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Lecture - 46
Generating Functions (Part 3)
Welcome back. So we have been looking at how to solve recurrence relation using generating
functions. So to quickly recap recurrence relations, we have gone through this definition a
few times already.
(Refer Slide Time: 00:11)

“In mathematics, a recurrence relation is an equation that

recursively defines a sequence or multidimensional array of
values, once one or more initial terms are given: each further
term of the sequence or array is defined as a function of the

;m'u'llill: terms.”

wikipedia

DRE VIDEOS

It is a sequence of numbers or we have been given the initial set of numbers and nf term-is
written as a function of the previous ones. Recurrence relations is simply used in various
subjects.
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Topics in Recurrence Relation

o Using Recurrence Relations of model problems

o Solving Recurrence Relations

We have seen how recurrence relations can be used for modeling problems and we have been
trying to see how to solve recurrence relations.
(Refer Slide Time: 00:40)

Examples of Recurrence Relations that appear in real

problems

o T(1)=1,Tn)=2+4+T(n-1).

0 T(1)=2,T(2)=3.T(n)=T(n—1)+T(n-2).
e H(1)=1,H(2)=3. H(n)=2H(n-1) + 1

e F)=1,F2)=1,Fn)=Fn-1)+F(n-2).
o b(1)=1b(n)=>0b([n/2]) + 1.

o M(1)=1M(n)=2M([n/2]) t n.

e C(1)=1.Cn+1)= Y1 ,CH)C(n—1i)

How to solve these Recurrence Relations?

Now there are quite number of recurrence relations example that we have looked at. The
main question is how do you solve that?
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Techniques to Solve the Recurrences

o Guess the Solution.

o Prove using Induction.

So the technique that we looked at it that if you can guess the solutions then we can prove it
using in depths. Once you can guess it proving it using induction is quite a straight forward
thing, the main issue being how do we guess the solution.

(Refer Slide Time: 01:11)

How to Guess?

Technique 1: Unfolding the definitions.

o T()=1.Tn)=2+T(n-1).
GUESS: T(n) = (2n - 1)

oeT(1)=1.Tn)=n+T(n-1).
GUESS: T(n) =n(n+1)/2

e H1)=1.H(n)=1+2H(n-1).
GUESS: H(n) =2" -1

First technique is of course we can guess it by unfolding the definitions and we have seen
how that can be used to guess it correctly.
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How to Guess ...

Example: F(1)=1,F(2)=1, F(n)=F(n—-1)+ F(n—-2)
Guess: ) _
(14+v5/2)" — (1 = /6/2)"

Vh

Example: b(1) = 1, b(n) = b([n/2]) + 1.

No nice guess exists.
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But then there were other things like the Fibonacci number which we did not know how to
guess and then there are other things like the recurrence relation coming from the binary
search and so on where again there was no nice guess.

(Refer Slide Time: 01:40)

Example

M(1) =1, M(n) = M([n/2]) + M(|n/2]) + n.
For all n. (n/2)logyn < M{n) < 2logn

Can we do better that this? Or do we care doing better than
this?

Sometimes we are happy with a constant multiplication gap
hetween upper and lower bound

So in that case, the second case when there is no nice guess we told that okay maybe we can
come up with a upper bound and lower bound and that should be good enough for us at least
using the asymptotic notations of big O, big Omega, theta and so on. We can possibly get a
asymptotic function for the recurrence.
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M(1) =1, M(n) = M([n/2]) + M(|n/2]) + n.

o Guess M(n) for some n.
[n this case for n = 2¥ we can guess M(n) = n(1 + logn)

o Then prove by induction M(n) = O(nlogn)
o Prove an upper bound. that is M(n) < enlogn for some c.

o Prove an lower bound, that is M(n) > dnlogn for some c.

For example, we looked at this recurrence and the idea is to first guess a M (n) for some
particular N. And then you use induction to prove that M(n) is theta of some function with
whatever you have guessed till now that is done by proving a upper bound and lower bound.
So this is what we were there using the simple techniques of doing recurrences or solving
recurrences.

(Refer Slide Time: 02:33)

Master Theorem

T(n)=aT(n/b)+ f(n),a>1,b>1

o Case I: If f(n) = O(n®). ¢ < log,a
then T(n) = Q(nog2)

o Case 2: If f(n) = O(n°log* n), ¢ = logya
then T'(n) = O(n¢ log"t1 n)

o Case 3: If f(n) = Q(n")., ¢ > logya
then T(n) = O(f(n))

There was also the Master Theorem that was kind of a nice theorem to deal with a quite
number of different style of recurrences in one go.
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FOy=F()=1.Fn)=Fn=1)+F(n=2) foralln>2

Hoe to you guess F(n)?
Even an upper bound and lower hound?
Actually

(1+v/5/2)" - (1 - v/5/2)"
75

But still there are recurrences, for example, this one Fibonacci number for which we do not
know how to solve it neither we know how to solve get a approximate solution and we have
been telling it that it is hard to guess and it hard to get an upper bound and lower bound and
the reason being that actually a fn is of this form. Now we are going closer and closer to
actually proving to you that fn is of this particular form.

(Refer Slide Time: 03:14)

Generating Functions

Let ag, @y, g, ... be a sequence of numbers.

Then consider the polynomial p(x) = ag + a1z + agr® 4

i
E (i

Mn
This is called the generating function for the sequence
i, 11,09, ...

Idea: If I can somehow compute the coeflicient of the 2" in p(x)
[ will get a formula for a,,.

To start with we looked at this new technique called generating functions. The main idea is
that if you have a sequence of number A0, Al till A infinity you first represent this sequence
of numbers as a polynomial infinite polynomial which we call some type of power series
where P(x) AO+Al X+A2 X square it goes on or in other words, summation of A(N) X
power N.



Now once we have this polynomial, this is called the generating function for this sequence
A0, Al and so. The idea being if we can somehow compute the NF coefficient of X power N
in P(X) then I get a formula for A (N). Now in the last video, we saw how this technique can
be applied to solve when the recurrence was of the form A = 3 times AN-1. In this video, we

will see one more application of this generating function.

And that will be again something that is not new we will be solving the Tower of Hanoi using
generating function, but we will see how one can apply generating function there. In the next
video, we will be seeing how to apply generating functions to get the formula for Fibonacci
numbers.

(Refer Slide Time: 04:59)

Generalized Binomial Theorem

R we have

(1+ J.)n Z (;’)’k

k=0

For all n c

Where (}) is

n! nn—1)n-=2)...(n=k+1)

(n—k)k k(k—=1)(k=2)...1

Before we go up on to generating functions one of the crucial components of this technique is
to use the generalized binomial theorem to get the Taylor expansion.
(Refer Slide Time: 05:12)



s(l+x)t=1-z+22-2%+... =Y . (-1)"2"

o (l-a)'=l4+2+22+2%+... =) 2"

o (l—ax) '=14+ar+aa?+a22®+... Z” are”
o (l+2)P=14+8-2 454,

Wl l—f—’—;+’T:-L’1—:+ Z”%

Now once you have the Taylor expansion you do not really need to prove it again and again
you can use this Taylor expansion if and when it required. Here is some of the useful Taylor
expansion that is there.

(Refer Slide Time: 05:34)

Example: Tower of Hanoi

Hi=1H,=2H, 1+ 1foralln>2.

Let P(z) = H; 4 Hoyx +4 .[’1;:,.!'2 ¢

[}
P(z)= Hy+ (2H1 + 1)x + (2H3 + 11.2'2 +(2H3 4+ 1 s

So P(z) = Hy+2z(H, + Haz + Hyr? + ... )+ (z+ 22 + 23 +...)
Now, (1 +x+2%2+...)=1/(1-2).

So we have P(x) = 2¢P(z) + 1/(1 — )

—_— T ——

Now let look at the example up to date which is the Tower of Hanoi. This is our old friend he
says that H1=1 and HN = 2 times HN-1+1. You remember that we did solve this particular
generating recurrence relation using first technique only which is unfolding the definition.
But today we are going to solve it in a different style using the generating function. It would
be useful for us to see how the generating functions can be used to solve this kind of stuff.

And help us to understand generating function machineries better. Now for generating

function we always start with defining the generating function namely the polynomial. So



here it is so P x = one more that is here | am defining it slightly differently. I am defining as
H1+H2X+H3x square and so on. So that means coefficient of X power N is HN+1 remember

that okay that is most important.

I have not defined HO because HO is not known. Now again what is the idea is that | can write
from H2 onwards | can write it as H2 again 2 times H1+1, H3 is 2 times H2+1 and so on. So
this one note that here everything breaks down to 2 times H1X+X, 2 times H2 square +X
square. So in other words | can club them together to get H1+2X of course we can take out
and then | get H1+H2x +H3X square and so on + the remain like this 1s which is X+X square

+ X cube + so on.

Now of course like last time this one is nothing, but P (X) so | get before | go on to do that
note that this number is what we have done in the Taylor series is 1/1-X. So this +H1 is 1/1-
1-X. So | get P of x = twice X times P (x) + 1/1-x and this is the kind of place where we want
to be because this is as we saw in last time also. This helps us to say that if | define P(X) like
this | can get P(X) = 2X times P (X) + 1/1-x.

Or in other words P (X) = 1/1-x * 1-2X. Now this is a very useful way of doing it because
now again we have written down the polynomial or this function P(X) as a function which
has nothing to do with returns So all | need to do is to now understand what are the
coefficient of this formula or this function and of course we have our Taylor series in handy.

This is let me pause here a little bit.

The idea is we started with this polynomial and then we use the recurrence relation to write
down the polynomial as right equation on the polynomials and we got something like this
P(X) = Twice X P (X) + 1/1-X. And hence P(X) = 1/ 1-X and 1-2X. So it is a very simple
thing that I did or this generating functions are extremely powerful tools and this is how we

basically goes always.

You started the generating function and then use the recurrence and whatever things that you
know to get a function or write the polynomial P (X) as a function of X and once you do it
one goal is now reduced just to understanding the nf coefficient of this function that we have.
Sometimes that might be easier said and done as you see now, but as we saw in the last time

that we could we have something like 1/1-3X and we applied the Taylor series immediately.



So this is where we are now. We shall have written P(X) as 1/1-X times 1-2X and or we want
to do is understand what X power N coefficient of X power N in the function. Now in the
generalized binomial theorem or in Taylor series expansion one | could write the Taylor
series of 1/1-X or | can also write the Taylor series of 1/1-2X. By writing down the Taylor

series of product of them is not easy because there is no direct way of writing it.

We do not know the Taylor series of this.
(Refer Slide Time 11:44)

Example: Tower of Hanoi

Hi=1H,=2H, )+ 1foralln>2

Let P(z) = Hy + Hyz + Hyz? + ..
‘, 1 ar
) =

(1=a)(1-=22)

Using a small trick we can write J ! k
l ‘

P(x)

(1=a)(1-2z)

Now by Taylor series expansion

2 2.9 ‘
(1=-ax)"! =1+ ar +a*r? + o*x
Aa | a

So we do a small trick let see what we do. We started with this P (X) and we wanted to do
this one. The trick that we do is | write P (X) so this is P (X). | write this expression 1/1-X is
1-2X as 2/1-2X -1/1-X. Just check out that this is actually true. So in other words this is a 1
by a polynomial of degree 2 | have written it as sum of 2 inverses of polynomial of degree 1.

You can check that this equation is right.

And once we see that this equation is right this one I know how to use what is a nf coefficient
of this one using the Taylor series expansion and also on the coefficient of the X power N in
this function again using the Taylor series expansion and hence in this substraction | will be
able to understand the coefficient of X power N by subtracting the coefficient here —

coefficient here.

And this is what we will have. For example, P (X) here will become 2 times now just apply

the Taylor series here which is 1 by (()) (13:15) 2X the Taylor series expansion 1+2X+ 2



square X +2 cube X cube and so on and 1-X is 1+X —X square or so. So P (x) is this
expression and hence you can already see the coefficient of X power N is 2 times 2 power N -
1 and this is what we wanted.

(Refer Slide Time: 13:50)

Example: Tower of Hanoi

Hi=1H,=2H,.1+1foralln> 2

Let P(x) = Hy + Hyx + Hyz* + ...

/ / 2 2 g p 2
P(z)=2(1 + 22+ 222* + 2% + . .. )—(l+ax+2°+...).
So the coefficient of 2" in P(x)is 2 x 2" — 1.

Since the coefficient of 2™ 1 was H(n) so we have

/ \ e

H(n)=2"-1. \/
———

So we have this one and we have got P (X) as this expression. So the coefficient of X power
N is 2 power 2 times 2 power N-1. Now since the coefficient of X power N is HN and we are
just like it is N-1HN so to understand what is the function of HN is 2 times is the coefficient
of X power N-1 which is 2 times 2 power N-1 it is 2 power N-1 and we know that this is right

because we have done it earlier also.

The idea is not whether the generating function can solve this one or not, but this is a generic
approach to solve the recurrence relations. It is a very powerful approach and we will see in
the next video how this approach can be used to solve the Fibonacci number once that will be
possibly the high point of this course where we solve the Fibonacci numbers using generating

functions.

So we have seen how one can use generating functions to solve Tower of Hanoi. We have
seen that we have first represented it as a polynomial then use the P (X) and write P (X) as a
function of N and X and once we have a function of X you use amount of tricks and some
Taylor series expansion to write the Taylor series expansion the whole thing which helps us
to understand the coefficient of X power N and hence get a compact form for the recurrence

relations.



In the next video, we will be doing the Fibonacci numbers. Thank you.



