. So, f X goes to f of i show that its a surjective homo-
morphism with kernel being X minus i or X minus i. So, you have to consider two differ-
ent homomorphisms. So, this is an exercise for you. So, this finishes the problem where

we were computing maximal ideals of various rings ok.

So, now I will do one more problem here I have lost track of the number, but it is a dif-
ferent problem, similar to the previous problem which is that show that, Z mod 2Z X di-
vided by or quotient X cubed plus X plus 1 is a field. And second part is to show that Z
mod 3Z X by the same polynomial is not a field ok.

(Refer Side Time: 23:06)
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So, the question is to show that, I consider two polynomial rings 1 over Z mod 2Z that is
remember a ring which is. In fact, a field Z mod 2Z and Z mod 3Z are fields containing
this has 2 elements this has 3 elements. The fields containing 2 and 3 elements respec-
tively. So, I take a polynomial ring over those fields, consider the ideals to be X cubed
plus X plus 1 and look at the quotient ring; in one case it happens to be a field in the

other case it does not form a field. So, why is that?

By the fact that I wrote at the beginning of this video, X cubed plus X plus 1 first con-
sider the field case Z mod 2Z X. So, X cubed plus X plus 1 in Z mod 2Z bracket X is
maximal. So, I will write, so this is not by the fact so, let us leave this as side. So, what I
will do is Z mod 2Z mod X cubed plus X plus 1 is a field if and only if. So, this is con-
fusing I am not organising this properly, but hopefully its not confusing Z mod 2Z X

mod X cubed plus X plus 1 is a field this is what remember we are trying to show.

This is what we want to show, it is equivalent to X cubed plus X plus 1 being a maximal
ideal in Z mod 2Z X. This is an equivalent definition of a maximal ideal an ideal I in a
ring R is maximal if and only if R mod I is a field. So, this is a field if and only if this is a
maximal ideal in this. Now by the fact this is this implication is at by the fact X this is a
maximal ideal if and only if X cubed plus X plus 1 is irreducible in Z mod 27 X.

Remember an ideal generated by a polynomial f X in k X, where K is a field, that is im-
portant, is maximal if and only if that generator is irreducible. Because it is a degree 3

polynomial, a degree 3 polynomial is irreducible if and only if X cubed plus X plus 1 has



no roots; this may be I mentioned before in Z mod 2Z remember you have a polynomial
which is degree 3 how can it fail to be irreducible? Remember a degree 3 polynomial in
order to be not irreducible it must factor as two polynomials product of two polynomials
g and h. But because degree is 3 of f degree of f is 3, the sum of degree of g plus degree
of h is 3 and they are both supposed to be strictly less than 3.

That means, they have, one of them has to be degree 1, the other has to be degree 2 right.
This is the only possible breakup of the degrees, because if either of them is degree 3
then it cannot be a valid factorization. For it to be valid factorization both of them have
to have degree strictly smaller than degree of f which is 3. So, you have two numbers

whose which are strictly less than 3 which add up to 3 positive numbers of course, they

are both 1 and 2.

But a degree one polynomial is really of the form, if g is degree one then g must be of the
form X minus a. But if X minus a divides f; f of a is 0; that means, f has a root, a is a root
of f. So, if the polynomial in question has no roots, it cannot factor, this is only true for
degree 3 or 2. So, here a degree 3, so it has no roots if and only if it is irreducible, but
whether it has a root or not is easy to check because Z mod 2Z, remember has only 2 ele-

ments ok

Let us plug in; let us plug in both of them and see if they are possibly roots. So, X cubed
plus X plus 1, let us call it f X for a simplicity, then what is f of 0 bar this is 0 bar cubed
0 bar plus 1 bar which is 1 bar not 0 bar. So, f of 1 bar is 1 bar cubed plus 1 bar plus 1
bar which is one 3 times, 1 bar which is actually equal to 1 bar, which is not 0. So, we
conclude that neither of the 2 elements, in Z mod 2Z is a root of f x, so f has no root in Z
mod 2Z; that means, this statement is true; that means, this statement is true; that means,

this statement is true; that means, this statement is true which is exactly the first problem.

(Refer Side Time: 28:17)
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Now, if we consider the other field, Z mod 3Z, we have to essentially consider the same
set of equivalences. Z mod 3Z X mod X cubed plus X plus 1 remember the same polyno-
mial is a field if and only if this is a maximal if and only if this is irreducible if and only
if this has no roots. But f does have a root, in Z mod 3Z. For example, if you take f of 1
bar it will now happen to be 1 bar cubed plus 1 bar plus 1 bar which is 3 times 1 bar, but

3 times 1 bar is 0 bar in Z mod 3Z, so f has a root in Z mod 3Z.

So, the ideal generate by f in Z mod 3Z X, is not maximal hence Z mod 3Z mod X cubed
plus 1 X cubed plus X plus 1 is not a field. So, we have solved both the problems. So,
you can see that if you change the coefficients the field where coefficients of (Refer
Time: 29:29) come from ideals behave very differently: in one it is maximal, in the other

it is not maximal ok.

(Refer Side Time: 29:41)
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So, let me end this video now with the final problem; this is useful it is a simple problem
also, but I might use this fact later. So, this is also about prime and maximal ideals. So,
let me state this, I will quickly write the problem and tell you how to solve it, may be

leave the details for you.

Let us say phi from R to R prime is a ring homomorphism ok, this is a ring homomor-
phism. So, I will write a long series of statements, then show that if P is prime in R prime
is a prime ideal implies phi inverse P is a prime ideal in R this is the first problem. You
take a prime ideal take its inverse image it is a prime ideal. 2 the above statement does

not hold for maximal ideals.

In this problem I am only considering inverse images of primes or inverse images of
maximal ideals. And I am claiming that if you take the inverse image of a prime ideal, it
happens to be prime, inverse image of a maximal ideal cannot be is in general not maxi-
mal, it maybe maximal, but in general it need not be. So, let us do this first part we al-
ready know that phi inverse P is an ideal; see in order to prove that phi inverse P is a
prime ideal we first need to show that it is an ideal, but that we have shown before. In-

verse image of an ideal under a ring homomorphism is an ideal, this is easy to check.

Remember things are different when you are talking about the image of an ideal, in gen-
eral image of an ideal is not an ideal, you need the homomorphism to be surjective. But

there is no such problem for inverse image under a ring homomorphism, inverse image



of an ideal is always an ideal. Now all we need to do, is so far we have only used that P

is prime P is an ideal phi inverse P is an ideal.

(Refer Side Time: 32:11)

Byt ks
e Edt View IngenActions

_L @ 94 i lllllllr ] l \d

>Uw\ 1557 ¥ a‘ e R €Yy
= To Shi e g V‘W’-) >

k "i‘i\"ﬁl weP e
= aeVy aeW-P) R Lé(-f(P)

Now, we need to use the fact that P is prime to show that phi inverse P is also prime. So,
to show that phi inverse P is prime what do we need to show? Let a comma b be ele-
ments of R and suppose that a b is in phi inverse P; because as I said this is a fairly
straightforward verification. So, what is a prime ideal? It is an ideal such that if a product
belongs to the ideal one of the elements must belong to the ideal. So, let us check two
ring elements whose product using phi inverse P. Then phi of a b is in P by definition a b

is in the inverse image means phi of a b is in P.

Then phi of a times phi of b is in P because phi is a ring homomorphism phi of a b is
equal to phi of a times phi of b. Now because P is prime phi of a is in P or phi of b is in P
because, P is prime that is hypothesis. But that means, a is in phi inverse P or b is phi in-
verse P, as required right. I started with the product that is in phi inverse P and I have
concluded that one of them must be in phi inverse P. So, this is a easy straightforward,

just the definition.

(Refer Side Time: 33:34)
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Now, why do I say that, the second statement does not hold, the same statement does not
hold form maximal ideals. So, consider, phi from Z to Q; phi from Z to Q. So, this is just
the inclusion map, phi of n to be n for all let us say phi of r equal to phi of r, phi of r
equal to r for I should really write n sorry is n for all n in Z. So, this is just Z sitting in-
side Q take an integer and send it to itself; this is a ring homomorphism of course, Z and

Q are rings and this is certainly a ring homomorphism.

Now, what is a maximal ideal of Q? Let I be the zero ideal in Q then, I is of course, max-
imal ideal of course, it is maximal. And what is phi inverse I? Because phi is an injective
map, phi inverse 0 is just 0 again and of course, it is an ideal as I told you, inverse image
of ideals is ideal is an ideal, but it is not maximal, ok. So, you have a maximal ideal 0 in
Q, but when you pull it back to Z, you still get the zero ideal in Z now, but it is not max-

imal. So, in general inverse image of a maximal ideal is not maximal.

So, this completes the problem, but let me give you an exercise, suppose phi from R to R
prime is a surjective ring homomorphism. Suppose this is a surjective ring homomor-
phism and let I be maximal in R prime then show that phi inverse I is maximal in R. So,
the idea is the statement I just disproved in general that inverse image of a maximal ideal
is not in general a maximal ideal. In fact, becomes true if you add a condition that the
ring homomorphism is surjective ok, that is important if that happens it is true. Of
course, the example from Z to Q is not surjective, there are lots of elements in rational
numbers which are not in the image, any rational number that is not an integer is not in

the image.
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So, why is this true? This exercise, the hint is actually just to use two facts; first note
that, R prime is isomorphic to, in fact, I will write it like this R mod kernel phi is isomor-
phic to R prime right. Because it is a surjective map and first isomorphism theorem says
that R mod the kernel is isomorphic to R prime. Second use the correspondence theorem
or this straightly stronger correspondence theorem that I stated, at the end of the previous
video. The correspondence theorem says that ideals in R mod I are in bijective to corre-

spondence with I in ideals in R containing I.

But that you can put adjectives to these statements, prime ideals on both sides or maxi-
mal ideals also on both sides and the correspondence theorem still holds. Use that second
the more stronger version of correspondence theorem for maximal ideals, to do that be-
cause if you take a maximal ideal in R prime and its inverse image will be maximal be-
cause it just corresponds to an ideal in R that contains kernel phi ok. So, this last exercise
that I did today is very easy, but it is important for us we will often use in future that in-
verse image of a prime ideal is prime for any ring homomorphism. This statement is not
true in general for maximal ideals, but if the ring homomorphism is surjective the state-

ment is true, inverse image of a maximal ideal is maximal.

So, far in the last few videos, we learned about prime ideals and maximals ideals in rings
and we did a number of exercises. So, hopefully you have got some understanding of

how to work with prime and maximal ideals in rings. So, in the next video we will start



talking about fields, fields of fractions of integral domains, unique factorization domains

and principal ideal domains.

Thank you.



