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THREE EXAMPLES

* Recovery of vertical temperature profile of the atmosphere from
satellite radiance measurement - linear problem

* 1-D Spatial linear and 2-D bilinear interpolation - linear problem

* A nonlinear least squares problem

We are going to conclude the discussion of least square problems, static deterministic
least square problems linear, non-linear with the discussion of examples. I am interested
in couple of essentially three examples to be precise. I would like to be able to recover
the vertical temperature profile of an atmosphere from satellite radiance measurements
that is a linear problem. I am going to talk about 1-D and 2-D spatial interpolation plus
again a linear problem. I am going to deal with a non-linear least square problems again

related to vertical temperature profile recovery.
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VERTICAL TEMPERATURE PROFILE

* Problem is to retrieve the vertical temperature profile of the
atmosphere from satellite radiance measurements

So, what is the idea here, recovery of the vertical temperature profile. The problem is to
retrieve the vertical temperature profile of the atmosphere from satellite radiance

measurements.
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PROBLEM 1: SATELLITE RADIANCE - A
MODEL

* Energy R; received by a satellite at a frequency, f is related to the
vertical temperature profile, T(P) at the pressure level b of the
atmosphere throu_gh a formula given by

Rf-expl 2 +f T D)W P, }',Jdb MepeL ->(1)
where W (b, y,) is the we weight function given by

W(b,y) Zpyexlyp) >(2) —h
and y;is a constant that depends on f
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Problem 1, there is radiance received by the satellite in the infrared domain, let R be the
energy received in a frequency f by a satellite, and that is f is related to the vertical
temperature this R f is related to the vertical temperature profile T p, where p is the

pressure. So, I am going to talk about vertical coordinate at pressure levels of the



atmosphere. So, you can think of R of f which is the energy received by the satellite, the
physical model for this is given by the equation 1. Gamma f is a constant that depends on
the frequency of the channel in which energy is received W p gamma f which is the
colonel in the integral in equation 1 is given explicitly by p times gamma f exponential
of gamma f times p, p is the pressure level. So, you can think of the pressure level like
this, at the sea surface level pressure is equal to 1, I am going to go to the atmosphere

where the pressure is 0.

So, I am interested in trying to recover the temperature profile T of p, how T varies as a
function of p when I go from sea surface level to where at different heights, the heights is
indirectly measured through pressure. So, the weight function is given by p times the
exponential. The energy is related by this equation, and this equation constitutes the
model, the mathematical model that we are going to be concerned with. T p is the
temperature profile, so you can readily see the energy received is related to the
temperature distribution with respect to pressure, and the formula is derived from the
radiation physics. Let us not go into the derivation of this formula, let us take this

formula to be granted.

So, what is the basic idea here, what is the inverse problem. W is known, this quantity is
known because gamma f is known for a particular channel. So, gamma f is known; p is
known. So, the W weight function is known and R f is also known from the satellite
measurements, I would like to be able to recover the temperature, I would like to be able
to recover the temperature namely. So, knowing R of f and knowing all the other things, I
would like to be able to recover the temperature, so that is what is called temperature

retrieval problem.

Please understand what is the forward problem, if I know T p, I can recover R f that is
the forward problem. What is inverse problem, I know R of f, I want to find T p that is
the inverse problem satellite. So, this kind of problem is very routinely done for example,
we are now talking about El Nino, what is R f R f is the radiance measured by the
satellite just above the equatorial pacific. So, I would like to be able to understand or
recover the temperatures of the equatorial pacific waters based on the satellite
measurement temperature, and from the current estimate tells you we are very warm

pacific ocean that has led to this notion of what is called we are the El Nino strong El



Nino regime. So, these kinds of problems arise very routinely and meteorologists solve

these problems just about every day.
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INPUT DATA

* The values of f and y; relevant to the problem are given by
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So, here are some basic values relevant to the problem. So, fi, iis 1, 2, 3, 4, 5 that
means, | have five channels with five different frequencies. The frequencies are given in
some scale let us not worry about the scale. So, the frequency ranges are from 0.9 to 1.3
increasing values of frequency, this is some scaled values or a normalized frequency.
Gamma f, gamma f of i these are all constants these are all radiation related constant
physicists have already estimated these constants. So, for the first channel is 1 over 0.9,
second channel 1 over 0.7, for the fifth channel is 1 over 0.2. So, gamma i gamma f is
known f'i is known; frequencies and the corresponding radiation constants are known to

us.
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A DISCRETE MODEL

* The problem is to recover the function T(P) from a set of discrete
measurements of Ry, 1<i<5-an underdetermined system

* We discretize the at?noqﬁ_en:e by considering it as a 3-layered system

p=0.0
T Layer 3
J v p=02
T Layer 2
A b=05
T, Layer 1

To p=10
* T, is the temperature of the earth'’s surface
* T;is the average temperature of the layeri, 1<i<3
* Layers are bounded by isobaric surfaces at p = 1.0, 0.5, 0.2, and 0.0

Now, so I have a problem where I am concerned with measurement of energy in five
channels. So, I have energy radiated and observed in five channels. So, based on the
energy observed from five channels, I want to recover that temperature distribution.
Please understand temperature is a continuous function of the pressure, continuous
function of the height. Any continuous function is an infinity object, it is extremely
difficult to be able to recover that function, but I can however computationally discretize

the system.

So, for the sake of illustration, I am going to discretize the atmosphere into a three
layered system, layer one, layer two, layer three as shown in figure. The layers are
demarcated by the pressure levels, so 1 to 0.5, 0.5 to 0.2, 0.2 to 0. I am assuming the
temperature in layer one is T 1 temperature layer two is T 2 temperature layer three is T
3, T1, T2, T3 are constants. You can readily see instead of three layers I can have thirty
layers or I can have fifty layers which are defined by the pressure levels. So, the
conceptually the problem is not very different whether I consider 3 layer or 30 layers or
300 layers. The number of layers is simply a question of convenience and the accuracy of
representation. So, without loss of generality let us try to illustrate it using three layers let
T naught be the temperature of the surface the earth. T i be the average temperature at

level i. The layers are bounded by isobaric surfaces at one point five point two and zero.
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A DISCRETE RELATION

* Discretizing (1) for the frequency f, 1 <1< 5 using the 3-layer
approxlm_@pon: v,
= Ry explyp

10, ~ < v
= TJM PYy exp[-Pyy JdP =T,a;

0.5 v
+ T2J’g‘2 P}ff{._exp[—byf‘.]d? +Tya,

02, o
+ T;.[gn p}’ffexP[‘pr‘-]dE +Ty3,
where the constant a,,, a,, a, are the numerical values of the

respective integrals obtained using the input data and by integration
by parts

So, I would like to be able to go back to the first equation. So, equation one is a
continuous representation as a function of pressure, I am going to have to discretize this
integral. So, I am going to express this integral, look at this now Z i which is the. So, Z i
is going to be R f, what is R f, R f is the energy measured by the satellite in the i-th
channel, I am going to call that observation as Z i in our rotation. So, R f is we already
know R fis equal to exponential of gamma f plus the integral I am taking the exponential
left hand side. So, I am going to call R f'i minus this because I can compute this quantity

this comes from the satellite.

So, the difference between the two it is I am going to call it Z of i my observation. The
integral can be now represented as a sum of three sub simple integrals one goes from, see
T p comes within the integrand, if I assume that is a constant T p gets out T 1; the
constant temperature in the first layer 0.5 to 1; T 2 0.2 to 0.5; T 3 0 to 0.2. I can now
evaluate this integral, I can evaluate this integral, I can evaluate this integral, I know p
this is integration with respect to P. I know gamma I know this exponential function. So,
by doing a very simple integration in this domain, this integral value is going to be a i 1
i-th observation a i 1, this integral is going to be a i 2, this integral is going to be a 1 3.
So,ailai2ai3 are known constants; T 1, T 2, T 3 are unknowns. So, I get the my first

equation ZiisequaltoTlailplusT2ai2plusT3ai3.



If I change I from 1 to 5, I have five such equation Z 1, Z 2, Z 3, Z 4, Z 5. So, five
channels three layers. So, there are three unknowns there are five equations the number
of channels equals number of equations the number of layers is equal to number of
unknowns. So, the constants are simply numerical values of the respective integrals and

all these things can be calculated using the table.
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A LINEAR MODEL

* By collating the five linear relations between Z and Tj, T, T, foreach

frequency f, 1< | S 5, we get a linear model: ~
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Therefore by collating this five linear equations T 1, T 2, T 3 are unknowns; Z i is
unknowns,ailai2ai3a2la51a52a5 3, this is the matrix H, this is the vector x
and that is the vector Z. Therefore, I have Z is equal to H of x with Z belonging to R 5 H
belonging to R 5 by 3 and T belonging to R 3. So, if I invert this problem, I get T. So,
this is a linear least square problem I can solve this problem. So, what is my X LS is
equal to T LS which is equal to H transpose H inverse H transpose Z. So, I can solve this
linear least square problem very easily. We can solve this linear least square problem

very easily.

So, now, you see how our simple linear least square problem can be used for satellite
retrieval measurements, all that is needed is a mathematical model which is given by the
radiation physics; once you have the radian physics problem I can discretize it by levels.
So, the number of levels refers to a number of unknowns, number of channels refers to
the number of known, I can evaluate this matrix H. So, you can Z is equal to H of x is a

very simple problem.
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A TWIN EXPERIMENT - COMPUTER PROJECT:
GENERATE OBSERVATION

*SetT,=09,T, =085 T,=0.875 setX =(T, T, T,

. Evaluaté;u, Ay, 3 for1<i Sasing th_e—iMa

* This gives the ;n_atdr.ix"H v T_\U‘ Nty

———

* Compute Z € R® using (3) as Z = HX
* Now generate an observation noise vector V € R® such that V~ N(0,

0?l,) where I is the identity matrix of order 5 and o2 is the common
variance of the radiance measurement -

* LetZ = 7 +V, be the noisy observation

So, I am now going to go further, I am going to give you typical values. Let us pretend T
1is 0.9, T2is 0.85, T 3 is 0.875. So, what am I going to do now. I am going to solve the
forward problem first, I am going to assume T 1, T 2, T 3 that is going to be the set x bar.
I have already evaluated all the a-functions from the integration, so that gives the matrix
H. So, using T 1, T 2, T 3 assumed value and the computer matrix H, [ am going to
compute Z bar is equal to H of x bar; I am going to use this Z bar as my observation. I
want to be able to use the model itself to generate the observation and then use that
observation, so generated to be able to do retrieval this aspect of using the model to

generate the observation and then to solve the inverse problem is called twin experiment.

So, I am not going to wait for me to get the real data from satellite measurements I am
developing methods. While I am developing methods, I do not have to worry about the
actual observation. I am going to have to generate observation, I am going to illustrate
the methodology by using this artificially generated observation and that is a goal of

what is called twin experiments.

So, now what is that we need to do, we need to generate the actual observation. To do the
actual observation I have to create a noise vector V. So, [ am going to have to create a
noise vector v whose covariance is sigma square [ 5, I 5 is identity matrix of order 5,
sigma square is the common variance. So, what is I am assuming all the channels that

measure the energy radiated in the satellite, the instruments that measure them they are



equally good or equally bad. So, they have a common variance. For example, if you buy
a voltmeter from a shop, the voltmeter specification will tell you it can measure
voltmeter from 0 to 200 with an accuracy of plus or minus 5 percent, so that gives you

the error the standard error in the measurements.

So, by talking to people who design these instruments and satellite one can very easily
compute the variance. So, sigma square is the common variance of the instrument that
measures the radiance So, Z bar I have actually calculated synthetically, V is the noise.
So, I would like to add Z to Z bar to get Z. So, now, I am going to consider this Z which
is considered to be Z bar plus V as my noisy observations. So, if I use Z in my
calculations and recover solve the inverse problem, I should get T, which is very close to
T 1-0.9, T 2 is equal 0.85, T 3 is equal to 0.85. And who is going to control the difference
between the retrieved value and the original value the observation noise covariance
sigma square if sigma square is 0; I should be able to recover them precisely. If sigma
square not is equal to 0, I will recover them with some error the error is largely due to the

measurement noise.
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A TWIN EXPERIMENT - RECOVER T FROM NOISY
—OBSERVATION
+ Using this noisy observation vector Z, now solve the overdetermined
linear least squares problem Z = Hx: and recover X

*“‘l Nyt 1 Wy
* Compute the IIlaaa,Hz and plot it as a function of o? by repeatedly

solving the problem for 6?=0.0,0.1, 0.4, 0.8, 1.0, 1.2

* Comment on your result LR \

So, using noisy observations of the vector Z we now solve the over determined linear
least square problem Z is equal to H of x and recover x. Now, I would like you to
compute the residual. I would like you to be able to compute the residual, I think this is

this should be R f, I think this expression is wrong [ want to be able to compute Z minus



H x of LS. Now, this is actual residual Z minus H of x LS norm that is the one that goes
in here. So, if I measure this norm I would like to be able to plot that may R LS. So, |
would I would like to R LS is equal to Z minus H of x LS. And I would like to be able to
plot against the variance. And I would like to you to see when this is the claim if the
variance is 0, the residue will be 0. If the variance is not equal to 0, then the error will be
more. So, I would like you to be able to plot the variance and understand the impact of
variance on the recovery. And I would like you to be able to solve the problem and
comment on it, this is a computer based homework problem, I would like all of you to be
able to do this problem enjoy and to understand the impact of variance on the optimal

residual. So, what is this, this is the optimal residual, so that is the first problem.
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A TWIN EXPERIMENT - RECOVER T FROM NOISY
— OBSERVATION
* Using this noisy observation vector Z, now solve the overdetermined
linear least squares problem Z = Hx and recover x

3= WYy iz 1 My

* Compute the | |, and plot it as a function of o2 eatedly
solving the problem for a2 =0.0, 0.1, 0.4, 0.8, 1.0, 1.2
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* Comment on your result
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PROBLEM 2: SPATIAL
INTERPOLATION -1-D

* Consider a uniform spatial computational grid in 1-D with n points:
n=8 @ @ @) 4

a & = 3
1 2 3 4 5 6 7 8 "W

* The grid interval is assumed to be unity e

* Letx = (x), X, X;, ... X;)" € R" be the unknown state vector

* Letz,, 2,, ... 2;, be the m observations of a scalar field variable such as,
say temperature, concentration of a pollutant, to name a few, where
me<n

Now, I am going to go to a problem-2, where I am going to do a spatial interpolation
problem. So, consider a uniform spatial grid, a uniform spatial grid in one dimension. I
have 8 grid points, I have 7 grid intervals. So, I have 8 unknowns at each of the grid
point x 1 to X n, n in this particular example is 8. All the grid intervals are assumed to be
uniform and equal to unity. Let that be m measurements of a scalar field. So, what is that
it can be I am measuring temperature pressure or concentration of a pollutant to name a
few. The only difference here is that I am simply considering a spatial expanse of 1D.
Why 1D, 1D is not practical, 2D, 3D are more practical, but to go to 2D and 3D, I would

like to be able to solve a simple problem of 1 D.

So, let us pretend that I have an observation of Z 1, the observation is located in the
interval in the grid from 2 to 3, observations Z 2 is located from 4 to 5, observations Z 5
is located from 5 to 6. So, there are three observation stations. The observation stations Z
1 is at the distance a one from the grid point 2, Z 2 is the grid a 2 from grid point four
and Z 3 is a distance a 3 from the grid point 5. So, all these things are given information;

n the number of grid points, m the number of observations.

What is being observed is a scalar field the scalar fields such as temperature,
concentration for pollutant or whatever that be. [ am assuming m is smaller than n m is
smaller than n; that means, I have more number of grid points less number of

observations therefore, this is an underdetermined case. In fact, this is the problem that



occurs very naturally in the context of a pollution estimation, we would like to be able to
give alerts for days in which were pollutant are very strong. We do not have
measurements measuring system for pollutants at every place, we have a fixed number of
locations where we measure the pollutants, but we would like to be able to extrapolate

those measurements to a larger domain.

So, that we can say how the concentration of the pollutant varies spatially and to be able
to extrapolate I need a matrix. So, extrapolation interpolation these are very similar
problems, this is I am talking about spatial interpolation problem in here. So, let there be
m locations, where there are m observations of a scalar field. Let there be n unknowns I
would like to be able to estimate the n unknowns using m known. So, this is the standard

problem. I am going to formulate this problem as a linear problem.
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DISTRIBUTION OF THE
__OBSERVATIONS

* Let the j"" observation z be contained in the interval i, i + 1]
—— e _.';L .

* Referring to the Figure above, m = 4; n=8,zisin(2, 3] 2isin[4,5],
zisin 5, 6] and z, isin 7, 8] e o

* Problem: Given Z € R™, find x € R" where Z and x refer to the same
quantities such as temperature, concentration, etc

The j th observation, so I am going to have some basic notations. Let the j th observation
be contained in the ith interval the ith grid point is the space from i to i plus 1. So, Z j is
the 1. So, what does it mean, if this is i, if this is 1 plus 1 this is Z j. So, let the j th
observation be contained in the i th subinterval. Referring to the figure in the previous
page, I had 4 observations, I had 8 unknowns. Z 1 is in the interval 2, 3; Z 2 in the
interval 4, 5; Z 3 in the interval 5, 6; and Z 4 in the interval 7, 8. So, given four
observations, I would like to find 8 unknowns. The unknown refers to again temperature,

concentration, pressure and so on and so forth some scalar field.
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A LINEAR INTERPOLATION

* Consider the interval [i, i + 1] containing z,

T f- / 1 aJHT] :_1
\\ﬁ@ 7&) @
| —— = i+1
L

* 3 is the distance of z from the left and i
* Relate x; x,., and z, using a simple linear relation as:

zj'xi'=x:'+1'zj 5 (4)
2 L]

* Thatis, = @-xﬁ iy -> (5)

So, I hope the problem is clear. Now, I am going to talk about how do we take this four
observations and create estimates of the eight unknowns, this is done by simple linear
interpolation that we learn in a first course in numerical analysis. So, let us consider the
ith the subinterval i to 1 plus 1. Let j th observation be contained in this interval, let the j
th observation be located at distance a j from the end i, since the distance between I and |
plus 1 is one the distance of z j from 1 plus 1 is a j bar where a j barand ajis 1. So, a
bar is 1 minus a j; in other words, I have a I know exactly where the observation location
is with respect to the computational grid. So, 1 and j are the computational grid point z j
the observation location at ithe value of the unknown is x 1, at j 1 plus 1 the value of the

unknown is 1 plus 1 the value of the observation is z j z j is known I do not know x i plus

1.

Now, [ am going to relate the known to the unknown z js are known x 1, X 1 plus 1 are not
known in order to relate x 1 plus 1 x 1 and z j, [ am going to use a simple linear relation.
So, what is the relation? The value x i say this is the value x i, this is the value x i plus 1,
this is the value z j, I am going to assume the line joining x i z j and x i plus 1 has a
constant slope. So, what does it mean z j minus x 1 by a j is equal to x 1 plus 1 minus z |
by a j bar. So, I am simply trying to express this constancy of the slope which if |
simplify this I get the relation a j bar x 1 plus a j x i plus 1. So, this is the linear relation

this relation connects the unknown to the known the x i’s and x i plus 1 are the unknown,



z js are known, they are related by the parameters a j and a j bar. Now, if I can do this for

jth observation I should be able to do this for every observation.
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A LINEAR INVERSE PROBLEM:

UNDERDETERMINED CASE
* Applying (5) to each of the m = 4 observations on the uniform grid
with n = 8 points: (X1
1 2 3 4 5 6 71 8 |% 0< o, 21
1 [0 aoap 00 0 0 0]fx A=
(00 0 a a 0 0 0fx
\H‘ 00 0 0 aa 0 o7
00 0 0 0 0 @ al®|| 7:-uy
H A7 T

[ Xg
* That is,1-D interpolation matrix Hﬂcllh_atro_wsﬁis_l and Z = Hx
* We can solve for x ¢ = H(HHT)'Z

* We can estimate the temperature, concentration at the
computational grid from the observation

If I did that, I get a matrix. So, I have m observations, I have 8 unknowns. So, this is the
unknown vector, this is the known thing, my problem is linear. So, this is the matrix H.
The H matrix is 4 rows and 8 columns. For example, z 1 is located in the interval
between 2 and 3. So, only 2 and 3 are affected by z 1 rest are all 0; z 2 is affected only by
X 4 and x 5, because it lies in the interval 4, 5. z 3 in the interval 5, 6; z 4 in interval 7, 8.
And you can see in every row there are more zeros and non zeros. Further the sum of the
nonzero elements in each row is 1, 0 is 1. It need not be the case a 1 need not be equal to
a 2 need not be equal to a 3 need not be equal to a 4; a 1, a 2, a 3 are numbers in the
interval 0 to 1. When a i is 1, it lies on the grid point; when a i is 0, also the observational

lies on the grid point.

So, we are simply assuming for generality the observation location and the grid point
locations are not the same. If the observation location, the grid point location coincide,
there is no need to interpolate, x i will be equal to either m x i will be equal to z j or x 1
plus 1 will be equal to z j depending on which grid point the z j lies on. That is an easy
case that is why we are considering a very general case where the observations are not

located at the grid points.



So, by simple concept of constancy of the slope we have been able to derive this relation
Z is equal to H of x. Please remember we are have now converted the problem of spatial
interpolation to a linear least square problems. The H has 4 rows and 8 columns, H is
such that the row sum is equal to 1, I can solve the problem Z is equal to H of x by the
least square solution which we have already obtained. Now, we can estimate the
temperature concentration on the computational grid. So, I can estimate the value of a
eight points knowing the value only at four points this ability to be able to extrapolate the
operation in a smaller subset to a larger region using the notion of spatial interpolation.
By converting the problem to a linear least square problem I am able to estimate the
distribution of concentration, the distribution of temperature, the distribution of pressure,

or whatever quantity that is being observed.
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SPATIAL INTERPOLATION - 2D

* Consider 2-D version with n = n,n, grid points arrangedin an n, by n,

uniformgrid: —
13 g14 15 16 41 4 43 M4
e 3 3
: Wt 2 n=4 2 3B LVt
'z
51—k "?_\8 2 x 23 2
Z; )
1 2 3 4 1112 13 1
n nl=4

:= 4
* The left numbering is row major order scheme and the right is the
standard (i, j) notation

* The node label k in row major order related to the (i, j) scheme as
k=(i-1)n, +]
* With n, = 4, the node label 7 correspond to (2,3) since 7 = (2-1)*4+3

Now, I would like to be able to extend this to spatial 2D interpolation. So, in this case I
am solving the same problem except that the space domain is 2D instead of 1D. So, this
is the 2D version. There are n number of grid points n x i1 s the number of grid points in
the x-axis the n y is the number of grid points in the y-axis. | am giving an example
where n x is 4, n 'y is 4, there are n by n, n is 16, n x times n y. I can say this grid has 16
locations I can label the grid points 1 through 16 in this snake like order that is one way
of notation. Another notation would be 1 1, 12,13, 14,2 1,2 2,23, 2 4 using the

standard way of numbering in geometry x x coordinate y coordinate. The left numbering



system 1is called the row major order the right numbering system is the standard i j

notation these two notations are related.

So, if k is the value of the grid point in the row major order if i, j is the coordinate in the
two-dimensional representation k and 1, j are related by this relation k is equal to 1 minus
one times the n x plus j. For example, when n x is 4, the node label seven corresponds to
2 3, since 7 is equal to 2 minus 1 times 4 plus 3. So, you can think of you can think of the
this the two-dimensional grid label in two different ways row major order you can use
column major order two we will get a similar formula. So, you can see there are several
ways of numbering and each way of numbering we need to know the relation, I have
related two distinct ways of numbering. So, now the number of unknowns the number of

unknowns are 16, the number of unknowns are 16.

Now, I am going to go back to statement in the problem. There are 16 unknowns, this zs
are known there are only four zs, there are there are given in here. You can relate you see
there is a z 1, there is a z 2, there is a z 3, there is a z 4. So, given four observations of
concentration, I have to evaluate the concentrations of sixteen points and that is the

problem we are going to be concerned with.
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A BILINEAR INTERPOLATION
* Let the j*" observation 2, be contained in the 20-grid box whose south-east
de has label i;
corner node has la emln\ m

b ) { a+d=1
L /ﬂh f_‘)_\ i+t E -
b } |)@ { b+h=1
Dc - — g i-i_\l-

* By 1-D linear interpolation: ! ! \“—)

Z=ap+ it ->(7)

+ Again, by 1-D linear interpolation
i = xiBj + xijpxbj ->(8)

D41 = 5‘.‘+1Ej + K;_;nmb, > (9)

Again I need to develop relation between the known and unknown the zs are known, x s
are not known. So, I am now going to consider let the jth observation be contained in a

square whose origin is i; if this is i, this is i plus 1 if there are n x points in the row major



order the label for this is i plus n x the label for this i plus n x plus 1 therefore, I am

going to consider this square as one with the origin i

So, let the jth observation be located in the ith grid where i is the origin. Let a j be the
distance of the observation along the x-axis; let b j be the distance of this from the origin
along the y-axis. So, the coordinate of zjorajbjajprimeajbaris 1 minusajb jbar
is 1 minus b j. So, we have the standard relation. Therefore, we can now compute the
distance of z j from each of the corners. So, what are we first going to do, I have to relate
zjtoxixiplus 1 xiplusnxxiplusn x plus 1. So, [ am going to do this as two

applications of linear interpolation we have already seen.

So, I am now going to relate z j to eta i and eta i plus 1 using a 1D interpolation. And
once eta i is computed, I am then going to relate this to x iand x im i plus n x x i plus n
x and this. So, I will do this first, and then do this next, I will do this next, so that way I
am going to spread z j into 4 of these quantities. Using the 1D interpolation, you can
readily see z j is equal to a by eta i, and a j eta i plus 1. Again using the same linear
interpolation eta i is equal to x i b j bar and x i n x i plus n x b j likewise eta i plus 1. I

can now substitute 8 and 9 into 7. If | substitute that, I get a formula that relates z j.
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A LINEAR INVERSE PROBLEM

+ Substituting (8) = (9) in (7) and simplifying

3= Hiﬂixf ' a@Lx,ﬂ F b, aibixi;‘,, - (10)
= By collating the four relations for the four observation in the 2-D and: |
1 o
X3
Xy
].23"\[567‘5*3‘101112131*‘1151(’5){5
4 #4700 7000000000 0]:;
] 00+ 00« 00000000,
I3 00000 # o 00 + = 00000 T&_
24 ﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂ*iﬂﬂ*{;
Li¥]
* - represents non-zero element based on (10) | T
X6

* The 2-D interpolation matrix is such that the row sum is 1 and Z = Hx UnDER-DET.
* Hence x = H'(HHT)*Z is the optimal estimate

So, the right hand side has all the grid points z1j plus 1 j n n i plus 1 all the coefficients
or distances that are known. So, I can write this in the form of a matrix. There are four

observation, so there are four relations. So, this is the observation vector. There are 16



unknowns, the 16 unknowns are naturally partitioned into vector of four segments. So, z
1 now lies, so let us go back to the picture now. z 1 is in the grid rooted at with origin 1.
So, z 1 will affect only 1, 2, 5 and 6 that can be readily seen one I am sorry one. So, this
is nonzero, this is nonzero 5 is nonzero, six is nonzero these starts represents the
coefficient, which are given by products of a j, a j bar, b j, b j bar. You can fill them in |
do not want to put all of them in to make it more complex I simply talked about their
value as a star nonzero value. So, you can again see z 1 affects only four neighbours;
likewise z 2 affects again four neighbours 3, 4, and 7, 8; z 3 affects 6, 7, and 10, 11; c 4
affects 11, 12, and 15, 16.

So, this is essentially a summary of the relation between the known and unknowns. So,
this gives rise to a problem Z is equal to H of x. This is the matrix H of x this relation
becomes Z is equal to H of x H is the vector of size 4, x is a vector of size 16. You can
readily see this is an underdetermined problem. I want to emphasize in the case of
satellite measurements vertical temperature profile distribution, we had an over
determined system. In the case of spatial interpolation like this they have an
underdetermined system I am illustrating all the aspects of my least square theory. The
2D interpolation matrix is such that the row sum is always one I want to be able to solve
Z is equal to H of x Z LS is equal to H transpose. So, this is the under determined case, I
want you to remember the under determined solution is different from the over
determined solution. This is the formula for the optimal estimate for the underdetermined

system. Again this comes from the previous results that we have already seen.

Now, before I go to the next non-linear problem I would like to be able to summarize the
second problem. So, the second problem is simply a spatial problem which is which
occurs again and again in many different facets of geophysical applications. So, I have a
spar set of observation, I have a larger domain, I have a computational domain embedded
and I would like to be able to carry over the observation information to a larger domain

that is where the spatial interpolation comes into being.
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PROBLEM 3: ANON LINEAR
PROBLEM

* Con sider a three layered atmosphere

Ty Layer 3
11 Layer 2

T Layer 1
— bl

*LetT(P) =x,(P-x,) +x5,08P <1 ->(9)

* Let x = (x;, X, X,)" € R® be the unknown

Now, I am going to talk about the last of the illustration using a non-linear problem. I am
again going to go back to the atmosphere the vertical temperature retrieval problem. I am
still going to consider three layer problem, the pressures are given, the last pressure |
think there is an a last pressure, this is not zero this is 1.0 that is a sea level pressure
decreases three layers. Now, I am going to assume an empirical relation for the variation
of temperature with pressure, a quadratic relation. The previous one was arrived at by a
physical argument from radiation physics that will gives the linear problem. Now, let us
try to conjure up an atmosphere where the temperature or pressure p is given by this non-
linear function where x 1, x 2, x 3 are the unknowns, p is the known, the temperature is
the measure of the pressure, it is a non-linear function. So, the unknowns are x 1, x 2, x

3, this is the non-linear problem because of the non-linear relation.
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RELATION BETWEEN TEMPERATURE AND
——RADIANCE
* The observations are measures of overlapping fractions of the area
under the curve: e

\{_tj: I::”T(F;) b >(10) b >’\th

* The ohservations are given by

P, P, Z
0.00 0.25 021
0.20 0.50 0.15
0.30 0.70 051
06 0.80 011

Now, I am going to talk about how to develop the mathematical relation for the
observation to the temperature; the observations or measures of overlapping fractions of
area under the curve. So, T p is a curve. So, if this is p, [ am sorry if this is p per p
decreasing T p is going to be defined over this. So, this is p, this is T p. So, I have
pressure levels. If I am going from p 1 to p j, if I integrate it [ am going to get an
observation, which is Z bar i j. So, 10 refers to the model, this is the observation, this is
the unknown. The observations unknown are related through the integral. And T p is a
non-linear function of the unknown parameters x 1, x 2, x 3. So, if I substitute for T p
from the previous thing, I can relate the parameters to the observations. The pressure
level I am going to assume are 0 to 2.5, 2 to 5, 3 to 0.7, 0.6 to 0.8, so that is the pressure
level from which observations are going to be coming they are overlapping regions. So,

this 1s another simple formulation of the problem.
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THE MODEL EQUATIONS

* After integration:

E = j j[Jr:l(lb - x_)z + x3]dP ~

= %[“’j =x) - {bli_'_’.(f}s] +x3(P;- P))
* Referring to the Table in slide 19:

- _4 e d] & iﬂt;}
2,=021= ?[{U{ZE—_x:) %7+ 0223_- Mﬂ

2,205 = ";‘[{0{5 =X, = (0.2 =x,)] +0.3x, = hy(x)
2,2051= %[(0.7 =X, = (0.3 = X, ] + 0.4x, = hy(x)

X

o 0.11= ?'[{0.8 =%, = (0.6 = X,)%] +0.2%, = h,(x)

1- k)

H|
)

+ 7

So, I am going to now relate my unknown to the known, I am going to derive my model.
This is the known. This is the temperature profile. If I integrate this, I will get this
quantity I would like you to verify the results of this integration. Now, you can see this is
the observation, this is the model equation;t he observation and the model equations are
non-linear related; p is are known x s are unknowns, observations are known. So,
referring to the table on slide 19, I know the values of p i and p j. Let us go back. So, this
is the p i and p j. So, if I substitute these numerical values in here, I get the first relation z

1 is equal to 0.25; and that is equal to this function that is H 1 of x.

And what is my X my x is equal to x 1, x 2, x 3, because I have a three layer problem my
Ts are x. So, z 2 is equal given by this, z 3 is given by this, it should be z 4 given by this.
So, zs are given. So, again what am I going to do these are the values. Again [ want you
to understand I am I have I been given the zs in here, I would I would like to go back .
So, pressure level the zs the observations are given. So, well let us go to the next one. So,
this is where the zs are coming into play. So, z 1 is equal to H 1 of h, z 2 is equal to H 2
ofx, z 3 is equal to H 3 of x, z 4 is H 4 of x. So, you can now see the whole problem is Z
is equal to the whole problem now reduces to Z is equal to H of x. The whole problem
reduces to Z is equal to H of x. So, in this case m is 4, n is 3. So, this is the non-linear
problem and the non-linear problem essentially comes from the fact the our model relate

the temperature to the pressure using a non-linear function with unknown parameters.
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NONLINEAR INVERSE PROBLEM

* LletZ=h{x) withZ= (2, 2,, 75, 2,)'

Al = (R, e, P, )
* Compute r(x) = Z-h(x)
» compute f(x) = (Z- h(x))"(Z = h(x))
*SetP,f(x)=0 andsolve forx
« Checkif 2f(x) is PD

Ho & woltl ‘

| ﬁ ‘ Ei
Therefore, Z is equal to h of x is therefore, Z is equal to h of x, Z is given by 1 to z4, h is
given by this. I have to compute my residual Z minus H of x. I have to compute my f of x
which is the sum of the square of the residual. I have to compute the gradient to 0, I have
to solve for the hessian and verify this is a positive definite function. So, I would like you
to compute the optimal solution as a homework problem. I have helped to formulate the
problem it is simply you need to be able to solve this problem numerically. If you solve

this problem numerically, you will understand the methods of non-linear solutions

extremely well.

And what are the methods we have seen we can we can use the first order approximation,
we can use a second order approximation, we have described all these methods
extremely well in detail. So, I have formulated the problem, I have already described the
algorithm. I would like you to be able to combine the algorithms of the problem on these
simple cases. Each of them are derived from typical setup, atmospheric temperature
retrieval or spatial estimation of concentration of certain pollutant, these are all very
simple problems of great interest in applications. So, by solving these problems, you can
master the techniques behind solving linear least squares and non-linear least squares

static deterministic problems.
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APPROXIMATIONS

* Compute the Jacobian D,(h) and\Di(h, Y)

— 4

« Build first and second order approximation to h(x)

* Solve the minimization arising from the first and second-order

approximation
Ls
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So, I am going to now illustrate some of the major steps here. So, what is that we need to
do you know h. So, you need to be able to compute the Jacobian, you need to compute
the hessian term. You can build the first order as well as second order approximation,
then you can do the minimization arising from the first order and as well as the second
order approximation. And also I would like you to utilize this problem to be able to

compare the quality of the solution for the first order and the second order.
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EXERCISES

11.1) (a) Compute the solution of V,f(x) = 0 for the non linear problem
described in slides 18-21, by using the nonlinear solvers in MATLAB

(b) Evaluate the Hessian V2f(x) at each of the solution obtained in (a)
and find the maxima and minima of f(x)

11.2) (a) Compute the Jacobian and the Hessian of h(x) described in
slide 21

(b) Using these develop a first order and second order approximation
to f(x)

(c) Starting from x. = (1, 1, 1)T, iterate twice and comment on the
progress of your algorithm



So, doing all these will help you to complete the estimation problem of interest in here.
And this also help you to look at an actual problem which is related to or which is
derived from practical considerations in meteorology you will tell you how to build you
H function how to do the Jacobian, where the Jacobian, hessian, gradient all these
calculations comes into play. Where the minimization what is the role of the
minimization what is the role of the first order approximation what is the role of second
order approximation. So, if you complete all the three problems numerically you will
have a total understanding of not only the algorithms, but also many of the mathematical

principles that we have reviewed in the previous lectures.

With this we conclude our discussion of the static deterministic inverse problems of both
linear and non-linear type, both well posed and ill posed type, both offline as well as
online type. So, I would like to be able to now draw a little picture of least square
problems. So, if you consider least square problems, least square problems can be
classified as linear, non-linear, well-posed, ill posed, oftf-line, on-line, and we can also
think of deterministic and stochastic. So, we have talked about linear problems, we have
talked about non-linear problems, we have talked about well posed problems, we have
talked about ill posed problems, we have talked about on-line problems, we have talked
about off-line problems, we have talked about deterministic problems. We also can relate
this static and I am sorry we can also relate this to static and dynamic. So, one is static

and dynamic. So, we talked about static.

So, in these lectures so far we have covered static deterministic, on-line off-line, well
posed ill posed linear and non-linear, and we have talked about all the associated
mathematical principles as well as we have derived algorithms to solve all these
problems and that is the this picture provides a summary of what we have done so far. |
would like to encourage you to further continue your solution process by working these

examples that are given in page 20 slide 23.
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REFERENCES

* This module follows closely chapters 5 through 7 of LLD (2006)

I would like to refer to chapters 5 through 7. These slides this particular module where
the three examples are illustrated they are taken from chapters 5 through 7, 5, 6and 7 of
our book Lakshmivarahan Lewislakshmivarahan (Refer Time: 49:51) 2006, Cambridge
University Press Book. So, the module essentially is a summary of what is happening in
many of these chapters. So, if you work out all the problems which are part of the
development as well as exercises, you will gain a very thorough and good working

knowledge of solving static inverse problems.

Thank you.



