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Problem: Tournament problem

Let n > 1 be an integer. In a football league there are n teams.
Every two teams have played against each other exactly once,
and in match no draw is allowed. Prove that it is possible to
number the teams in such a way that team i beats (i + 1) for

Welcome back, so we have been looking at the Tournament problem. So the problem states
that in a football league there are n teams, any two team or every two team has played against
each other exactly once, and either of the teams has won. So there is no draw. Prove that, it is
possible to number the teams in such a way that team i defeats team i plus 1. That means
team one defeats team two, team two defeats team three, team three defeats team four and so
on. In the last video lecture, we saw how to model this problem as graph.
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How to solve the problem

Model the problem in a language that can help us visualize the
problem better.

We model our problem using Graph Theory.

So as a quick recap let us go over it on.
(Refer Slide Time: 00:53)

o Edges - set of pairs of vertices.

E '{fl ..... (',,,}

ex = (vi, ;)

o Given the set of vertices and edges we have a graph

G=(V.E)

So, what is the graph, a graph is a set of vertices and a set of edges, which are basically pairs
of vertices. A graph is given as v, e, where v is the set of vertices and e is the set of edges.
(Refer Slide Time: 01:11)



Basic Definitions

o Let G = (V. E) be a graph.

o If (u,v) € E implies (v,u) € E then it is called an
undirected graph.

o An weight can be assigned to each edge. In that case it is

called an weighted graph.

Now there is some basic definition of graphs. First of all, if u, v is an edge and that implies
that v, u is an edge, then the graph is undirected and we can also have weights on the edges
for our need as and when we will need.
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Basic Definitions

o Let G=(V.E) be a graph.

o If there is an edge from vertex u to v we say v is a neighbor
of u

e For an undirected graph the total number of u such that
(u,v) € E is called degree of v.

Also if there is an edge from u to v, then we call v is the neighbour of u and in an undirected
graph, the number of neighbours that v has is called the degree of v.
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Example of a graph

a Weighted Directed Graphs
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So pictorially, we draw the graphs as this kind of blocks representing the vertices a, b, c, d, e,

f, g. The edges which are basically pairs of vertices are represented by line drawn between
those two corresponding vertices. So that is here a, d or d, a is an edge. Well, a, ¢ is not an

edge. This is called an undirected graph.

Of course for our need, we might have weight from this edges and then we have all this as
weighted undirected graphs and when the binary relation is not symmetric that means a, d is
not same as d, a then we represent it using arrows like this. So arrows which represent here
that as an edge from d to a, but there is no edge from a to d. So it is the non-symmetric binary
relation In this case, we call it as a directed graph.
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Advantages of a graph

o Mathematical way of expressing relations among objects.

o Very simple and very general.

o Many other problems in real life can be designed as a
problem in graph theory.

o So studying the structure of graphs and designing
algorithms for graph problems is an important field.

Now, we have already seen how a graph can help in visualising a problem. In general graphs



are very useful for expressing relations, which is a very key component in many problems
that we handle. So many problems in real life can be designed as problems in graph theory.
We will see more of this in the coming weeks and so studying the structures of graph and
designing algorithms is an important field in graph theory.
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Introduction to Graph Theory

There are a number of properties/structures in graphs that
keeps of arising again and again. We we have special names for
theses.

Paths: Given a graph G = (V. E) a path from u to v (v,v € V)
is a sequence of vertices vo, vy,..., v such that vg = u, vy = v
and for all 0 <i < (k—1) the edges (v;,vi;) is in E.

To some properties of graphs are used more often than not rather when we represent
problems in graph, certain properties keeps coming up again and again. For them we have
special names and this kind of start a new subject (()) (04:16), so one such thing is the path.

So what is the path, a path is a set of sequence of vertices.

So the path from u to v, the sequence of vertices vO v1 will vk by the first vertex vO is u and
the last vertex will be vk is v. And there is an edge between vi and vi plus 1, that means there
is an edge between v0 and v1 from v1 to v2 and v2 to v3 and so on.
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a Path from g to a
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So for example, here if | want to draw a path between g to a, we can have this as a path, g, f,

d, a, is the path.
(Refer Slide Time: 05:11)

Path from g to a
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In a graph, one can have multiple path for example, where this is the path g, e, ¢, b, d, a, is the
path. Now, we are looking at an undirected graphs so we do not care about the direction of

the edges.
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a Directed Path from g to a
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But if the graph is directed for example is this. In that case, as you can see this following the
red path is not exactly a path because g, e is fine, we can have a path from g to e, a from e to
¢, ¢ to b, but there is no edge from b to d. So this b to d is a problem. But there is a path from
g to a in this graph, which is this one.
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a Directed Path from g to a
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This is a path fromgtoa, g, e, ¢, b, a, right.
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Connectivity

We say “u is connected to v” if there is a path from u to v.

An undirected graph is called connected if for every vertices u
and v there is a path from u to v.

In an undirected graph if there is path from u to v there is a
path from v to .

In an undirected graph, as in anywhere, in any graph, we say u is connected to v if there is a
path from u to v. In and undirected graph, this concept of connectedness forms an equivalent
relation and there is a path from u to v there is a part from v to u. An undirected graph is
called connected, if every pairs of vertices in this graph is connected to each other by a path.
(Refer Slide Time: 06:50)

Hamiltonian Path

For any graph G = (V, E) a Hamiltonian Path is a path that
touches every vertices exactly once.

A graph may or may not have a Hamiltonian Path.

If there is cycle that touches every vertices exactly once then it
is called a Hamiltonian Cycle.

There are different kinds of paths that we also study, one of them which is important for us
for this problem is the Hamiltonian path. Hamiltonian path, the path that touches every
vertices exactly once. A graph may or may not have a Hamiltonian path and if | have a cycle
that touches every vertex that we exactly want we call it as Hamiltonian cycle. So this
Hamiltonian path or Hamiltonian cycle are of extreme important and has been studied quite
thoroughly.
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Hamiltonian Paths

a Hamiltonian Path
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So let us quickly take a look at what does it look like. So in this problem, in a directed graph

you can see that if this is the path from e to a, e, g, f, d, b, a, but it is not a Hamiltonian path
because it does not touch every vertex. For example, it does not touch the vertex c. You can
convince yourself by playing with this graph that this graph does not have a Hamiltonian
path.

(Refer Slide Time: 08:24)

Hamiltonian Paths

a Hamiltonian Path

But if we grow at a from c to e, in that case, so if you have just now drawn this edge, this
direction edge okay.
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Hamiltonian Paths

a Hamiltonian Path
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In that case, we can have a Hamiltonian path namely just once, c, e, g, f, d, b, a. Note that the
original levelling of the vertices is just irrelevant. In the Hamiltonian path is just a path from
some other vertex where every a vertex is appeared once. So if you are for example, we have
marked this one at the first, second, third, fourth, fifth, sixth and seventh right. So the original
levelling is not something of that importance once.
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Graphs help us to visualize

Let n > 1 be an integer. In a football league there are n teams.
Every two teams have played against each other exactly once,
and in match no draw is allowed. Prove that it is possible to
number the teams in such a way that team ¢ heats (i + 1) for

Can we model the problem using graphs?

Now coming back to the problem that we have, we basically looked at this problem and
converted this problem into a problem in graph theory, how.
(Refer Slide Time: 09:34)



Modeling the problem

e Let the vertices be the teams. So there are n vertices

o There is an edge from v; to v; if the team v; defeated v;.
e So the graph is directed.

@ Between any pair of vertices v; and v; either there is an
U(lg(‘ from v; o v; Or an ('(1},;(‘ from (o to v;. We call such a
graph a Tournament.

o Is there a path where every vertex appears exactly once.

We consider the n vertices v1 to vn as the teams and edge drawn, view a edge from vi to vj if
team vi defeated team vj. Now if you recall, if vi defeated vj then vj does not defeat vi,
because they play only one game between them, which means that the graph is directed and
the other thing is that between any two pairs of vertices since any two teams played at least
one game and the game did not end in a draw, so there must be an edge one or the two

directions.

So that means, either there is an edge from vi to vj or a edge from vj to vi and what we have
to find, we have to kind of find a number defeat vertices in such a way that the first vertex
defeats second vertex, second vertex defeats third vertex, third vertex defeats fourth vertex in
the n of vertices. In other words, | want to have a path from one vertex and some other vertex

where the path is directed and every vertex appears exactly once.

So the question is that is there a path from where every vertex appears exactly once. By the
way, this kind of a graph where between any two vertices there is an edge and it is oriented in
one of the two direction is called a tournament. And as you have seen already, a path that
touches every vertex is the Hamiltonian path.
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Modeling the problem

e Let G be a tournament.

o Prove that there is a path that passes trough every vertex
exactly once.

o Such a path is called a Hamiltonian Path.

o So prove that every Tournament has a Hamiltonian Path.

So in other words, what we are asking is that, if G is a tournament, prove that there is a
Hamiltonian path right. So prove that every tournament has a Hamiltonian path. Recall that
we just sometime we were told that not every graph have a Hamiltonian path. So this is the
statement in graph theory (()) (12:03), which states that every tournament as a Hamiltonian
path.

(Refer Slide Time: 12:10)

How to prove it?

Hint: Induction.

Now how do you prove it, of course the hint in induction.
(Refer Slide Time: 12:16)



Induction on Graphs

We will prove it using induction.

We will induct on number of vertices n. (The number of
vertices in n.)

Let P, be “a tournament on k vertices has a Hamiltonian Path.”

For all k prove Py, is TRUE.

And how we go about it, so you prove it by induction. Now whenever we have a graph theory
problem and we have a induction in her hand, we can induct on a number of things, we can
induct on number of vertices, you can induct a number of edges, we can induct a number of
cycles and so on and so far. In fact, we will show you a quite number of proofs using various

kind of inductions.

But in this case, we will be inducting on the number of vertices. So here we have to split up
into small parts as well do in any induction case and we have select pk be the statement that
tournament on k vertices has a Hamiltonian path. And we have to prove that for all k let pk be
true.

(Refer Slide Time: 13:09)

Induction on Graphs

Let P. be “a tournament on k vertices has a Hamiltonian Path.”

Steps to be done:
o Base Case: Prove for n =1
o Induction Hypothesis: Let for some k we have Pj.

o Inductive Step: Assuming the Induction Hypothesis prove

Py.;1 is TRUE.

So of course, if this is the pk, that the tournament on k vertices has a Hamiltonian path. We



have to do three steps. First of all, base case, induction hypothesis which where we say that
okay let it be true for some case and then assuming that we know that it is true for some k,
prove this induction, case for k equal to pk plus 1 right.

(Refer Slide Time: 13:37)

Induction on Graphs

Base Case: k= 1,2. Easy

Now the base case, so k equals to one and two is just for simply sitting as second both the
cases. Now what does the case, so k equals to one, | have only one vertex. It does not make
any sense. K equals to two, | have two vertex and of course there is a edge from one to the
other and hence | have a Hamiltonian path right. So if again it is a separate easy thing. So the

base case here in both the cases are pretty easy.

So this is a Hamiltonian path, so | just have to number this one as one and number this one
two and we get this one.
(Refer Slide Time: 14:21)



Induction on Graphs

Base Case: k= 1.2. Easy

Induction Hypothesis: Let for some k we have P is true.
Inductive Step: Assuming the Induction Hypothesis prove

Py.; is TRUE.

Important Note: For inductive step always start for an instance
for which you have to prove the statement.

In this case: Let G be a tournament of (k 4 1) vertices.

Now the induction hypothesis says that for some k, we have pk is true and you will be using
that we have to prove that it is true for pk plus 1. Now whenever we do graph induction on
graph, this is something that very crucial that we should always start from an instant for
which we have to prove a statement. So here we have to prove the statement for pk plus 1
which means that you start with the tournament on k plus 1 vertices.

(Refer Slide Time: 15:01)

Inductive Step

Induction Hypothesis: Let for some k we have .
Inductive Step: Assuming the Induction Hypothesis prove
Py.4y is TRUE.

Let G be a tournament on (k + 1) vertices.

To prove G has a tournament.

Let v € V. Consider G \ v.

Now notice G \ v is a tournament on k vertices.

So you start with the tournament of pk plus 1 vertices. If we have to use the induction
hypothesis, we have to reduce the problem into a smaller case, so how do we do it. If you
remember in the last problem that we did, we do all this hand shake problem, we picked up a
pair of vertex of a particular kind and then inducted on that. So here if you have to prove that

G is a tournament, we start with any vertex V.



Now how does it look like, so here with a graph G and I picked up a vertex out of it. So this
is V and this is G minus V right and there are edges from V to all the vertices in G minus V
and they are oriented in some direction, if we do not know. Now one thing to notice that, this
graph G minus V, if in fact, a tournament on k vertices. Original graph or G or the

tournament on k plus 1 vertices,

| remove one vertex so the number of vertices in G minus V is k and why is G minus V a
tournament because any edge between any two vertex in G minus V there must be an edge
and is direct in one of the (()) (16:44) that is the definition of tournament right. And since G
was the tournament originally so this must also be a tournament between a to vertex there
must be an edge. So I can apply induction hypothesis on this problem right.

(Refer Slide Time: 17:02)

Inductive Step

g
.
Let G be a tournament on (k + 1) vertices.
To prove G has a Hamiltonian Path.
] N
LetveV.
G \ v is a tournament on k vertices.

By Induction Hypothesis G \ v has a Hamiltonian Path.

Let it be vy,.. .. U+

So assume that, so we start with the V, we look at G minus V that the tournament on k
vertices and the induction hypothesis, it has a path right. Now what does it mean by that so let
us try to draw it again once again very carefully. So G has a Hamiltonian path so that means
G must have some set of vertices, a Hamiltonian path, say this is the Hamiltonian path. Well

we drawn the vertices in blue.

So we have somehow renamed the whole set of vertices and we have got things like a is the
one is V1, second one is V2, till the last one is VK and | got a Hamiltonian path. That means
there is a age from V1 to V2, V2 to V3 and so on till Vk. And | have the V sitting over here,
this is the V. Question is that how is the V connected to rest of them. So let V1 to Vk be the

Hamiltonian path.
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Inductive Step

Let G be a tournament on (k + 1) vertices. v
To prove G has a Hamiltonian Path.

LetveV.

G \ v has a Hamiltonian Path vy, ..., V.
Now how are the edges from v to vy, ..., g oriented.

Case 1 There is an edge from v to vy.
Case 2 There is an edge from vy to v.

Case 3 There is an edge from v; to v and from v to vy.

We will prove that in all the cases we can get a Hamiltonian
Path in G.

So we have this G minus V is a Hamiltonian path and this has the path V1 to Vk. Now how
are the edges in V1 to VK oriented. So look at the edge from V1to V, V2to V, V3to V and
by going so till the end. Now we have split the whole cases into three cases. The first case,
there is an edge from V to V1 something like this. Second case, is there is a age from Vk to V
and in the third case, neither of them happened that means there is an edge in opposite
direction V1 to V and V2 to VK.

Now in each of these three cases, | will show that | can extend this Hamiltonian path V1 to
Vk to a Hamiltonian path on G (()) (19:49) one V1 to Vk and V. Although note that this three
cases are covers all the cases okay because this is one case V2 to V1, VK to V and the third
case is neither of the above two happens. For any of the cases we will show that we can
extend it. So we will prove that in all the cases we can get a Hamiltonian path on G.
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Case 1

Let G be a tournament on (k + 1) vertices.

To prove G has a Hamiltonian Path.
LetveV.

G \ v has a Hamiltonian Path vy, ..., Vk.
There is an edge from v to v;.

Then v, vy,..., v is a Hamiltonian Path in G.

Now let us start with the first case. In the first case there is an edge from V2 to V1, if that is
the case can you see a Hamiltonian path here. Hamiltonian path is a path on k plus 1 vertices.
And yes there is the Hamiltonian path. V, V1, V2, V3 till VK. There is a edge from V2 to V1
great. So in the case one, there is a Hamiltonian path on the whole graphs. Note that the
whole graph, this whole graph is the G graph right.

(Refer Slide Time: 21:09)

Let G be a tournament on (k+ 1) vertices.
To prove G has a Hamiltonian Path.

LetvelV.
G ~ v has a Hamiltonian Path vy, ..., k.
There is an edge from vy to v.

Then wvy,..., vk, v 1s a Hamiltonian Path in G.

Now let us look at the case two. Case two is that there is a edge from Vk to V. If there is an
edge from Vk to V, can you see V Hamiltonian path. Again yes, | have V1, V2, V3 till VK
and then to V. So V1 to Vk, V is a Hamiltonian path in G great. Now we come to the third
case.
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Case 1

Let G be a tournament on (k + 1) vertices.
To prove G has a Hamiltonian Path.

Let ve V.
G ~ v has a Hamiltonian Path vy,..., V.

There is an edge from vy to v and from v to vy.
o o e A
AP 8.y Ve ky
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Third case is neither of this two happens right. So there is an edge from V1 to V, we will
draw them, there is an edge from V1 to V and the edge from V2 to VK. Now one this is the
case unfortunately, we cannot obviously extend it a Hamiltonian path. There is no
Hamiltonian path can be seen here in this picture right now. But what happened if there is a
edge from V2 to V2 like this, in that case | will then plot an Hamiltonian path which is V1,
V, V2, V3, V4, V5, so | first start with V1, V, V2, then V3, then V4 and so on.

So V1,V, V2, V3, V4till Vk would have been a Hamiltonian path. But again then there is no
guarantee of that also right. What is the guarantee that the edge between V2 goes in this
direction, downward direction, it might be that edge is actually going upward. In that the (())
(23:16) if I have a edge going from V2 to V3, | would again get a path which is in the case
V1, V2 then V then V3, then V4 till Vk okay.

But problem is that even then there is no guarantee that | would have got the, | could have
this path from V3 to V going the opposite direction like this. Now question is that, can |
always have path going in the upward direction, answer is no, because all the parts are going
in the opposite direction but at the end V2 to V1 that V2 to Vk goes in the downward
direction.
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Case 1

Let G be a tournament on (k + 1) vertices.
To prove G has a Hamiltonian Path.

LetveV.

G ~ v has a Hamiltonian Path vy, ..., U

There is an edge from vy to v and from v to vy.

Then there must be an i such that (v;,v) and (v, viy;) are edges.

In that case vy,..., Ui U, Vis, - - ., Uk 18 @ Hamiltonian Path in

G
So there must be an i where | have a from Vi | will have a edge going up and the Vi plus 1 as
a edge going down. Vi to V, this is the i and this is the i plus 1. Vi to V and V2 to the i plus 1
and in that case we will have a Hamiltonian path which is of course V1 to Vi then Vi from

there will go up to V then V2 Vi plus 1 and then completed to Vk.

So thus in this case also we will get the solution. Of course this is something | made a
mistake, this should be three, this is the case number three. So in a crucial part, here was
understanding this statement that there exist an i such that Vi to V and V to Vi plus 1 edges.
So we have proved that for all the three cases, we can state the Hamiltonian path on G minus
V to the Hamiltonian path of G.
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Let G be a tournament on (k + 1) vertices.

We prove that In one assume that any tournament on k edges
has a Hamiltonian Path then G also has a Hamiltonian Path.

We use Induction and Case Analysis.

And hence by induction hypothesis, we have the proof that any Hamiltonian, any tournament



has a Hamiltonian path.
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We proved the Tournament problem

Let n > 1 be an integer. In a foothall league there are n teams.
Every two teams have played against each other exactly once,
and in match no draw is allowed. Prove that it is possible to
number the teams in such a way that team i beats (i + 1) for

In the next video lecture, we will be, so we have proved this particular big tournament
problem in this video lecture.
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In the next class....

For natural number p and ¢, the Ramsey number R(p, ¢) is
defined as the smallest integer n so that among any n people,
there exist p of them who know each other, or there exist ¢ of
them who don’t know each other. Prove that Note that
R(p.1) = R(L,q) = 1. Prove that:

Q Rip+Llg+1)<R(pg+1)+R(p+1yg)

~ptq—2
@ Rip.q) <Y

The next video lecture, we will be looking at the Ramsey number problem and a new

understanding on graph theory, new concept of graph theory will be useful. Thank you.



