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Lecture 47
Vibration of a semi-infinite string

So welcome back last (())(0:23) we have seen how to solve wave equation in the full domain
as a D'Alembert's solution of course with initial data, then on a semi-infinite domain 0 to
infinity with initial data on a boundary condition at x equal to 0. So you can give have given
two boundary conditions one is the displacement is zero, other one is the slope is zero but
these boundary data or boundary value problem initial boundary value problem is solved just
by extending into extending as even or odd function to the full domain and you make use of
D'Alembert's solution that is what you have seen. We also have seen for the full domain

shown that the solution is unique, okay.

So before I do more general approaches suppose if you if you give the boundary condition as
a different one non zero boundary condition or combination of u and u x thus for example
you say u plus u x equal to 0 at x equal to 0, u at 0, t plus dou u by dou x at 0, t if this is 0
then we cannot simply extend as a even or odd function this will not work so what we do is
this is the more general approach I will try to give you today but I will not do for this
generalized this new boundary condition instead the approach will be given for the same
boundary conditions of what I have done earlier, so that is (uatx, 0 isO) uat 0, tis 0 at x

equal to 0, okay u at dou u by dou x at 0, t is also 0.
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So that means at x equal to 0, you give u is 0 or ux equal to 0, okay for these two boundary
conditions I give you the new approach so that this approach you can apply to any boundary
initial value problem so where the boundary condition can be combination of u and u x or
you can take nonzero boundary condition like u at 0, t equal to some arbitrary function you

can give P of t, okay.

So that before I do this let us move on to to show that problems on semi-infinite domain is
unique, okay so what we do is if you if you consider I will just explain you briefly if this is
not an R what if what you do is if your wave equation is on a semi-infinite domain that is x

belongs to 0 to infinity.

(Refer Slide Time: 3:06)

']
i

DO @ L0 Clewn ) A7 - - 9*“
EEEEEEENBON

g2 7 oo
0d

/
3 Pk ey [ W/

TE-TMbwrd ZPJ“”\”'I;,[‘&A“/

o

\A B \\ =0, Xé'ﬁ
I‘M‘L\»& V‘L U\('l b) - +&}/ e @

F&hm i t=o
I W ) = 94/ 5
o —




]e e equations-10-05 2017 - Windows Joural ol
D9H e L4 0 Crore L 0 SET -
EENEEEEN NON 9 088]
e e R
I‘Ml\n& \ @
- Wy = #)Y T —
R W ) = 96/

L W] ond WD b A i \uwm@.

U.:jt_%:
WE fiew, A»&i*icg Wt “?"h'/

07
W (\\,v) 2 0\/=> NL(“D) i
o
Fem Nkh'q =0

Y N e P
Efulw= £ S}“‘@ hal (“ﬁ) A

-4

;

In that case the energy is same so energy total energy is the same expression. And this the

initial value problem you have to change so only change here is x belongs to R, R you have to

replace with 0 to infinity and we give the boundary condition, okay.

(Refer Slide Time: 3:22)

| SNt ns VSIS Sl U AN R Rsma . | equations-10-05- 2017 - Windows Joual

A e P4 0" Crare s [FHL- 9S4 T
EENEEEEE BOE 088

\% £ o
“Jc’c—c U\\;D/ xe(ol)
Iu.;-l\,&\/‘ll—t

\k(llb) =) f'&}/
W (k) = ZGJ»/

U(of)=0 0¥

(,,.Lkw
e w00
g il

be
L( M A () lun #
L Wl o Ul lind @ pilen )

\Lj@:
W= Yoy, Adefia Ve “?’b'/

. {N(\,u) 0v/'3 Nt(“opo‘/
‘- Nkh'o) =10

& &~ b v
(COEE 1;( () de v/’

(4 e

Eflty=

—A

L .

5

So the boundary condition when you give what is the change so the proof is to show the

uniqueness you assume that u 1 and u 2 are two solutions of the problem, okay not this

problem now now you consider simply x belongs to 0 to infinity and you give the boundary

condition boundary condition is u at 0, t is 0 or u x at 0, t equal to 0 so either one of them,

okay.
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So assume that u 1 and u 2 are two solutions of this problem now then you can see that the
difference is also satisfying the wave equation this equation in this domain and the difference
uwatx, 0is 0O wtatx, 0is also 0 because itis a same same f,u 1l atx, 0isfxu2tox, 01is
also f x, so the difference is 0. So this is same only thing is boundary condition will change it

will not be change here also it is same so W at 0, tis 0 or W x at 0, t is also 0, okay.

So this is what becomes you have a W that satisfy the difference between two solutions the
difference of two solutions if they are distinct their difference satisfying the wave equation
these are the initial data and this is the boundary data, okay. So you consider the same way so
everything is same so you consider the same total energy as the energy function of t and you
know that initially at O t equal to 0 because of the initial data this is 0, okay that implies
because energy is conserved so you have for all times this has to be 0 and this is also same, so

this implies this is true.
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I think not not there but here onwards you have to do. So we will start from here so this is the
boundary this is the you start with so what is the energy here we have to see, okay. So we
will, show first show that the energy is same even when the wave equation is given on a
semi-infinite domain. So x belongs to instead of R now you have from 0 to infinity, okay. So
earlier you have R okay I do not want to remove this R or 0 to infinity. So let us say 0 to

infinity what happens here.
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So you have a kinetic energy is same so instead of if you consider this one if you consider the
x belongs to 0 to infinity so you have to consider this kinetic energy is half mv square instead
of minus infinity to infinity you have to do it from 0 to infinity, so this is your kinetic energy
so this is your kinetic energy. So you take that derivative and you have this one so you have
instead of minus 0 to infinity you have this one, okay this is the this is the change of kinetic

energy with time means the derivative of kinetic energy is this.
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Now by now you do the integration by parts is what you have done earlier also so if you do
this this is what you get. So what you see that u x u x at infinity is because displacement or
slope has to be 0 at infinity so this is 0 but at 0 u x at 0 if your boundary condition is u x is 0
then so for the semi-infinite domain if your boundary condition here is u x is 0 then anyways

there is no issue even at x equal to 0.

Suppose u is 0 u at 0, t is 0 here if this is given clearly u t of 0, t is also 0 because you take
this this is the function of t which is 0 whose derivative with respect to t is also 0. Now this
implies if this is your condition this implies u t at 0, t is 0 also 0 so that makes it 0 so in any
case this will not be there. So in this case for the semi-infinite domain you have this is your

total energy, okay so this is your total energy.
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And total energy now is potential energy now 0 to infinity you can define so that your total
energy is simply from 0 to infinity O to infinity. So whatever may be your boundary condition
either this or this if this is the case directly this is becoming 0 there is no issue but suppose
displacement is 0 is given as a boundary condition and you can see that time derivative of it is
also 0 because u at 0, t as a function of t 0 if you differentiate with respect to t is also 0. So
the because of that you have u t here so that it will also be 0 at x equal to 0. So there is no

issue even here, okay.
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So this is what so the total energy is like this. Now u consider this initial value problem on a
semi-infinite domain and now u is 0 either this boundary condition or this boundary condition
you consider and u 1 and u 2 be two solutions of the problem if you consider the difference of
that is W we call it W and W satisfying the initial condition 0O initial conditions and the

boundary condition is either of that.
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Now u consider this this is same now only thing you have to write as total derivative so
energy function of t is now from 0 to infinity to this integral is the kinetic energy and this is
the potential energy. So plus the total energy because of this initial data this energy is at t

equal to time t equal to 0 is 0 because of conservation of energy has to be 0 for every t.



(Refer Slide Time: 9:14)

'] Partal ifrentia equations-10-05-2017 - Windows ournal -oEE
e 60 Vew . Aiors oo Hep =
ARHG L D0 T/ -0-34F -
B/NNNEEREN NON A JIVEEY
0

> E[We -0V

———

3 E]E=0, ¥ v
= 1t ¥
YW = (wt(w\,'e)/\,x‘(v,io,o) ¥t ¥

\
0 0

W) = Conbo

Wy =0 2 WaH =9 ¥t

W — a9 =0 S Ufy= wWEG b
IR

'] Prtil difeenil equation10:05:201 - Windows koural -0
e 16k Vow . ciors o e

DB P[4 D Chwie [T 7 -@-S4F -

B/NNNENEEN NON 9 08&8]

S Nk\llo) A 4

% = v
EQl= & [ (o) &+ 1;( (af)
0 ce o)) Tt

> EMo) - 0 v

——

3 E W] =0, VRV
YW = (wk(n:‘e)/u\‘(nﬂ):o) *H», ¥u s

U
0 0

Wod = Conknb
Weey =0 = W =0 ¥ont

Ut - WY =0 D Ul = e,

'} Partal ifrential equations-10-05-2017 - Windows Journal =8
e (it Vew Ao oo Hep

WOHWA/ A0 Crve J[IH, -S4 F -

B/NNNEEREN NN 9088

{N(w:o/% W= pe Wlopme @ W
1 ) il

= Nkh'b):o e
£ ST
Efulw= & S)Qsﬁ\) b ;L@_)') \

> E[Wo -0V

——

5 E[E=o, ‘v
IW = (wt(u:f)/u‘su{)):o) ¥, s

u
0 0




So rest is same so the gradient of W has to be 0 because for all terms if this has to be 0 the
integrant has to be 0 each of them that is nothing but your gradient. So implies it is constant
because W is 0 at t equal to 0, okay W that is W at W x so from here from the initial data W at
x and x is equal to W x dou W by dou x x, 0 is 0 and anyway second initial condition will

give you W t at x equal to 0 is 0.
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So from that we can say that W at x equal to 0, okay. So this has to be constant and gradient
of W is 0 for every x and t implies W x, t is constant this is same, okay. So W at x equal to x,
0 this we know, okay W at x, 0 from this initial condition which is 0 so that implies W at x so
that is a constant this has to be same for all t so this is 0 at t equal to 0 that implies (())(10:36)

tu have W x equal to 0 that implies u 1 equal to u 2 for every x and t.
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So a same proof is true even if you take the boundary condition either 0 W is the
displacement is O or that slope of the string at x equal to 0 if you consider as a boundary
condition still uniqueness of the solution is guaranteed for this initial boundary value problem

for the wave equation in the semi-infinite domain 0 to infinity.



So you have a unique solution so D'Alembert's solution is the only solution for the initial
value problem for the wave equation on the full domain minus infinity infinity on a semi-
infinite domain if you consider these two boundary conditions u equal to 0 or u x equal to 0
you have shown that you have given a solution and that solution is actually unique by the

same energy argument that is what we have just see, okay.
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Now I will give you more general approach if you replace this boundary conditions. So if you
have a wave equation like this u xx equal to 0 (x belongs) x is positive and t is positive this is
your domain and initial value is u at x, 0 is f x, u t at x, 0 is g x as an initial data. Boundary
data if you have instead of instead of earlier boundary condition instead of fixing and freeing

instead of having this string edge as a fixed one or free one that is u at x, 0 u at x equal to O u



for all times you are fixing it as 0, okay this is what we have seen earlier or u at u x at 0, t this

is the free edge free edge of the string, this is fixed edge, okay what else?

We can also have more generally you can have 0, t equal to some function of t P of t, okay so
this this to in order to solve this problem with this boundary condition or u at 0, t plus say
some k constant times this plus u x at 0, t equal to 0 for this boundary condition combination
of these two this and this combination if u take, you do not know how to solve because this
just by extending as a even or odd function will not work so you need more general approach

to treat this problem.

So what we do is now this is your domain X is positive and t is also positive so you have this
is the quarter plane, this is x and this is t and you bring your Xi and Eta variables as Xi equal
to x minus ct, Eta equal to x plus ct you consider this new variables and your equation
becomes u Xi Eta this is that is what you have seen equal to 0, okay. So wave equation
becomes becomes this this implies u at x, t is the general solution of the wave equation is ¢ 1

x minus ct ¢ 1 is arbitrary function plus ¢ 2 of x plus ct this is what we have seen so right.

Now you try to apply your initial condition now and clearly what u have to observe is X is
positive and t is positive earlier x is X can take any value. Now x is only positive and t is
positive. So what is required here is x plus ct because x is positive, t is positive, X plus ct is
always positive because c is the speed of the wave so that is constant that is positive, okay but
X minus ct once you fix your x value which is positive and for bigger times at larger time this
X minus ct becomes negative so you need ¢ 1 function further should be define you want ¢ 1
function of x for x less than 0 so you need to find this one this function if you want solution if

you want a solution that satisfies the initial condition and the boundary condition.
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So we have already seen that how to apply the initial conditions, okay let us make this initial
condition first initial conditions gives u at x, 0 equal to f x, okay this implies this is ¢ 1 x plus
¢ 2 x equal to f x, okay. Next one is u t at x, 0 equal to g x this will give me minus c times c 1
x minus ¢ 2 of x ¢ 2 dash, okay equal to g x this is what we have seen earlier if you apply this

one you can get this, okay.

Now you take the difference now if you simply now this one you simply integrated so if we
integrate this one you will see that ¢ 1 dash or you can write ¢ 2 dash ¢ 2 of x minus ¢ 1 of x
equal to 1 by c g of x this you are integrating from g of x is as ds this is from x not to x, okay
if you do this this difference minus this is going to be plus so you have ¢ 2 at x not minus ¢ 1

at x not this is an arbitrary constant, okay call this K some arbitrary constant K.

So you have this implies ¢ 2 of x minus ¢ 1 of x is nothing but 1 by c this c is this c is actually
small ¢ that is well a speed of the wave so this is from x not to x g of s ds plus K, K is an
arbitrary constant K is arbitrary constant because you do not know ¢ 1 andc 2. Soc 1, ¢ 2 are
arbitrary functions fix those function value at some point it should be arbitrary constant. So
now considering this one and this one these two equations you can add or subtract to see that
c 1 if you add it if you add you will get c 2 of x equal to 1 by 2 fx plus 1 by 2¢ x not to x g of
s ds plus K by 2 so this is what you get if you add.

And if you take the difference you will get ¢ 1 of x two times ¢ 1 of x equal to again later on
you divide with half so you have a half f x. Now you are taking the difference, okay this
equation first this equation minus this equation so we have two ¢ 1 so we have here minus
minus 1 by c so after division 2c integral x not to x g of s ds and you have a minus K by 2 so

these are the two equations you will get, okay.

But I need so this is ¢ 1 x and ¢ 2 x, so the general solution is here you want ¢ 1 X minus ¢ t so
you need to find ¢ 1 even for the negative values because x minus ¢ t can be negative, okay
when x can be x minus c t is negative when x is less than ¢ t, x is positive we know so X is so
if you want u of X, t u of x, t for x equal to something you need so for x positive u can clearly

see that the solution is you need c 1 the negative values, okay.

So what we do is we apply so this is what if you want this negative values for this function
that will give you this that can be got and from this boundary condition, okay. So I start I use
this one so I use this boundary condition to get this negative values whatever you required for

the solution. So let us see how we do this u at 0, t equal to 0, okay so this implies now the



general solution is this from that you can see that ¢ 1 minus ¢ t plus ¢ 2 ¢ t equal to 0. So this

implies ¢ 1 of minus ct equal to minus c 2 of ct, okay so you want basically in your solution u

of x,tc 1 of x minus c t.
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So we just write ¢ 1 of so this implies this is like ¢ 1 of Xi if you call Xi as not Xi let us say
some other variable, okay some 1 ¢ 1 I, | is minus c t so that is nothing but ¢ 2 of minus 1. So
in the place of 1 what you actually require is for the general solution ¢ 1 of x minus ct. So the
place of I if you put x minus ct is equal to minus ¢ 2 of minus X minus ct so that is ct minus x,
okay that we know from here so that we can write it now that is half times minus in fact
minus half f of ¢t minus x minus 1 by 2¢ x not to ct minus X wherever x is there you replace

ct minus x, okay and then minus K by 2 that is my c 1 of x (())(22:05).

And you know what is your ¢ 2 of (x minus) x plus ct that is what is required in your general
solution so ¢ 2 of X t you can get it from here directly so that is half f of x plus ct plus 1 by 2¢
x not to x plus ct g of s ds here g of s ds, okay and then plus K by 2 this is directly from the
same ¢ 2. So this implies what is my u x, t u x, t is this one plus this one so that will give you
so half f of x plus ct minus f of ct minus x, okay plus 1 by 2c this plus this so this is from ct

minus X to ct plus x that is x plus ct g of s ds so this K by 2 that K by 2 cancels.

This is when when (())(23:35) use this this is when I have c 1 is negative ¢ 1 for negative
values c 1 this is for 1 negative values, okay. So when I have so when I will have x minus ct is
negative that is 0 less than x less than ct. So in this case x minus ct is negative that is this
argument is negative that is my 1 is negative, so when my 1 is negative I use minus ¢ 2 of

minus | that is what you have, okay.

So this whatever you have written I use ¢ 1 function for the ordinate for the negative values.
So that is that is only if x is between this one and for x greater than ct you do not have to

worry about anything you can directly write when x is when x is greater than ct both are



positive so you know c 1, ¢ 2 both are positive so you can directly get from here, okay c 1, ¢
2 directly substitute that is same as half f of x plus ct minus f of x minus ct plus 1 by 2¢ x

minus ct to x plus ct g of s ds this is exactly what we derived earlier, okay.

This is the solution for this initial boundary value problem that we are talking about, okay the
new general approach this is general approach to solve the wave equation on the semi-infinite
domain 0 to infinity, okay and you have this this is the boundary condition we use fixed edge
for the fixed edge this is what we found, okay. So far if you want this to be this is what you
have this is how you derived but the thing is if you want u to be solution f has to be twice
differentiable function and g has to be once it should be differentiable and continuous
function because u is u xx this g is then only you get g s, okay if you differentiate u twice
with respect to x then you have to differentiate this g with respect to only one differentiate

because of this integration, okay.
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So you have if you want this to be a solution of the wave equation f should be twice
differentiable if write you can write it if u is the solution above okay if u is the solution of if u
is the solution because we have seen that this is the only solution it has only one solution u is
the solution of problem, then f must be f f is a twice continuously differentiable and g is
continuously differentiable function that means f, f double dash and g, g dash, f, f dash, g

dash or continuous it should exists or continuous functions that is what it means.

And also again they have to be that and if you make use of this continuity if they are

continuous you make use of this u is continuous u of x, t is continuous at x equal to ct, okay if



you use this you will see that f of 0 has to be 0 you will get and if u x or u t of x, t is
continuous at x equal to (t) ct will if you actually use this use this expression and differentiate

and make it equal at x equal to ct you will see that g of 0 equal to 0.

So these are necessarily you have to satisfy, the initial data has to satisfy this is exactly what
we have solved earlier by considering by taking an odd extension immediately you see that £
of 01is 0, g of 0 is 0, okay. The way you have extended odd extension and your initial data has

to be twice differentiable because it has to satisty the wave equation.
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So that is how this is like going in a reverse direction but it works is more general because the
same approach if you apply for the other boundary condition so it will work for any any

boundary condition so the approach is this, you start with general solution of the wave



equation, you take this initial data, you have these two equations, okay only thing is when x is
because x is positive you when x is positive X minus ct can be negative, so for those values

that is between 0 to x is between x is between 0 to x ct this this can be negative.
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So those negative values that is given by the boundary condition the boundary condition will
give you the that c I, I is negative, okay you apply the boundary condition that is actually
giving you this negative values of ¢ 1. So that I make use and then finally add it up when x is
between 0 to ct and when x is greater than ct you do not have any problem when x is greater
than ct both are positive and you already has you do not has you do not need boundary
condition, okay so you simply use the initial data this is what you get and you simply add it

you will get it that is the solution you get, okay for x greater than ct.



Now if we want this to be this is how you constructed if we want this to be a solution if you
want this to be a solution of your wave equation and f has to be twice differentiable and g has
to be one time differentiable function and it has to be continuous. So by using continuity of u
at x equal to ct we will see that fof 0 is 0, u x or u t is continuous at x equal to 0, x equal to ct
will give you g of 0 is 0. So the initial data has to be just like odd extension when you do the

extension you will see that f of 0 is 0 and g of 0 is also 0, okay.
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So what we do is in the next video we will try to do the same technique this more general
approach for the other boundary condition that is free edge that is u x equal to 0, if we use
this u x equal to 0 how we can do the same thing same technique and that we will see in the
next video, for the free edge u x equal to 0 as when you consider this as the boundary
condition for the wave equation on a semi-infinite domain 0 to infinity we will try to give you
the same approach that we have seen just now we have seen just now this is the more general
approach. So what we do is we will try to see this solution in this approach in the next video,

thank you very much.



