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Lecture - 30
Modeling of Problem (Problem 2)

Welcome back. So we have been studying the various techniques for modeling of problems
and we are looking at the Linear Programming approach to model a problem. So basic idea is
that given problem if we can model it in another Mathematical language then it might be
useful for solving the problem. There are various different Mathematical languages is that we
have and usefulness of converting it or modeling it in a different Mathematical language is

that we can use the technique from those Mathematical tools to solve the problem.

In this set of videos, we have been looking at how to model discrete problems using Graph
theory and Linear Programming. So we are doing it by looking at a few examples.
Refer Slide Time: (01:04)

Optimization Problems

Find a solution to a problem such that

o Maximize/minimize something (eg cost, profit)
o The solution should satisfy certain conditions.
For example: find the hest fit for regression, SVM optimization,

find the best k-means clustering.
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In the last video we looked at a particular problem we call that optimization problem. Now
what is an optimization problem? So optimization problem is something where you minimize
or maximize something like cost or a profit under certain set of conditions. Now this kind of
problem arise a lot in real life in industry and so on. So in fact in the modern world in the

subject of big data and so on.

We do have very obvious problems which are optimization problems. Now we have picked



up 4 such optimization problems and we will see how these 4 optimization problems can be
modelled in language of Linear Programming and Graph theory and that will help us to solve
the problem. Now the first problem that we looked at and this is something that we studied in
the last video is when we have looked at the best way of loading 3 wagons using by 4
different kinds of cargos when we have a restriction on the weights of where each wagon can
carry and the space that each wagon can carry.

(Refer Slide Time: 02:50)

Problem 2: Bang for buck in Advertisement

You have a marketing budget of Rs 6 ¢r and say you have
following marketing options, their cost, their paybacks and
resources needed. Also you have only 10 people handling the
advertisements.

Name Cost WEX[)(':[(-JR('«'N'll P(‘“I)I“
needed

> Cricket World Cup ~ Rs 3.5 cr 10 er people 5

IPL Rs 5.2 cr 15 er people 7

» ,[,h.“““ Ads in ["f\l‘ Rs |l.! cr f)‘-:) cr people 3
I'V ads (non-peak) ' Rs 0.9 cr | 2.5 er people |

TV ads (peak hours) = Rs 1.5 er 1 cr people |

Web ads Rs0.2¢cr | 0.5 cr people 2
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In this particular video, we will be looking at the second problem namely Bang for Buck in
Advertisement. Now what is this problem about? So it is about the marketing budget. So
imagine that you are one of the big person in the marketing for a company. Now you have
been allocated 6 crore and 10 people under you and your goal is to advertise your company in

such a way that you maximize the amount of number of people that you reach.

Now you can spend the 6 crore in different ways. Now here are the set of options you can
spend it on an ad during the cricket world cup. It will cost you 3.5 crore and expected reach
will be 10 crore people. But for getting the advertisement working and dealing with various
logistic issues, you need 5 people or you can decide maybe sponsor the IPL in which case
you will have to pay 5.2 crore.

And you will expect to reach something like 15 crore people, but the number of people
required to pull off this advertisement in 7. Similarly, maybe for an ad in the FM radio, you
will require only 0.1 crore and you expect to reach only 0.5 crore people, but the number of

people required is just 3 maybe you can think of TV ads during peak hours or non-peak hours



and so on. So you have this various options.

Of course, your goal is to spend this 6 crore in such a way that this total expected reach is
maximized and you don’t want to neither over spent more than 6 crore nor can you invest in
things for which you will require more than 10 people, for example, you cannot expect to
fund both cricket world cup and IPL. First of all, because you do not have that much fund
3.5+5.2 is way more than what your budget of 6 crore is but also this 5+7 is more than the
number of people that you have.

But maybe you can spend in IPL and the radio ad in FM because then the total expenditure is
less than 6 crore and the total number of people required is just 10 people. So under all this
circumstances what is the best thing to do? What is the best way of spending this money? So
this is a typical optimization problem. One important thing here is that | cannot say that okay

let me spend half I will buy half and ad in cricket world cup that cannot be done.

Either you decide to invest in cricket world cup or not. It is a 0, 1 setting. Similarly, for
something like in radio ads. It cannot be that okay | only spend 0.5 crore in radio ads. No,
you either spend 0.1 crore or nothing. So this is like you do not have an option of picking any
one of this ad options partially. So you have either go for it or not and this is what makes the
problem interesting. We will see it soon when we look at this problem in a short while.
(Refer Slide Time: 07:14)

Problem 3: Telephone towers

There are N important locations in a city. The telephone

company wants to upgrade the infrastructure of some of its
towers so that at least in these N locations very good 3G
connection is available.

If a location is less than 1km from any tower that has improved
infrastructure then the location will get good 3G connection.

The company want to minimize its cost by upgrading as less

towers as possible.
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So before | go on so let me quickly talk over the other 2 problems that we will be doing in the

coming videos. Namely, the problem number 3 is the telephone tower problem. You have N



important location in the city and you want to ensure that every up to the N location has good
3G connections. So for getting a good 3G connection, there must be at least 1 tower within

the radius of 1 kilometer that has the 3G options.

So the company now has to decide to minimize the number of towers if it wants to upgrade so
that every location in the city get same 3G options. What is the best set of towers to upgrade.
This is again another problem that one can imagine happens a lot of time in the telecom
industry and similar industries and we will be using our various modeling technique to solve
this problem.

(Refer Slide Time: 08:30)

Problem 4: Scheduling Meetings

During a industry meet a number of meetings are scheduled.
Each meeting has a starting time and an ending time.

The meeting timings are not disjoint from each other. So if
meeting My and Ms has timing clashes they cannot be held in
the same room.

The HR has to decide what is the minimum number of rooms to
hook so that all the meetings are held peacefully.
4N\ L
'\i(‘{‘lillf_’\ﬁ I 1/1 I \l_g | .‘/;; | ‘/4 I .‘I,', ‘ “l“
Start time | 9AM | 10AM [ 12PM [ 11 AM [ 3 PM | 2 PM
End time } 11AM ’ 11AM | 2 PM ) SAM l 5PM | 3PM
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The fourth problem is the Scheduling meetings. It is like an HR is trying to organize a
collection of meetings in a particular hotel and they have to book certain meeting rooms and
there are certain meetings that will be there, for example, the meeting 1 will be from 9 a. m to
11 a. m. meeting 2 will be from 10 a. m. to 11 a. m. and so on. Now if 2 meetings, for
example, meeting 1 and meeting 2 are in this joint times then you can have this two meetings

in the same room one after the another.

But if there are 2 rooms meeting 1 and meeting 2 and if they have a conflict in time then you
cannot have both the meeting in the same room in that case you have to book to different
rooms. Question is that how many rooms do we need to book to ensure that there is no clash
and everything happens perfectly fine. So this is again another example of minimization or

maximization problems and you look at the minimization problem.



We will be seeing how to model this problem also to get a proper solution.
(Refer Slide Time: 09:57)

Common Approach: Linear Programming

We can model many optimization problems in the form of
max(3x + 4y — 10z2)

under the condition,

This is called a Linear Programming (LP) .
There are packages to solve LP in R. Ipsolve
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Now the common approach to all of them is the Linear Programming approach. The idea is
that you maximize or minimize a Linear equation something like 3x+4y-10z. Under the
condition that some set of Linear equations are satisfied, for example, 5x+8y<15 or
7x+y+8z>4 or something. So this is a typical instance of a Linear Programming. You
maximize or minimize a linear optimization function under some we call them as linear

constraints.

Now crucial part is that what are this x, y, z? So these are variables, but are they taking Real
numbers, can they fractional value, can they take only integer value and so on. Now the most
simple one is when they take in value in the Real numbers and in that case we call that one a
Linear Programming. Now usually we can use Linear Programming to model acquired

number of problems.

We say it in the last video how to use Linear Programming to solve the problem 1. The good
advantage of using Linear Programming is that there are various nice packages in various
software to solve Linear Programming. It is a very well studied subject of course it is beyond
the scope of this course to tell me how to solve a Linear Programming in its full glory, but

there are packages or software or whatever that can use to solve Linear program.

So from the point of view of solving a problem it is pretty much good enough to reduce a

given problem to a Linear Programming or use Linear Programming to model a problem. So



in this case language art here is a way in which you can fit this Linear Program into language
and ask for a solution.
(Refer Slide Time: 12:22)

How to Solve the LP

e Linear Programming is a very well studied subject with
many different algorithms for solving Linear Programming.

o When the variables are allowed to take real values then LP
can be solved quickly in polynomial time.

e In most languages there are software libraries for solving
them (like Ipsolve in R),

e The trick is in modeling the problems in LP form.
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And the best part of it is that Linear Program particularly when the variables are taking real
values they can be solved in polynomial fact. There are nice software libraries that can use to
solve it. The biggest trick is how to model this problem in the LP form.

(Refer Slide Time: 12:50)

Problem 1: Transportation optimization

A trading company is looking for a way to maximize profit per
transportation of their goods. The company has 2 wagons available.
When stocking the wagons they can choose between 3 types of cargo,
each with its own specifications. How much of each cargo type should
be loaded in order to maximize profit?

Wagon | Weight Capacity (ton) | Space Capacity

Wi 10 5000
A S 4000
Cargo | Available Vol/ton | Profit /ton
G | 18 100 2000
'y 10 300 2500
s | 5 200 5000
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So in the last video we saw how one can use the LP to formulate or model the problem 1.
(Refer Slide Time: 13:00)



Problem 2: Bang for buck in Advertisement

You have a marketing budget of Rs 6 ¢r and say you have
following marketing options, their cost. their paybacks and
resources needed. Also you have only 10 people handling the
advertisements,

Name Cost | Expected Reach | People
needed

Cricket World Cup | Rs 3.5 cr | 10 cr people

)

IPL Rs 5.2 er 15 er people 7

Radio Adsin FM  Rs 0.1 er | 0.5 er people 3
TV ads (non-peak) | Rs0.9¢r | 2.5 er people |
TV ads (peak hours)  Rs 1.5 er 4 cr people 4
Web ads Rs02cr | O5crpeople | 2
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In this video let us look at the problem 2. Now just quickly recap what the problem 2 is. You
have 6 crore in hand and 10 people and you have to invest in various advertisement options.
Each advertisement options has a cost associated with it and the number of people required
and each of them has an expected number of people you can reach. Your goal is to reach as

much people as you can.

Under the condition that you do not spend more than 6 crore and you do not need more than
10 people. So what is a typical way in which we can start modeling?
(Refer Slide Time: 13:56)

Problem 2: Bang for buck in Advertisement.

&1,&9. L3, 24,25 are 0, 1 variables indicating YES and NO
Maximize 10z + 15x9 + 0.5x3 + 2.504 + 4 + 0.506

Under the conditions:

3507 + 5200 4+ 0.1y + 0924 + 1525 + 0226 < 6
Sy + Tra + 3rg + 4y + 4 + 206 < 10
T1,79,13, 24, 25,06 = 0 OR 1.

When the values of the variables are not Reals but integers then the
problem is NP-complete.
Cannot expect a quick solution,
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Now one point is that here we can decide let X1, X3, X3, X4, X5 these options basically are
saying that what is the proverb, I mean when (()) (14:10) basically saying whether I am going



to invest in this particular ad or not. So if X1 is 0, that mean, | am going to investing cricket
world cup, if X2 is - I do not invest in cricket cup, if X2 is 1 it means | am investing in the
IPL and so on. So if this is the case, now what is the expected reach of people? Now if X1 is
0 then number of people I get, reach is 10 crore times X right times X1.

If X1 is zero, | get zero, If X1 is 1 then | get 10 crore people. So we want to maximize the
expected reach which is of course this number, but we have some conditions. What are the
conditions? Now if | decide to spend in X1 if X1=1 I have to spend 3.5 crore. If X2 =11
have to spend 5.2 crore. So that means we have to ensure that total cost is met, total amount
of money that | have to pay is less than 6 crore and which can be modeled using 3.5 times
X1+5.2 and X2 and so on is less than 6.

And similarly number of people used can be modelled like this. Now this is a very much of
empty problems, we have to maximize some condition, maximize this under some set of
linear constants. So we have to maximize some constants under some set of Linear constants,
but the problem is that this X1 to X6 are not Real numbers they are 0 or 1. So this is what

makes it big problematic.

When the numbers are 0 and 1, we do not know how to solve the problem easily and in the
language of algorithm it is told that it is an NP complete problem meaning we do not expect
to get a very quick solution to this. So although we have managed to convert the (()) (16:50)
problem into an LP formulation, but since the XY cannot takes fractional values hence | do

not know how to solve this problem quickly.

So you cannot expect to have a quick solution to this problem. So can we do something else.
(Refer Slide Time: 17:12)



Problem 2: Bang for buck in Advertisement

Relaxation of Integer Linear Programming;:

1,29, 3, 4. x5 are 0, 1 variables indicating YES and NO
Maximize 10z, + 15ux9 4 0.5x5 4 2.5x4 + dxs + 0.5z

Under the conditions:

3.5xy + 5.2x2 + 0.1z + 0924 + 1525 + 0226 <6
bry + Trg + 3rg + 4y +4a5 + 205 < 10
Frotrrrer s —H-OR——

0<xy,r9,23,24, 75,76 <1

Ty,79,T3,T4,X5,T6 € R
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So the idea is that we can relax this integer Linear program by saying that instead of having
this condition of 0 and 1 that the variables are either 0 or 1. | can say that let this variable be
between 0 and 1 and now I will solve this problem. The problem is that it might give me an
answer something like X1 = Half which mean that okay X1 = Half meaning in this case by
half the advertisement in cricket world cup which might not be an option which is not an

option for me.

So it is a not a useful solution for my case. If | get a fractional solution to this LP.
(Refer Slide Time: 18:10)

Problem 2: Bang for buck in Advertisement

Maximize 10xy + 15ag + 0.5x3 + 2.5x4 + 4ag + 0.5x6

Under the conditions:
3.5 + 5200 + 0.1 + 0924 + L5xg + 0.206 < 6
51y + Tra + 3xg + 424 + 475 + 225 < 10

aOR 1
=

R
0 < xq,ir9, 29, 14, 05,26 < 1

Ty, &9,y 4, 5, 06 € R

Let &y = py, wa = pa, w3 = pa, a4 =pa, €5 = p5. @6 = p be a

solution.

We have to get a 0,1 assignment of s from the ps.

One Technique: Assign a; = 1 with probability p; and 0 otherwise.
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So if I have a fractional solution to the LP I might get a solution like X1=P1, X2=P2 and so
on till X6. X6=P6 but P1 to P6 are not necessarily 0 or 1 but some fractions. Now what do we

do with this P. For our purpose we have to get a 0, 1 assignment to the exercise. Now here



there are various techniques to solve it and | am just giving you one of them. This is the most

case the only option, but here it is the assign X1=1 with probability Pl and O otherwise.

Now this basically means that | first solve the relaxed LP get the solution and depending on
the fractional values of the variable that | get I get a 0, 1 assignment. And one thing to see is
that the expected return now for people who are familiar with probability I am talking about
this expected return if you are not familiar with probability do not worry this is not something

to be too much cares about.

It basically says that this still gives us a reasonably good solution. It basically says that on
expectation this is a pretty good solution and we get a good outlook. Now the main reason
why | started this problem is that to pickup the example is that again this is an example where
| took the problem, you converted to an LP you could not solve the LP, but still there was the
whole literature using which you can still get a good enough answer to the LP using various

ethics.

So in general, whenever you have to solve a problem the good technique to is that how can |
use Mathematical languages to solve these problems or reduce this problem or model these
problems. And LP is one of those nice tools to have.

(Refer Slide Time: 20:50)

Approximate Solutions

e The LP solver gives the optimum solutions over reals.

e But if we have an integer linear program and then we relax
it and solve the relaxed LP and then pull back the integer
solution then it may not give the optimumn solution.

e But. in many cases, we can mathematically prove that the
illTn‘j_'_vl' solution we (vl»T;iiH by T||:_~ process is very close to
the optimum.

e This is the field of Approximation Algorithm
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The good thing of this thing is that the LP solver gives us optimum solutions and kind of the
LP solver gives him optimum solutions over Reals, but if we have an integer Linear program

then we can somehow get a solution that is not too bad from the optimum solution and this



basically talks about a new kind of algorithm called approximation algorithm. I do not want
to go into it. This is not in the scope of this particular subject.
(Refer Slide Time: 21:29)

Real vs Integral solution

LINEAR PROGRAMMING

Function to maximize: f{x, y) -6 x4 5°

Now why is an integral solution harder to get in a real solution let me not go into too much,
but this is one of the picture that kind of explains why finding an integral solution can be a
harder job than finding a real solution.

(Refer Slide Time: 21:55)

Linear Programming is useful

o Many optimization problems can be formulated as linear
programming.

e Linear Programming over Reals can be solved easily using

softwares like Ipsolve

o If the Linear Programming is over integers then relax the
Integer Linear Programming to obtain a Linear Program
over Reals.

o Use the solution to the Linear Programming to obtain
solutions to the Integer Linear Programming (using some
tricks).
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So anyways wrapping up many optimization problems can be formulated as Linear program.
Linear program over Reals can be solved quickly. If the linear program is over integers then
one can relax it to get a linear program over Reals and then make some use of that linear the
solution for the linear program over Reals to understand something about the actual problem.

So this is a quick introduction for you guys to how to model using Linear Programming.



Let me also say that this is a very rich area officer and a completely different course is
possibly required for this thing. There are certain other various some conditions that can be
used to handle this optimization problem and | am not going to talk too much about it. Now
we are still left with these 2 problems the telephone tower problem and the meeting
scheduling problem. We will be discussing this one these two top problems in the next video.

Thank you.



