Numerical Analysis
Professor R. Usha
Department of Mathematics
Indian Institute of Technology Madras
Lecture No 33
Root finding Method 5-Secant Method, Method of False Position

In the last class we discussed about Newton Raphson Method which helps to solve an
equation of the form f of x = 0. It produces a sequence of iterates which converge to a root of
the equation f of x = 0, the method is given by x n + 1 = x n — f of x n by f dash of x n. We
observe that the method involves computation of the derivative of the function at each step of
iteration that is the drawback in Newton Raphson Method. Namely at each iterative step we
not only have to evaluate this function f of x n but also evaluate its derivative at x n so it
involves 2 function evaluations at each step. So we would like to now develop a method
which does not involve evaluation of derivative of a function at each step of iteration, so we

make a slight variation as follows.
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So we know my definition of derivative of a function that f dash at some p n — 1 is limit as x
tendingtopn—1asfofx—fofpn—1byx—pn—1.If suppose I left x to be say pn — 2
then f dash at p n — 1 can be approximated by fatpn—2—-fatpn—1bypn—-2—-pn-1. So
I would like to make use of this approximation to a derivative and then slightly modify

Newton Raphson Method as follows.
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Pn=pn—-1—-fatpn—1byfdashatpn—1,butfdashatpn—1lisfofpn—-2—-fofpn-—
1 and numerator will have pn—2 —pn—1, so whichI can writeaspn—1—-pn—-1—-pn—2
intofatpn—1byfofpn—1-fofpn—2.Soifl want to compute an nth approximation to
a root of the equation then I have the method givenaspnispn—1—-pn—1—-pn-2fofpn
— 1 —fof pn—2 multiply by f of p n— 1. So this tells you that at any step you require the
knowledge of the successive approximations at the previous 2 steps namely to find what p n
is, you must have a knowledge of p n—2 and p n — 1. If you know that then use the right hand
side to find what p n is at the nth step. Suppose say you start with 2 initial approximations p 0
and p 1 of a root of the equation f of x = 0.

So this is the graph of the function say y = f of x, so I make 2 approximations p 0 and p 1 and
then I join the line passing through the points p 0, fof p O and p 1, f of p 1 and I see where
this line crosses the x axis and I call this as my next approximation namely p 2. The actual
root is the point where the graph of the function crosses the x axis, so this is the actual root.
Initially I take 2 values p 0 and p 1 which are close to this p and then consider a line passing
through the points p O fof p 0 p 1 f of p 1 and then see where this line crosses the x axis and

take that point as a next approximation to the root of the equation, let us see what is p 2.
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So what do I need? I require the equation of a line passing through the point p 0, f of p 0 and
pl,fofpl.Itisgivenbyy—fofplbyfofpO—fofpl=x-p1dividedbypO—p1,and
therefore we have y to be givenby x —p 1 bypO—p 1 into fofpO—fofp 1+ fatp 1. What
do I want? I want y to be 0 and x is p 2, namely the point where the graph of the function
crosses the x—axis. So that gives youp 2 —p l into fofp O —fofp 1 dividledbypO—p 1+ f
atp 1, thisgivesmep2aspl—fofplintop I —pObyfofp 1 —fof p0. What is this p 2?
p 2 is the point where the line joining p 0 fof p 0 and p 1 fof p 1 crosses the x axis and that
gives me the next approximation then what do I do? I join the line passing through the points

p2,fofp2andp 1, fofp I and see where it crosses the x—axis and call that as p 3.
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So that I can express p 3 now in terms of p 2, what do you do? p3 willbe p2 —fofp 2 into p
2—-plbyfofp2—fofp 1, the computations are analogous to this and then I continue this
computation and generate successive iterates and at the nth step my pnis givenbypn—1—f
ofpn—1lintopn—1-pn—-2byfatpn—1-1fatpn-—2 forn greater than or equal to 2.
The method so derived is what is called the Secant method, why is it called the Secant
method? The reason is, it approximates because in this interval by means of the cord or the
Secant passing through the 2 points p 0, fofp O p 1, fof p 1 and so on, so it derives its name

Secant.

And you observe that as we move closer and closer to the root, right this Secant in the limit
will become a tangent to the curve at the point p and it is this tangent line which
approximated the curve in Newton Raphson Method and that is why the method derives its
name as Secant method and we observe that we do not have evaluation of derivative of a
function, instead we have two function evaluations here again that both of them are
evaluation of the given function at 2 different winds namely pn— 1 and p n — 2, so let us now
compare the Secant method with Newton Raphson Method and see which converges faster.

Let us now compare the performance of the Secant method and the Newton Raphson Method.
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We will consider determining the root of the equation f of x = cos x — x = 0. By Secant
method starting with 2 initial approximations p 0 as 0.5 and p 1 as Pie by 4, we observe that
the successive approximations are given by this and the results at p 5 is accurate to 10
decimal place, the root of the equation is 0.7390851332 and that is obtained at the 5" using

Secant method correct to 10 decimal places. We solved the same equation using Newton



Raphson Method which is given by x n + 1 = x n — f of x n by f dash of x n for n greater than
or equal to 0. Starting with an initial approximation which is this, it is the same as the p 1
here, we observe that Newton Raphson Method obtains this accuracy with p 3 so the 3™
iteration we are able to get the same accuracy for root of this equation as that was obtained by

Secant method say at this step.

And we observe that both Newton Raphson Method and Secant method requires good initial
approximations to a root of the equation. And comparing the 2 methods, we observe that
Secant method is slower than Newton Raphson Method, so you may ask me why then you
consider this method which is slower than Newton Raphson Method because you want to
generate a sequence of iterates which converges faster. But there is an advantage when you
Secant method, you do not have to compute the derivative of a function at each step of your
iteration, you know what the function f of x is and you have to evaluate it at 2 different
points, that is the advantage of the Secant method. Whereas, in Newton Raphson Method you
need to compute two different function evaluations namely the function f and its derivatives

at each step of iteration.
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Another observation that we would like to make is the following. When we use Newton
Raphson Method, we observe that we have successive iterates which are such that iterates P 0
and P 1 they do not enclose this root of the equation similarly, P 1 and P 2 if you look at these
2 values this interval does not enclose the given root of the equation so we come across in the
computation of iterates using Newton Raphson Method that the interval of interest does not

enclose a root of the equation, but when we consider the successive iterates, the iterates



converge to the root of the equation. The same thing happens in case of Secant method also,
when we look at Secant method we observe that p 0, P 1 encloses the root of the equation
however, as we generate successive iterations we come across a step where P 3, p 4 does not

enclose a root of the equation.

And therefore this suggests that we must develop a method which takes care to see that a root
of the equation lies in the interval at each step of our iteration. So one of our observations
from here is that Newton Raphson Method and Secant method are not enclosure methods,
bisection method was a enclosure method because at each step of iteration we have an
interval which encloses a root of the equation however, Newton Raphson Method and Secant
method are not enclosure methods as evident from this example. So we would like to now
modify Secant method in such a way that we also want to ensure that at each step of iteration
we have an interval which encloses a root of the equation and this can be done very easily,

what should we do?
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Let us consider the given equation y = f of x = 0, so we draw the graph of this function, the
point where it crosses the x axis is the actual root. What did we do in Secant method? We
started with 2 initial approximations namely P 0 and P 1, then we approximated this curve by
means of a straight line passing through the points P 0, fof PO p 1 fof p 1 and then the point
where it crosses the X—axis was taken to be p 2, but what do we want now we said that we
should ensure that at any step of iteration the interval must enclose a root of the equation. So
when we compute this P 2, we check the sign of f of P 2, if suppose f of P 2 is negative and f

of p 1 is positive then we know that a root lies in the interval p 1 to p 2. Here that is what



happens, f of p 2 is negative so a root lies in the interval p 2 to p 1 and so we join the straight
line through the points p 2 fof p 2 and p 1 fof p 1 and the point where it crosses the X—axis
is P 3.

Suppose say in the case which we discuss, f of p 2 turns out to be positive then we check
whether a root lies between P 0 and P 2 or P 2 and P 1, accordingly we select that interval in
which the root lies and then we take a straight line joining the 2 points appropriately in such a
way that at one of the points the function value has a negative sign and the other one has a
function value which is positive sign and therefore we ensure that or root lies in this interval

and continue in our computations and determine the successive iterates.

If we do this namely if we start with some 2 initial approximations and continue to generate
the successive approximations such that at each step we make sure that root lies in that
interval and then generate the successive iterates, then we are essentially solving the problem
by what is called as the Method of False Position namely it is a Regula Falsi Method. So we
are solving by method of False Position and it is also known as Regula Flasi Method.
Essentially it is a Secant method but it only takes care to check that at each step a root lies
within the interval, so let us work out an example and see how Regula Falsi method is used in

the solution of equation f of x = 0.
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Let us now compare the performance of Regula Falsi method and Secant method. So let us
solve the same problem f of x = 0 given by cos x — x = 0 and start with the same 2 initial

approximations P 0 and p 1. Regula Falsi method is essentially Secant method but it only



takes care that at each time an interval encloses a root of this equation and accordingly
chooses that interval as the 2 successive approximation for the next step. So we observe that
the successive approximations are given by this when you apply Regula Falsi method and the
result that we have earlier obtained using Secant method is given by this and we observe that
the approximations obtained by the Regula Falsi method and the Secant method, they agree

through p 3 so these are the same as what we have obtained in Regula Falsi method also.

The Secant method continues further and root of the equation is octane as this correct to the
desired degree of accuracy at the 5™ iteration. On the other hand, Regula Falsi method
requires one more iteration, namely result is obtained correct to the desired degree of
accuracy only at the 6™ iteration but with Secant method we could obtain it at the 5™ iteration.
So this is slower than the other one but it enforces an extra condition ensuring that at each
step we have a root which lies within an interval and therefore, Regula Falsi method comes
under enclosure method whereas, the Secant and the Newton Raphson Method do not fall

under the class of enclosure method.

So we see how nicely each of these methods have been generated by seeing some drawbacks
in the previous method that we have derived and then the question now comes to which class
of methods do Newton Raphson Method and Secant method belong to if they are not in the
class of enclosure methods. We are sure that Newton Raphson Method belongs to the class of

fixed point iteration method; we now perform the error analysis of Secant method.
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Secant method is given by x n + 1 = x n — f of x n into this and e n is x n — p, so we want to
obtain relationship connecting e n + 1 and e n, so we start with e n + 1 whichis xn+ 1 —p,
but x n + 1 is given by this because we are using Secant method now so it is x n — this
expression — p. So we simplify this expression, so itisx ninto fofxn—xnfofxn—1-fof
x ninto x n + f of x n into x n — 1 by the denominator — p, so x n, f of x n cancels so we have
xn—1fofxn—Inowehavexn—1fofxn—xnfofxn—-1byfofxn—fofxn—-1-p.
So we simplify this step, so this term appears as it is, this also appears as it is so — p into f of
x n+p fof x n— 1 by the denominator. So we collect terms involving f of x n , so we have
this term and this term having f of x n so multiplied by p —or x n — 1 — p — terms involving f

of x n— 1 are these and they give you — fof x n — 1 into X n — p by the denominator.

But we know that xn—1—pisen—1,xn—pis e n, so this step follows from here. Now I
remove the (())(27:51) e n from the numerator and e n — 1 from the numerator so I have e n en
—linto fof xnbyen—fofxn—1byen— 1 divided by this. And nowenen—1and I
would like to multiply and divide by x n — x n — 1, you will understand why we do it when we
proceed further, x n — x n — 1 is multiplied and I have divided otherwise there is no change in
this step as compared to this step. At this stage I would like to find out an expression for the
factor which appears here, so I make use of the factor fof x nis fof p + e nthatis fofp+en

into f dash of p + e n square by 2 f double dash of p + order of e n cube.
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But I know that f of p is 0 because p is the root of the equation and therefore, I get f of x n by
e n is f dash of p + this is divided by e n so half of e n f double dash of p + order of e n square

because we have divided by e n. So similarly I can write down whatis fofxn—1byen—1



that will again be f dash of p + half e n — 1 into f double dash of p + order of e n — 1 square.
So I require this — this, so simply subtract this from here so f dash of p will cancel so you will
be left with half f double dash of p into e n — e n — 1 so that is what we have written on the
right-hand side. So half of e n — e n — 1 into f double dash of p + order of this term will
involve e n square and e n — 1 square, so we now have an expression for the numerator, let us

see what is the denominator.

So consider x n x n — 1, so I subtract p and add p to this, so I can write thisas xn—p—of xn
—1—-psothat willbeen—en—1. SoI can substitute forxn—xn—1asen—en—1, so the
expression here now is half of f double dash of p because I omit the higher—order terms
because e n — e n — 1 cancels with e n —e n — 1, so I have an expression for this. Now I look
at this factor, I know this is approximately 1 by f dash of p right, f dash of p is this by this
approximately, so 1 by f dash of p is this expression so I also have replaced this by 1 by f
dash of p. So I write down, where did we start, we started with e n + 1, soen + 1 is
approximately half of f double dash of p by f dash of p into 1 by f dash of p into e ninto e n —

1 that is what appears as here.

Anyway, this is a constant, so I called that as C soen + 1 is C times e n e n — 1. But in order
to determine the order of convergence of a method we must have a relationship in the form e
n + 1 is a constant times e n power Alpha, Alpha will determine the order of convergence. But
here we have C into e n into e n — 1, so I must make further computations on this so that I
obtain the form as e n + 1 = C into e n power some Alpha. So if Alpha is the order of
convergence of the Secant method then I must have mod e n + 1 to be approximately some
constant a times mod e n power Alpha since already a constant C appears I have taken
constant to be A in this case. So what does this tell, mod e n + 1 by A times mod e n power

Alpha must approach 1 as n tends to infinity.
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And therefore from here mod e n + 1 is A mod e n power Alpha then mod e n will be
approximately A into mod e n — 1 power Alpha, so from here I obtained mod e n — 1 is
approximately 1 by A into mod e n raise to the power of 1 by Alpha. And I know that e n + 1
isCenen—1,whatisen+ 1? That is A mod e n power Alpha that is the left-hand side that
must be approximately C into mod e n into what is mod e n — 1, it is 1 by A mod e n power 1
by Alpha so it is A power — 1 by Alpha into mod e 1 power 1 by Alpha. So I have A power 1
here — 1 by Alpha on this side so I have A power 1 + 1 by Alpha into C to the power of — 1
taking it to side that is approximately mod e n I have a power 1 here — Alpha , it comes to this

side and power 1 by Alpha so mod e n power 1 — Alpha + 1 by Alpha.

I observed that the left-hand side A and C are constants, Alpha is a constant, so left-hand side
is a nonzero constant while e n tends to zero as n tends to infinity, so I must have the power to
which e n is raise to be 0 in order that this is satisfied. So 1 — Alpha + 1 by Alpha must be 0,
so we has Alpha square — Alpha = 1 to be 0, so solve this quadratic equation that gives you
Alpha to be 1 + R —root 5 by 2. We observe that 1 — root 5 by 2 is negative, I want Alpha to
be a positive constant that is the order of convergence of the method so this is not possible, so

Alpha is positive and so I take Alpha to be 1 + root 5 by 2 and that is approximately 1.62.

What is Alpha? Alpha is the order of convergence of Secant method and it turns out to be
1.62. What is the order of convergence of bisection method? 1, what is the order of
convergence of Newton Raphson Method? 2, and Secant method has order of convergence

which is 1.62 and so we say that the Secant method has super linear convergence right, it is



better than bisection method, but it is slower than Newton Raphson Method which converges
quadratically, so we say that this has super linear convergence. We still have to obtain
asymptotic error constant, so we look at the right-hand side of 1 and that is equal to 1
because as e n tends to 0 as n tends to infinity and therefore, right-hand side of 1 will be 1
and so we have A power 1 + 1 by Alpha into C power — 1 must be 1, so A must C to the
power of 1 by 1 + Alpha.

But I know that Alpha satisfies the equation 1 + 1 by Alpha — Alpha is 0, so I can replace 1 +
1 by Alpha by Alpha so I have C power 1 by Alpha, but 1 by Alpha is what? Alpha — 1 so C
power Alpha — 1 but what is Alpha, 1.62 so A is C power 1.62 — 1 so C to the power of 0.62.
Mod e n + 1 is A mod e n power Alpha, Alpha is 1 + root 5 by 2 and A is given by f double
dash of p by twice f dash of p raise the power of 0.62. So our error analysis shows that Secant
method is superior to bisection method, but it is inferior to Newton Raphson Method in the
sense that the order of convergence of Secant method is super linear, it is 1.62 whereas that of
bisection method is 1 and order of convergence of Newton Raphson Method is 2 as compared

to the Secant method which is 1.62.

And these were all reflected in our examples when we solved equations fof x = cos x —x =0,
and we obtained the result correct to the desired degree of accuracy at the 3™ iteration by
Newton Raphson Method whereas, at the 20™ iteration by bisection method where as by
Secant method we were able to obtain the solution correct to the desired degree of accuracy at
the 5™ iteration and it is already because of the order of convergence of these methods. As 1
had already pointed out, Newton Raphson Method and Secant method do not fall in the
category of enclosure methods, we are sure that they belong to the class of fixed point
iteration methods, so we shall discuss what we mean by fixed point iteration methods and
then show Newton Raphson Method belongs to this class and we will continue with this in

the next class.



