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Lecture - 24
Tournament Problem

Welcome back. So, we have been looking problems and how to solve them by using graph
theory and induction and various other proof techniques that we have learned so far.
(Refer Slide Time: 00:15)

Problem: Handshake problem

Let n > 1 be an integer. In a football league there are n teams.
Every two teams have played against each other exactly once.
and in match no draw is allowed. Prove that it is possible to
number the teams in such a way that team ¢ beats (i + 1) for
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So, in this video lecture, we will be looking at this problem that we had discussed couple of
videos ago. So, it says that in a football team there are n teams. Every two team has played with
each other exactly once and there is no match indefinite draw. So, either of one of the team must
have won. Prove that it is possible to number fifteen in such a way that team i with i + 1 for i
equal to 1 to n minus 1.
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(Graphs

e Vertices - set of elements.

o Fdges - sel of pairs of verlices.

e Given the set of vertices and edges we have a graph

G=(V,E)
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Now to solve this problem we would first like to use graph theory to model this problem and that
would help us to solve it, visualize the problem. So, quick recap of graph theory. So, we have
vertices and we have edges which are pairs of vertices and this constitutes of graph. The graph is
give as the set of vertices and set of edges. Now, there are some basic definitions that are there
and they are.

(Refer Slide Time: 01:39)

Basic Definitions

e Let G = (V.E) be a graph.

o If (w.v) € £ implies (v,u) € E then it is called an
undirected graph.

@ An weight can be assigned to each edge. In that case it is
called an weighted graph.
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So, if uand v is in the edge implies v as u in the edge in other words that relationship is reflected
we call it an undirected graph. Sometimes weights are assigned to the edges and in that case is a

weighted graph.



(Refer Slide Time: 02:10)

Basic Definitions

e Let G = (V. E) be a graph.

o If there is an edge from vertex u to v we say v is a neighbor
ol u

o For an undirected graph the tolal mumber of « such thal
(u, ) € E is called degree of v.
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If there is edge between u to v we say v is neighbor of u and in an undirected graph the degree of
v is the total number of edges that is going out of u now v.
(Refer Slide Time: 02:31)

Example of a graph

Weighted Directed Graphs
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So pictorially we represent the graph as it is blocks so here the vertices are a, b, ¢, d, e, fand g
and we can denote the edges or the relations by lines drawn from one block to the other So here
for example this gives us the graph the edges are drawn between a and b, a and p, b and p and so
on. There is no edge between a and ¢ which means that a and c are not related. It is binary

relation. Now there can be edges away from the edges and in that case, we call it weighted



undirected graph and sometimes edges need not be undirected in the sense thatdto a, andato d

might be different.

In that case, we get directed graph and if you notice using this arrow. So the arrow says that there
is a graph, there is edge from d to a. This arrow is the arrow in both sides it means that there is
edge from a to b and that edge from b to a. So, this helps us to represent graph or binary relations
which are not reflexive.

(Refer Slide Time: 04:20)

Advantages of a graph

@ Mathematical way of expressing relations among objects.

a Very simple and very general.

@ Many other problems in real life can be designed as a
problem in graph theory.

@ So studying the structure of graphs and designing
algorithms for graph problems is an important field.
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Now, there are various advantage of using a graph namely the graph are very simple objects and
that they are very simple and very general. So, many problems in real life can be designed as
problems in graph theory. So, starting the structure of graph and designing the algorithm for
graph is an important field and hence studying graph in general with various properties can be a

way of coming up with a uniform way of assessing various set of problems.

In this video, we will be looking at some more properties of graph or structure of graph that we
will be studying.
(Refer Slide Time: 05:07)



Introduction to Graph Theory

There are a number of properties/structures in graphs that
keeps of arising again and again. We we have special names for
theses.

Paths: Given a graph & = (V, £') a path from u to v (u,v € V)
is a sequence of vertices wg, vy, ..., v such that vy = w, vy = v
and for all 0 < i < (k—1) the edges (v;,v41) is in E.
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So, as an introduction of graph theory there are various properties and structure that keep arising
again and again. We have special names for this kind of structure or property and you would like
to study them. So here is one of them it is called the path. So, given a graph a path from u to v is
a sequence of vertices v o to v k, k can be any number such that first one is u the last one is v and
for all edges the edge demark edge from vitovi+1orvifromthevi+ 1 is an edge should be
edge second. So this is called a path.

(Refer Slide Time: 06:13)
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So, let’s quickly see some example so if this is a graph and I want to see whether there is a path

from g to a. So, this is a path there is path in the sense that | can go from g to f, from f to d and



from d to a. So, in this case the path that we ride is g, f, d, a. So, thisis v 0. Thisis v 1. This is v
2 and this is v 3. As you can see v 0 equal to g, v 3 is a and there is an edge between v 0 and v 1.
There is an edge between v 1 and v 2 which is an f and d and there is an edge between v 2 and v
3 whichisdxa.

There can be many paths of g to a. For example, this is a path, where as | can also have this path
gtoe,etobandbtoais also a path from g to a. So, g e b a is a path from g to a. Similarly, this
is another path from g to a, somewhat more coagulated path g e ¢ b d a. Now, if graph is a under
a is directed for example if this is a direct that | have denoted by the arrows then this is not a path

from g to a. Why?

Because this a d to b is going to the opposite direction. If | have to go from g to a, then | have to
go fromgtoe, etoc, cto b but | cannot go from b to d with edge is going in other direction. So,
one good way of thinking about graph as if these are city and they are road connecting the city
and there are roads on one way sometimes or maybe you can think of flight. There are flights
from g to e. There is a flight from d to b but there is no flight from b to d.

But when we are asking from path from g to a it is basically saying can | go from if city is g to
city a, by using a sequence of flights. But this is not a valid thing valid path from g to a. But |
would like you to fly from g to e. | will be able to fly from e to c. I would limit to fly from c to b.
But I cannot fly from b to d. This edge is in the opposite direction but we can come up with
another path from g to a namely this one. And then we get a path from g to a.

(Refer Slide Time: 09:23)



Connectivity

We say “u is connected to v if there is a path from u to v.

An undirected graph is called counected il lor every veriices o
and v there is a path from u to v.

Tnoan undirected graph il there is path from o to o there is a
path from » to u.
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Now, this also helps us defining the next big concept which is called connectivity, we say u is
connected to v if there is a path from u to v if the graph is directed it means the directed from u
to v. In an undirected graph since there is no one-way direction you can see for yourself that if
there is path from u to v then there is path from v to u and if a graph any two vertices can be

reached from one to the another then we call that graph a connected graph.

So, in another words the graph connected if | can go from any vertex to any other vertex may be
through some direct complicated (()) (10:27). If something like you have a set of cities in India
and there are flight networks that goes across the cities. Is it possible to go from any city in India
to any other city in India using flights? And if it is so then we call it a connected network or a
connected graph.

(Refer Slide Time: 10:54)



Problems on Paths

Given any graph & prove thal the relation *u is connected Lo
" is an equivalent relation.
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So, one problem that | would like to assign you is that prove that the relation u is connected to v
is an equivalent relation. If we have to look at equivalent relation, means our first week and it is
relation that means u is related to v if u is connected to v. They prove that it is equivalent
relation.

(Refer Slide Time: 11:28)

Connected Components

In an undirected graph the set of vertices connected to a vertex

u is called the connected component of u in the graph.
Sl pgialagos 3 imdsn:

A graph can be written as a disjoint union gf Febagd
l=)
components. ' ? :
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So, moving on once you have equivalent relation it is not hard to prove from the definition or
from the properties of equivalent relation that the whole graph will split into equivalent classes
we call them the connective components. So, connected components of a graph is the component

where any two vertices are connected. The graph can be written as a disjoint union of connected



components. For example, if | have a graph like this note that the connected component if this is

the whole graph and the connect components are this is one connect component.

This is the other connect component and this is the other connected component. There are three
connected components here.
(Refer Slide Time: 12:53)
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Now sometimes we can have paths that end up in itself so then we call it as cycle. For example,
this is a cycle. | can start fromb 1 cangotoa, d I goto f. I go to ¢, go to e and come back to d.
So, cycle is a collection of edges that bring me back to my starting vertex. So, that is called a
cycle. In an undirected graph again, we do not have to vary all direction of the edges but when
the graph are directed then we have to worry about it. So this is another cycle that is there ab, d e
but once we put the edges there we see that this is not exactly a directed cycle.

Why? Because | can start with e go to b if this is fine, b to a but I cannot go from a to d, neither
can | go in the opposite direction. For example, | cannot start e and go into d first. So,
irrespective of which way | go, I cannot come back to my place following the set of edges. So,
this is not a cycle but this one is a cycle, direct cycle. Why? | can go fromgto f,ftoeandetog
because a, d to g exists. So this is a directed cycle.

(Refer Slide Time: 14:39)



e A directed graph that has no cycle is called an acyclic
oraph

o A connected nndirected graph that does not have a cycle is

called a tree.
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So, if a directed graph does not have a cycle because it has acyclic graph and in a connected
under acyclic graph that has no cycle we call it a tree. This is a very important concept we will
come back to this concept again and again in this next few videos. Trees are very important
objects they are undirected acyclic graph or undirected graph that do not have a cycle.

(Refer Slide Time: 15:16)

@ A connected undireeted graph that does not have a cyele is
called a tree.

a A lree thal touches every verlex is called a spanning tree.
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For example, here in this graph this is a tree, set of red edges forms a tree. Note, that by looking
at the red edges, red edges were only part of the graph if there was not any cycle. So, red edges
do not form a cycle at all. So, this is a tree. We can have many trees. This is another tree. So, I

mean that the red edges are the tree edges. So, connected under the graph that does not have a



cycle is called a tree. A tree that touches every vortex is called a spanning tree just like in this

case.

If the original graph is this whole graph and it will red edges forms a tree note that it touches
every vertex in this graph. So, this is a spanning tree. Now, there are few problems that | would
like you guys think about we will come back next week solve many of the problems.

(Refer Slide Time: 16:25)

Problems on Trees

How many edges are there in a tree on n vertices.

Il G=(V,E) is a graph then H = (V' E’) is a subgraph of G if
V' CVand E'CE.

Problem

Does every graph has a spanning tress as a subgraph. .
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First of all, how many edges are there in a tree on n vertices? Can you give me a number and
secondly just like you have been talking about this spanning tree or the example if g is a graph
and H is an another graph we call H is a subgraph of G if the vertex set is the subset of the
original vertex set and edges set and H is a subset of H set in G. So, in another words if | give

you a G and if | remove some of the edges till | get a subgraph of G.

A question is that does every graph has a spanning tree as a subgraph. So, this kind quick
introduction to graph theory.
(Refer Slide Time: 17:28)



Modeling the problem

\
@ Let the vertices be the teams. So there are 2s vertices

@ There is an edge from v; to v; if the team v; defeated v;.

e So the graph is directed.

e Between any pair of vertices », and »; either there is an
edge from »; to ¢; or an edge from v; to v;. We call such a
graph a Tournament.

e Is there a path where every vertex appears exactly once.
And now using this set of graphs that we have learned. A various graph that you have seen can
we at least formalize this statement of this problem? So, here again there are n teams. Any two
teams play with each other one of them win other one loses, prove that it is possible to number
the teams in such a way that the team i repeats team i + 1. So, to formalize as a graph theory

problem you have to first set up the graph. So, of course let there be n teams.

So, this is not n, this will be just not 2 n but just n. There are n teams so let the n vertices be v 1
to v n and we draw edge from u v i to v j if v i defeated the team v i defeated team v j. If v i
defeated v j it does not implies j defeated v i. So in fact the graph is directed. So, here it is not an
undirected graph but we have a directed graph and more over with the any two pair since they
have played with each other v i and v j there must be an edge and there must be exactly one edge

meaning there is edge either to viand v j or edge from v j to v i not both.

Such a graph is called a Tournament. A tournament is a graph where between any two vertices
there is an edge but edge is oriented or in another words the edge is either in one direction or the
other not (()) (19:26). Question is that, is there a path where every vertex appears exactly once.
Now, why is it the right question?

(Refer Slide Time: 19:41)



Hamiltonina Path

For any graph G = (V, £) a Hamiltonian Path is a path that

touches every vertices exactly once.
(@ ©() DB A
D —> p—>c—N
——=
(-»G) D 0
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Before, | could assign the value to be in path. Let me quickly try to understand is an example of
it. So, say | have this team. So, here are four teams A B C D and say A has defeated B, C has
defeated A, B has defeated C, D has defeated C. But D has been defeated by A and B has been
defeated by D. So, this is arbitrary graph of a tournament. Now, what do | mean by, what do |

have to do? | have to order them in such a way that the i team defeats the i + 1 team.

So, in this particular graph think of this way that if | numbered D to be equals to 1, B to be
number 2, ¢ to be number 3 and A to number 4. What do | have? | get DB CA and note that D
repeated B because of the edge, B defeated C because of the edge again and C defeated A. So, |
get a path here like this where every edge, every vertex is coming once. So, this is what | have to

get. So, | have to get a path like this which touches every vertex, exactly want.

Such kind of an edge or such kind of path is called a Hamiltonian Path.
(Refer Slide Time: 22:01)



Modeling the problem

@ There is an edge from v; to v; if the team v; defeated v;.

Let the vertices be the teams. So there are 2n vertices

e So the graph is directed.

e Between any pair of vertices v, and »; either there is an
edge from v; to v; or an edge from v; to v;. We call such a
graph a Tournament.

Is there a path where every vertex appears exactly once.
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Going back to the problem so our formulation seems to be right in the sense that what we have
been asked to do is find a path where every vertex appears to be exactly once.
(Refer Slide Time: 22:13)

Hamiltonina Path

For any graph G = (V| E) a Hamiltonian Path is a path that
touches every vertices exactly once.

A graph may or may not have a Hamiltonian Path.

1 there is cyele that touches every vertices exactly once then it
is called a HMamiltonian Cyele,
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So, such a path is called a Hamiltonian Path. A graph in general may or may not have a
Hamiltonian Path. It may or may not have a —and if there is a cycle of that form it touches every
vertex exactly you want. We call it as a Hamiltonian Cycle. So, graph may or may not have a
Hamiltonian Cycle.

(Refer Slide Time: 22:41)



Hamiltonian Paths

Hamiltonian Path
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So, let’s look at some of the examples. So if this is a graph now let’s try to see whether this
graph has a Hamiltonian Path. How about this one? Now this is a path it form proper path
because | can go frometo g, fromgtof, ftod, d to b and b to k. But | cannot extend it to go to ¢
if then you convince yourself that this particular graph does not have a Hamiltonian Path. But if |

had to flip this, a into ¢ and made it into a two way path.

Then I could have brought a Hamiltonian Path of this kind. Ctoe,etog,gtof, ftod,etob, b to
a. So, this gives us a Hamiltonian Path. Note that this graph does not have a Hamiltonian Cycle.
Also note that this graph is not at a tournament because there is no edge between a and c either
this way or that way and so on. | do not have an edge between a and d also. So, in a general
graph we can have a Hamiltonian Path, need not have a Hamiltonian Path.

(Refer Slide Time: 24:06)



Modelling the problem

@ Let (7 be a tournament.

e Prove that there is a path that passes trough every vertex
exactly once.

@ Such a path is ealled a Hamiltonian Path.

@ So prove that every Tournament has a Hamiltonian Path.
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But the problem now says that if G is a tournament that means between any pairs of vertices
there is edge going from u to v or v to u proves that there is a Hamiltonian Path. So, you prove
that a Tournament has a Hamiltonian Path, and this is the formulation of the problem that we
have in terms of graph theory. Now, how to prove it?

(Refer Slide Time: 24:37)

How to prove it?

Hint: Induction.

Discrete Mathematics Lacture 24: Tournament Problam

Again the hint is induction. We will come back next video and prove this problem using
induction. We have now converted the problem into a proven in
(Refer Slide Time: 25:24)



Next Class ...

We will use induction to prove that every Tournament has a

Hamiltonian Path.
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Next class we will use induction to prove that every tournament has a Hamiltonian Path. Thank

you.



