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Lecture - 31
Modeling of Problem (Problem 3 and 4)

Welcome back. So we have been looking at how to model the problems using Linear
Programming and Graph theory. The basic idea is that if we have to solve the problem or if
we have to attack the problem one of the easy ways is to convert it in a Mathematical
language that is well studied. In that ways you can use the known Mathematical tools or use
the Mathematical tools to solve the problem.

There are various Mathematical languages which can be used to model a problem. For
discrete problems two of the more powerful techniques are Graph theory and Linear
Programming. So in the last couple of videos we have looked at some problems and how to
solve them using Linear Programming. Now in this video, we are back to Graph theory and
we will see how one can use it to solve the problem using Graph theory.

(Refer Slide Time: 01:14)

What is a Graph?

So to quickly revise what a graph is? A graph is something like this.
(Refer Slide Time: 01:24)



What is a Graph?

e Set of points/cireles/elements called VERTICES |

@ Sets of ]i|u~.~.,.-":|r'rm‘a'.=- hetween the VERTICES called
EDGES .

@ The vertices are representatives for certain ohjects/states.

o The edges represent relationships between vertices.
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We have a set of vertices and the set of edges which are basically arrows or lines between the
set of vertices. The vertices represent certain objects or states or something like that. The
edges represent relationship between the vertices so binary relations in particular and using
this kind of a structure we can represent various problems. So, for example, this is a set of
vertices and this is a set of edges that we have.

(Refer Slide Time: 02:03)

Advantages of a graph

o Mathematical way of expressing relations among ohjects.
o Very simple.

e Very general.
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Of course, advantage of a graph is that is it is simple and is very general. It is used for
representing expressing binary relations among objects. We have seen some of the examples
already.

(Refer Slide Time: 02:17)



Example: Friendship graph

@ Each person is a vertex.
o If two person are friends then there is an edge hetween the

respective vertices.

Used for understanding social networks, like facebook.
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A typical example is a friendship graph where every person is a vertex and if two persons are
frames and there is an edge between the respective vertices and we get a friendship graph
using this technique.

(Refer Slide Time: 02:35)

Directed Graphs

e Sometimes the relationship between the vertices may not
be reflexive.

e So we may want to add directions to the edges to represent
which direction the relation happens.

o Such a graph is called a directed graph.
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Or we can have directed when the relationship is not reflecting. In that case, we can add
edges in one direction | mean the edges can have direction and we call directed graphs. So the
edges can have directions and we have what we call that directed graphs.

(Refer Slide Time: 03:05)



Example: Internet Graph

e Every website is a vertex.
o If a website has a link to another website then there is a
directed edge from the first vertex to the second.

Used for web erawls by google.
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Now typical example of a directed graph is the internet graph where every website is a
vertex. And if there is a link from a website to another website it is a directed graph and we
get the internet graph which is used a lot by various search engines.

(Refer Slide Time: 03:24)

Example: Internet Graph
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So this is for particular kind of directed graphs. Do you think it is a shot of a internet graphs.
We have also have weights on the edges and in that case we have weighted directed graph.
(Refer Slide Time: 03:43)



Directed Graph

Weighted Directed Graphs
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For example, we can have weights like this and we get a weighted directed graph.
(Refer Slide Time: 03:52)

Example: Road Network

e Vertices are the cities

e Edges are the roads
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For example, because of road networks we can have vertices that are cities edges that are
roads and the weights can represent the distance between two vertices.
(Refer Slide Time: 04:02)
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For example, distance between Amsterdam to Berlin is 690 miles and so on. Similarly, air
connectivity, we can have if there is a vertices or airports and whether this is an edge between
them one vertex to the another if there is a flight between those two vertices.

(Refer Slide Time: 04:28)

Example: Air/Rail Connectivity
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Typical example you can see it in almost any airplane this map is usually there it is a directed

map of the air connectivity.
(Refer Slide 04:45)



Other Examples

e Many other problems in real life can be designed as a
problem in graph theory.

e So studying the structure of graphs and designing
algorithms for graph problems is an important field.
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There are many other problems that can be converted into Graph theory and hence studying
structure of graph and designing algorithms for graphs is an very important field.
(Refer Slide Time: 04:59)

Formal Definition to Graphs

o Vertices - set of elements.

V =450 068

o Edges - set of pairs of vertices.

];':‘c;..---‘r“}

ep = (vi, vj)
o Given the set of vertices and edges we have a graph

G=(V.E)

e An weight W : ' — R can be assigned to each edge. In
that case it is called an weighted graph.
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A formal definition we have seen this thing a many times we can have vertices which is set of
elements, edges which are pairs of objects, pair of vertices. The graph is given as the vertex
and the edge and there can be the edges can be weighted. Namely, there can be weights on
every edge. So there is a weight function from the edge set to the real numbers.

(Refer Slide Time: 05:27)



Problem 3: Telephone towers

There are N important locations in a city. The telephone
company wants to upgrade the infrastructure of some of its
towers so that at least in these N locations very good 3G
connection is available.

If a location is less than 1km from any tower that has improved
infrastructure then the location will get good 3G connection.

The company want to minimize its cost by upgrading as less
towers as possible.
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Now using all these things let us try to first solve the problem of the telephone tower problem
that we spoke about last video. So here basically you have N important locations and we want
to ensure that all the N important locations have 3G network. So for that to ensure that a
location has 3G network we have to first upgrade the infrastructure of some of the towers and

every of this N location must be in a distant less than 1 kilometer from at least one towers.

And it is still an optimization problem because we want to minimize the number of towers we
want to optimize.
(Refer Slide Time: 06:26)

o The set of important locations and the set of tower

locations are the set of vertices,

o If two locations is at distance Lkm from each other we
draw an edge between them.

Now let us try to model it as graphs. So let the important locations hence the v1 to vn and the
towers be in location T1 to TK. And if two of the locations are in distance 1 kilometer then

we will draw an edge between them. So the vertex there is V1 to VN and T1 to TK and if



there is a location if two locations are close to less than 1 kilometer distance we draw a edge
between them.
(Refer Slide Time: 07:04)

Modeling as a graph

By doing so, we get a graph of this sort something like this where the red vertices are the
tower locations and the gray vertices are the non towers locations and now what is it that we
want. Now what does this graph say? It says that this vertex A is distance less than 1
kilometer from D, but this for the vertex J is distance 1 kilometer from both C and E. So if A
has to get the 3G connection then D must be upgraded whereas if J has to get a 3G

connection either C or E has to upgraded and so on.

Now clearly particularly this is a toy example in the sense that the graph is not an original
graph, so it does not —exactly show all the complexities of this problem.
(Refer Slide Time: 08:08)



What the objective?

o Pick a subset of RED vertices ({¢.d. g.¢}).

e Define the variables o L Lo, L and the variables are
assigned 1 or 0 depending on whether the corresponding
vertex is chosen or not

o For all the vertices in the graph at least one of the neighbor
is picked.
Vb o If a vertex (say vertex b) has neighbors d. e, ¢ then we want
rd + Te + Te =

o We do it for all the vertices.

e Minimise the number of vertices picked.

o Minimize z, + x4 + 2, + x,
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But the main idea is we have to pick a set of rare cases Red vertices such that for all vertices
in the graph at least one neighbour is picked, one of the rare neighbour’s is picked and we
want to minimize the number of vertices picked. Now this is a typical problem we call it as a
Vertex Cover Problem, but this is just a formulation of the problem how do you come and

solves the minimum vertex of a problem is a different matter altogether.

So here | have used the graph tools, write it down another Vertex Cover Problem. Now how
do you solve them? So first of all, one thing you do is that we can now use LP formulations
on top of this. So, for example define for every vertex which is red let me defines the
variables XC, XD, XG, XE representing whether I choose that vertex or not which is 1 if |

choose the vertex 0 otherwise.

Now if I do it like that how do | ensure that all the vertex are at least one neighbour pick. So
that means take a vertex at B and if it has neighbour C,B and E then we have to ensure that
XC+XD+XG +XE > 1. This ensures that this is the XC, XD, XG, XE is 0 or 1. This can be
greater than 1 only if one of them is 1 which means one of its neighbours is picked. So if we
basically put the condition that for all vertex B withholds then we have the condition, the

whole condition.

And we are trying to minimize something. The minimization is of course we have to
minimize some work all the number of things that we are picking up not. It is not that here we
picked up the problem converted into a graph problem and kind of helped us to visualize

what is going on and that what helped us to write the LP formulation of this. Now this is a of



course a Vertex Cover Problem and it is very well studied problem.

And hence there is a big literature on this particular problem also. But in any case now that
we have done we have a set a variables. We want to minimize something such that this thing
holds and the variables are 0 and 1 and this is exactly the LP formulation of this problem.
Again as you might we call this is not exactly LP formulation because it has the variables is

not from or but it is from 0 and 1.

And hence we do not know how to solve this particular problem exactly. So we have to solve
this variable. Unfortunately, it is an integer Linear Programming and we might have to apply
things like randomization or the rounding technique that we talked about last class to solve it.
Of course, we can relapse the LP to get relapse this condition (()) (12:01) to the real number

between 0 and 1 in that case we get a reality we can solve it.

And then we can use the usual technique that we did last time to solve it. Now the main point
here is not how to solve it, but the fact that we can take the problem, use Graph theory to
model it or visualize it and then use Linear Programming to model that problem into defined
setups.

(Refer Slide Time: 12:36)

Problem 4: Scheduling Meetings

During a industry meet a number of meetings are scheduled.
Each meeting has a starting time and an ending time.

The meeting timings are not disjoint from each other. So if
meeting My and Ms has timing clashes they cannot be held in
the same room.

The HR has to decide what is the minimum number of rooms to
hook so that all the meetings are held peacefully.

Meetings | My | My | Mz | My | M; | Mg
Start time | 9AM | 10AM [ 12 PM | 11 AM [ 3PM | 2 PM |
End time | 1IAM | TIAM | 2 PM | 5AM | 5PM | 3PM
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Now let moving on to an another problem. Here is the scheduling problem that we have. Here
we have this 6 meetings that we have and the HR has to ensure what is the least number of
room to book such that it can arrange for the meetings we held in different rooms so that

there is no confusion or other two meetings which are clashing in time does not happen in



this same room. What is the minimum number of room to meet that?

Now again we can use Graph theory to solve this or to model this problem.
(Refer Slide Time: 13:25)

Modeling as Graphs

e Every vertex represents a meeting,

o There is an edge between two vertices if the two
corresponding meetings have time clash.

e We want to slot meeting in different rooms so that if there
is an edge between two vertices then the two meetings are

in different rooms.

e We want to color the vertices using colors such that no two

adjacent vertices have same colors.

o This is the famous Chromatic Number of Graphs
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So here we represent every meeting as a vertex and we draw an edge between two vertices if
there is a clash in time and we want to slot them in different room so that if there is an edge
between two vertices they happen in two different rooms. So in other words, we want to
colour the vertices using as little as less number of colours as possible. And this is what of
course we have done this problem it is the famous Chromatic Number of Graphs.

So in other words, we want to kind of assign the vertices to rooms in other words colours
such that no two adjacent vertex has the same colour. Question is that, what is the minimum
number of colours required to colour the graphs?

(Refer Slide Time: 14:24)



Vertex Color of Graph

a Vertex Coloring
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So if this is the vertex of course if we colour if we assign this one to the Red room then B
must be assigned to some other room which is the blue room and then C can be assigned to
Red room again then B has to be assigned to a new room cannot be assigned to Red and Blue
because A and B of Red and Blue and similarly you go on and we can assign various vertices

to the various rooms.

Question is that what is the minimum number of colours required to colour this graphs?
(Refer Slide Time: 14:58)

Application: Coloring of map
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The application of course as | have pointed out is available in various coloring of map and so
on.
(Refer Slide Time: 15:06)



Conclusion

Many problems can be modelled as Graph Problems.

e Some can be modelled using Linear Programming or other
optimization problem.

o There is lot of techniques in the literature to solve these
problems.

e The trick is to model the problem in a mathematical way
for which techniques are available.
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Now the main idea that | wanted to convey in this few video lectures is that many problems
can be modelled as graph problems. Some can be modelled using Linear Programming or
optimization problem. There is lot of technique in literature to solve this problem. One
important thing to notice how to model this problem in a Mathematical way, in different

Mathematical language.

Once, you know, how to write it in a different language then you can use tools from other
techniques to solve it. We have seen Graph theory and Linear Programming both of them are
subject by itself of whole course subjects. So | cannot go too much into details of Graph
theory and Linear Programming, but here the main point is that learning how to convert a
problem into a Graph theory problem or a Linear Programming problem or in some other
language is a very important and essential tool to have.

In the next video, we will look at other aspects of this map we will be moving away from

Graph theory.



