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Lecture — 18
Problems 5

Let us continue now. In the last video, we have started doing some problems on the ma-
terial that we have covered so far about rings, ideals, maximal ideals and so on. So, |
ended the last video with the problem about. So, let us think, this is a 2nd problem may
be or 3rd problem, 3rd problem and we have done the first part.
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So, recall for problem 3, the assumption was R any ring; R any ring I J two ideals such
that; such that, s.t. stands for such that, I J is equal to R. We have shown that earlier in

the last video, we showed the product is equal to the intersection.
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Now, the second part. So, let me write it in the different slide, second part is an impor-
tant, it was a, it is a famous result in mathematics called “Chinese reminder theorem”.
So, it this name and what does it say. So, second part is to show that for all a comma b in
R, for all elements for any pair of elements a comma b in R, there exists I will write it as
a theorem, there exists x in R. The given two elements a comma b in R, there exists in el-

ement x in R such that x minus a is in [ and x minus b is in J.

So, you understand what I am saying? Given two elements of R there is a single element
R which when you subtract a, it is in [ and from the same element when you subtract b it
is in J. So, for those of you who know a little bit about mod language using residues and
module, modulos of ideals, this is same as saying that x is a modulo I, x is congruent to a

mod I. This says that x is congruent to b mod J ok.

This is just notation if you are not familiar with it, do not worry about it. All [ am saying
is that there is a single element x which is like a in some sense in the quotient ring R mod
I because x minus a is like a x is like a, x minus a is 0 modulo I. So, x is same as a mod I,

X is same as b mod J given any two elements we can do this.

The solution or the proof is the following. Again we use the hypothesis, remember the
hypothesis that I plus J is equal to R was made and this is very crucial, we use that hy-
pothesis I plus J is equal to R. So, remember I plus J is equal to R means every element

of R can be written as the sum of an element of I and an element of J.



So, in particular we can apply these to r a. So, write a is equal to r plus s b is equal to u
plus v. So, a is an element of R given element remember a and b are given in R. [ write a
as r plus s b as u plus v and what you know about r, it is in [ s is in J, similarly uisin I v
is in J. So, that is the point, every element of the ring R can be written as something in I

plus something in J. So, I write a as r plus s, b as u plus v.
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And now I claim that now I will tell you how to choose x. So, let us choose x to be let, I
am defining x to be s minus u ok. So, I claim that this x works, what is it mean? Remem -
ber the theorem is asking us to show that there is an x with certain properties; I have cho-
sen that x and I am going to show that x has the required properties, what are the re-
quired properties? We need to check that they are on the notes here. So, we need to

check x minus a is in [ and x minus b is in J. So, let us check these things, two things.

So, X minus a, X is s minus u; this remember that is my choice for x. So, X minus a is s
minus u minus a, but what is r sorry, what is a? a is r plus s. So, s minus u minus a is s
minus u minus r minus s, correct. So, s minus u minus r minus s of course, I can cancel
this. So, there is minus u minus r, but u and r are both in I, r is in I u is in 1. So, this is
also in I if you have u and r in [ minus u is in I minus r is in I there difference is in 1. So,

x minus a is in [ as we are required to show.

Now, what is x minus b? X minus b is s minus u minus b and b is u plus v. So, s minus u

minus b is s minus u minus u minus v this is now I cancel u, this is s minus v. Now,



where are s and v? s and v are in J so, this is in J. So, x is in I and x is in J. So, sorry x
minus I is in a and X minus b is in J sorry X minus I is in I, X minus b is in J, as required
ok. So, this require these this may seem like how did I think of x to be this, but that is
just by playing with the required conditions, it is not difficult to see that x minus x equal

to s minus u works.

So, this is the Chinese reminder theorem. So, so solution is complete; you may have seen
Chinese reminder theorem in the case of integers. So, this is the generalization of that to
arbitrary rings. So, I want to now rephrase the statement of Chinese reminder theorem in

a more conceptual manner.
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So, I want to write Chinese reminder theorem, not the proof but the statement, Chinese
reminder theorem, differently as follows ok. So, now this is what I want to do. So, con-
sider quotient ring R mod I and R mod J and the product ring, this is the product ring. |
believe I mentioned product rings before, but otherwise it is not difficult to see what the

operations are here, if you have two rings you take the Cartesian product.

So, elements are just pairs of elements one from the first ring, the other from second co-
ordinate is from the second ring and multiplication and addition happen coordinate wise.
So, the 0 element is (0, 0), multiplicative identity is (1,1) and if you have (a, b) times (c,
d) you have (ab, ac bd) ok. So, this is easily seen to be a ring.



So, take the product ring and I will define a homomorphism from R to the product ring, I
define phi of a to be a plus I comma b plus J sorry a plus J. So, write Chinese reminder
theorem differently as follows. So, first of all, I am defining a set map R to R cross I, R
mod I cross R mod J where I send a ring element to a the residues of that ring element in

R mod I and R mod J.
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And it is an exercise which I will not do and I will ask you to do, this is a very easy exer-
cise, it is that phi is a ring homomorphism. Now, Chinese reminder theorem is a very
nice formulation which is easy to remember in terms of this homomorphism. Chinese re-
minder theorem, let us call this CRT. So, CRT it is a standard abbreviation for Chinese
reminder theorem, it says that the above map is surjective, the above map is surjective
which is not clear a priori, because you are taking the map from R to R mod I cross R

mod J with sends a to a plus I comma a plus J is the same element.
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In general, to be surjective, you take an arbitrary element of the product right. So, this is
an R mod I cross R mod J. In order to be surjective there must be an element x which
maps to that, what is this x? Right in order for a map to be surjective take any element in
the range, the co-domain ring in this case R mod I cross R mod J, every element is in the
range. So, a plus I comma b plus J must be an element in the image; that means, it must

come from x, some X.

And Chinese reminder is theorem is telling you that x, what that x is, take the x that
comes from Chinese reminder theorem. Now, what is the property of that x? X minus a
is in [, but if x minus a is in I, I claim that x plus I is equal to a plus I. If x minus a is in |
in the quotient ring R mod I, x and a are basically same elements the residue of x is same

as residue of I.

Similarly, x minus b is in J by the Chinese reminder theorem; that means x plus J is b
plus J. Now, what is phi of x? Phi of x is x plus I comma x plus J, by definition any ele-
ment was so, that element plus I, that element plus J; that means, it goes x goes to plus I,
x plus J but I just proved that x plus a is a plus I and x plus J is b plus J ok. So, every ele -
ment you start with an arbitrary element, this is an arbitrary element of the product ring.
Take an arbitrary element and I have shown that it has a pre-image, that means it is sur-

jective.



So, it is convenient to remember Chinese reminder theorem as saying that if you have
two ideals in a ring I and J whose sum is R, that is whole point here I plus J is R then the
map natural map from R to R mod I cross R mod J is a ring is a surjective ring homo-

morphism.
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As this is a bonus question I am going to ask you, what is kernel of phi? Remember, phi
is a map from R to R mod I cross R mod J; it is a surjective ring homomorphism by the

previous problem.

So, what is the kernel? Remember, kernel of any ring homomorphism is all elements of
the ring such that phi a is 0, but in our context; that means, it is all elements a such that a
bar a plus [ 'is 0 plus I and a plus J is O plus J, but; that means, elements a in R such that a
isin I and b is in J because a plus I is equal to 0 plus I means a is in I, a plus J is equal to
0 plus J means b is in J. But what is, there is another name for the set of elements a such
that a is in [ and b is in J and what is that? That is simply the intersection. So, the kernel

is intersection.
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So, we understand now everything about this map R mod I to R to R mod I cross R mod
J. So, this is surjective; that means, image is all of R mod I cross R mod J and kernel is |
intersection J ok. So, this is a useful problem to keep in mind. And again I will reiterate
the crucial hypothesis, hypothesis that I plus J is equal to R is important I and it is a good
exercise for you to think of an example, where this map is not surjective and example

where I plus J will not be equal to R and this map is not surjective.

Now, what does the First isomorphism theorem say? So, I want to complete the circle of
ideas by stating what is the implication of first isomorphism theorem, we have a ring ho-

momorphism which is surjective and this kernel is I intersection J.

So, R mod I intersection J is isomorphic to R mod I cross R mod J. So, this is a very im-
portant statement that we will sometimes use if I plus J is equal to R, the quotient ring R
mod I intersection J is just the product ring R mod I cross R mod J. So, this is the conclu-
sion of the Chinese reminder theorem in some sense ok. So, now I will continue with the

problems.
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So, the next problem I want to do may be the 4 problem is, I want to first list this is may
be some of these we have done. Find the maximal ideals; find in some sense the maximal
the maximal ideals of the following rings. So, one Z, two the ring R X mod the quotient
ring R X mod X squared, the ring R X mod X squared plus 1 and finally, the ring C X
mod X squared plus 1 ok. So, there are four rings here, I want to find the maximal ideals

of this.

So, the first one is easy, we know prime ideals I may have done said this before, prime
ideals of Z are the 0 ideal and pZ, where p is prime. Because, a maximal ideal is auto-
matically prime, the maximal ideals will be among these right if some ideal is not prime,

it cannot be maximal.

So, in order to find the maximal ideals of Z, we need to first start with prime ideals and
see which of those are maximal ideals. Now, which of these are maximal ideals? Is 0 a
maximal ideal? This is not a maximal ideal, why is that? By definition, a maximal ideal
is an ideal which is not contained in any proper bigger ideal; 0 is certainly not like that
because 0 is contained in 2Z. So, and 2Z is a proper ideal, 0 is properly contained in 2Z.

So, 27 is not the zero ideal.

So, this is not a maximal ideal, what about this? These are maximal ideals. There are sev-
eral ways of doing this, pZ cannot be contained in a bigger ideal or equivalently, Z mod

pZ is a field. So, we have shown that, we recall I in R is maximal if and only if the quo-



tient ring R mod I is a field right and in this context it is also I will recall for you though

we do not need this here.

I in R is prime if and only if R mod I is an integral domain. So, to check maximality, we
have want to quotient by the ideal and check if it is a field and there is an exercise I have
said this a few times before Z mod pZ is a field, you take any non-zero element of Z mod

pZ show that it is a multiplicative inverse. So, it is a field.
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So, what are the prime ideals of maximal ideals of Z? So, max ideals of Z; max ideals of
Z are pZ, where p is prime. So, any ideal generated by a prime number is a maximal

ideal. So, now, let us look at the second one. So, look at R X mod X squared ok.
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Now, in order to determine the maximal ideals of this, I am going to recall for you the
correspondence theorem, what does correspondence theorem say? So, it talks about R
and R mod I. So, R is a ring, I is an ideal and what is the statement of the correspondence
theorem? It says that there is a bijective and inclusion preserving; you understand what |
mean by that right? Map inclusion preserving map means if there is a map between
ideals so ideals of R containing I. So, this is a bijection, inclusion preserving bijection

from ideals of R containing I to ideals of R mod I.

So, inclusion so there is a bijection we have seen and why is it inclusion preserving? If
J1 is a J1 J2 are ideals that contain I and J1 is contained in J1 J2 both contain I in the cor-
respondence, let me write it like this ideals also have a same inclusion. In other words,
the inclusion of J1 and J2 is preserved. So, I am going to use this in correspondence theo-

rem.

So, what are ideals of this quotient rings? Are ideals are in bijective correspondence
with. So, let me say ideals of this come from ideals of R X that contain X right rather I
should say X squared. So, ideals of R X mod X squared come from ideals of R X. So,
there is a map from R X to R X mod X squared and ideals in the ring R X mod X

squared are actually images of ideals of R X which contain X squared.

So, let I be an ideal containing X squared. Remember, we are actually interested in maxi-

mal ideals of R X mod X squared, the fact that this bijection is inclusion preserving



means, the bijection also gives a bijection between maximal ideals of R that contain I in
the maximal ideals of R mod I. So, this bijection restricts to a bijection of the subset here
in this first set of a maximal ideals containing I and it gives a bijection to the maximal

ideals of R mod I.
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So, we can further assume that I is actually maximal ideal. So, assume that I is a maxi-
mal ideal. So, if I is a maximal ideal containing X squared. So, I is in fact, prime also
right, a maximal ideal is prime this we have shown earlier and I is a prime ideal and X
squared the ideal X squared is contained in the I means the element X squared is con-

tained in .

But prime ideals have the property that, if a product belongs to the ideal, one of the ele-
ments belongs to ideal; X squared belongs to I means X is in I; that means, the ideal gen-
erated by X is in I. Remember, I is an ideal it contains X; that means, it contains the en-

tire ideal generated by X.
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On the other hand, it is an easy exercise for you. The ideal X is maximal in R X. So, I
will leave this as an exercise show that is a maximal ideal of, actually this is not quite re-
quired for us in any case, I think this is required for us. So, the idea is to show that so, the
hint, take some ideal X J contained in X contained in R X ok. So, then and argue that if J
is not equal to X then J contains a polynomial, let say f x remember R X is the polyno-

mial ring. So, there is a polynomials in one variable X.

So, J I claim contains a polynomial of the form an X n, an minus 1 X n minus 1 al X
plus a 0 and a 0 is not 0. So, if J is not equal to ideal X, argue that it must contain an ele-
ment of this form because if it does not contain an element of this form, it is equal to X
and once you argue this then show that a 0 is in J and hence J is equal to R X ok, this is

almost a complete hint for you, using this you can show that X is a maximal ideal.

So, now let us go back here. We have shown that the ideal 1 contains X, but X is maxi-
mal. So, remember a maximal ideal if it and I is remember a proper ideal because I is a
maximal ideal and maximal ideals are by definition, proper ideals. So, X is a maximal

ideal it is contained in I, I is a proper ideal. So, the only possibility is I is equal to X.
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Hence, we have concluded that, the only maximal ideal of R X containing X squared is
the ideal ok. So, the only maximal ideal of X contained of R X containing X squared is X
which implies by the correspondence theorem. So, the only maximal ideal of R X mod X
squared is the ideal X plus 1. So, this is my notation for the image under that correspon-

dence.
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Another equivalent notation is or X mod sorry X plus X squared I should write, this is

bad notation, but ok. So, in particular there is exactly one maximal ideal of R X mod X



squared and it is given by the ideal X ok. So, this is a bit involved this proof it uses sev-
eral facts. So, please go over this carefully, repeat this video if you want and make sure
that you understand this statement. We interested in finding the maximal ideals of the
quotient ring R X mod X squared and we have showed that there is exactly one such in

that comes from the ideal X in R X ok.

Now, that leaves two now two more rings. So, I will stop the video now, I will continue
the next video with these two examples, what I want you to do before you watch the next
video is to recall the proof of R X mod X squared think about it carefully and using that

try to solve these two remaining problems.

Similarly, as R X mod X squared, to determine the maximal ideals of R X mod X
squared plus 1, you need to figure out the maximal ideals of R X that contain the ideal X
squared plus 1. Similarly, to determine the maximal ideals of C X mod X squared plus 1,

you need to determine the maximal ideals of C X that contain X squared plus 1 ok.

So, I will leave that calculation for you and I will solve it in the next video. So, I will end
this video with an exercise of a statement that we have used, I have said it, but I want to
emphasize it. So, I will keep this as an exercise for you to do. So, let R be a ring and let |

be an ideal, this is a refined version of the correspondence theorem.
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So, the statement is, there is a, there is an inclusion preserving bijection between the fol-
lowing two sets, there is an inclusion preserving bijection between the following two
sets, what are they? Maximal ideals of R containing I. So, these are maximal ideals of R

that contain I and on the other side we have maximal ideals of R mod I ok.

So, if you remove the word maximum, maximal in both the sets this is exactly the corre-
spondence theorem, ideals of R containing I are in bijective correspondence with ideals
of R mod I, but now I am saying that I can add the adjective maximal and the inclusion

preserving bijection still exists.

So, now I might as well write this though we do not need it in the previous problem,
there is such a bijection also from prime ideals of R containing I and here also you put
prime ideals of R mod I. What we have to do for the first one is easy because maximality
1s a statement about inclusions, all you need to do is that the original correspondence the-

orem is an inclusion preserving bijection. So, that gives the statement I.

For the second statement, you have to use a little more ring theory, it says that you take
an ideal of R containing J, sorry an ideal of R containing I, suppose it is prime, the corre-
sponding ideal of R mod I is also prime, you want to show and similarly if you take a
prime ideal of R mod I, the corresponding of ideal of R containing I which exists by the
correspondence theorem is actually prime. So, one you prove right now in order to un-
derstand the solution for the exercise here R X mod X squared and use it in the third and
fourth exercises. So, which I will come back to in the next video, the statement about
prime ideals also we will come back to in the next video and formally prove this state-

ment.

So, please go over these solutions carefully, these are important and subtle statements
about rings and ideals and prime ideals and maximal ideals and hopefully you will un-
derstand everything that I said after watching it if needed. So, I will stop the video here.

In the next video, we will continue with more problems.

Thank you.



