Linear Algebra
By Professor K. C. Sivakumar
Department of Mathematics
Indian Institute of Technology, Madras
Module 3
Lecture 11
Basis for a vector space

We are discussing the notion of linear independence and linear dependence of vectors and in the
last lecture the definition was given and we looked at couple of examples let me quickly recall
the definitions and then look at some properties of linear independence dependence prove a little
result then look at the notion of a spanning subset and then the notion of a basis. So in today’s
lecture the main objective is to look at the concept of a basis and give some examples and if time
permits we will look at the notion of the dimension or the dimension notion we will discuss in

the next lecture.
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So let us quickly recall what is linear dependence linear independence etcetera, vectors V1, V2
etcetera Vr for instance contained in a vector space V are said to be linearly dependent if there
exists scalars let us say alpha 1, alpha 2, etcetera alpha r coming from the underlying field not all
0 such that the equation alpha 1 V1 plus alpha 2 V2 plus etcetera alpha r Vr equal to 0 is
satisfied. So this is linear dependence and we saw why the name dependence has come. On the
other hand linear independence means that so let me again write these vectors V1, V2 etcetera Vr
are said to be linearly independent if they are not linearly dependent so let me simply say if they
are not dependent what we had seen last time is that if these vectors are linearly dependent then it
means that then we have the implication alpha 1 V1 plus alpha 2 V2 plus etcetera alpha r Vr
equal to O this holds only if alpha 1 equals alpha 2 equals etcetera equals alpha r equal to 0.

One could think of the left hand side as a linear combination for instance then linear
independence means that you could get 0 as a linear combination of the vectors V1 etcetera Vr
only if each scalar as 0 linear dependence means that one could get non-zero scalars for which
the linear combination equals 0 so that is linear dependence for instance, okay. We looked at a
few examples let us look at a few properties quickly properties of linear independence

dependence.
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The first property is (())(4:07) true that is empty set is linearly independent it is (())(4:24) true

because you will not be able to pick vectors from this empty set for instance.

So this is linearly independent, next property is let us say we have I will call it X let us say X
equal to X1, X2 etcetera Xm where 1 of the Xi’s is the 0 vector, okay so this set of this finite set
of vectors contains a 0 vector then this is linearly independent then X is a linearly dependent set,
it is almost obvious all that one could do is to take let us say that Xi is the 0 vector then you can
assign any non-zero number to that you can assign any non-zero scalar to that vector Xi assign
the number 0 to all the other vectors then this linear combination gives us a 0 vector with at least

one scalar being non-zero so this is almost an immediate consequence of linear dependence.
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What we also have is the following property let us say I have let X be given as before X1, X2
etcetera Xn be linearly independent and let me say that A is contained in X then A is a linearly
independent subset that is A is linearly independent we say that any subset of a linearly
independent set must be linearly independent, I think I will leave this as an exercise for you to
prove. So what is statement 4? Let X be X1, X2 etcetera Xm b a subset so that is given such that
a non-empty subset of X is linearly dependent, okay. So A is a subset of X a non-empty subset of
X, X is given here what we know is that A is linearly dependent then it can be shown that X is

linearly dependent, so this is same as saying that any superset of a linearly dependent set must be



linearly dependent, okay. What about linear dependence of two vectors, okay can we just the
vectors are given to you let us say X1 and X2 just by looking at the components can we
immediately say whether they are linearly dependent, the answer is yes so let us prove that it is a
little result I will state it as a lemma two vectors X and Y are linearly dependent if and only if
one is a multiple of the other by which I am in a scalar multiple of the other, okay so let us
suppose assume that suppose that X is a scalar multiple of Y let us say X equal to alpha Y for
some scalar alpha then I can write rewrite this equation as 1 into X minus alpha into Y equal to 0
where so I have an equation of the type alpha 1 X plus alpha 2 Y equal to 0 where at least one of
the scalars is not 0 and so this is precisely linear dependence so this set X, Y is linearly

dependent so this is the simpler part.

So the converse is that you are given that this set is linearly independent you must show that 1 is
a scalar multiple of the other. So let us assume conversely suppose that this set is linearly
dependent that means what so there exist scalars there exists alpha beta not both being 0 not both

0 such that alpha X plus beta Y equals 0 not both zeros such that alpha X plus beta Y equal to 0.

(Refer Slide Time: 10:48)

So what we do is just consider the two cases, suppose alpha is not 0 if alpha is not 0 then we can
write X as minus beta by alpha times Y so we have written X as a multiple of Y if alpha on the
other hand is 0 then beta Y equal to 0 with beta not equal to 0, okay because of linear dependence

both cannot be 0 simultaneously so if alpha 0 beta cannot be 0 and so we know from one of the



properties of vectors space and that implies that Y is equal to 0 so I can write Y equal to 0, 0 is
now alpha is 0 you exploit that so that is alpha times X, okay alpha is 0 so I have rewritten Y as a
multiple scalar multiple of X and so if the set is linearly dependent then one is a scalar multiple

of the other so that is the converse part, okay.

(Refer Slide Time: 12:08)
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Let us now prove a more important result which will be used at least twice in the next few
lectures, this result is the following I will state this as the theorem let us say non-zero vectors so
this is a statement non-zero vectors V1, V2 etcetera Vn non-zero vectors V1, V2 etcetera Vn are
linearly dependent, okay so I have a set of non-zero vectors V1, V2 etcetera Vn then I am trying
to characterize linear dependence, okay non-zero vectors are linearly dependent if and only if at
least one vector in this set at least one one of them let us say at least one of them is a linear
combination at least one of them is a linear combination of the preceding vectors of the
preceding vectors this will lead to an important result which in turn leads to the definition of the

dimension of a vector space, okay.

So these vectors are linearly dependent if and only if there is at least one vector which is a linear

combination of the preceding vectors, okay.
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So there is at least vector let us say Vk so let me write the statement that is so I am just writing
the second part here there exists K where we can show that the K is strictly greater than 1 there
exists K such that Vk can be written as a linear combination of the preceding vectors, so Vk is
alpha 1 V1 plus alpha 2 V2 plus etcetera plus alpha k minus 1 Vk minus 1 so this is a second part
there is at least one vector that can be written as a linear combination of the preceding vectors,

okay.

So let us look at the proof one part is again easy suppose that there is a vector which can be
written as a linear combination of the preceding vectors, okay let us refer to this as equation star
so suppose that star holds is that immediate that the vectors are linearly dependent, all one has to
do is to just rewrite it in the following manner then alpha 1 V1 plus alpha 2 V2 plus etcetera
alpha K minus 1 Vk minus 1 minus 1 times Vk plus 0 times Vk plus 1 etcetera 0 into Vn this is
equal to 0, so what I have done is I have obtained a linear combination of the vectors V1, V2
etcetera Vn a linear combination on the left 0 vector on the right where there is at least one

constant one scalar that is non-zero so this is linear dependence.

So this proves that V1, V2 etcetera Vn is linearly dependent so this part is easy, okay let us prove
the converse, conversely I am given that V1, V2 etcetera Vn are linearly dependent I must show
that there is at least one vector that can be written as linear combination of the preceding vectors,
conversely suppose that V1, V2 etcetera Vn is linearly dependent if these vectors are linearly

dependent then by the definition there exists a scalars alpha 1, alpha 2 etcetera alpha n not all of



them being 0, so not all 0 such that I have alpha 1 V1 plus alpha 2 V2 plus etcetera alpha n Vn

equals a 0 vector.

Now amongst these scalars alpha 1 etcetera alpha n I choose the one which has the largest
subscript, let K be the largest integer positive integer such that alpha K is not 0, okay K is a
largest subscript for which alpha k is not 0 then k is k can be equal to n if that is not a problem
but k cannot be equal to 1 so why is that so if k is 1, okay if k is 1 you go back to this equation
this means that see k is such that it is a largest with the largest among 1, 2, 3 etcetera n such that
alpha k not 0, what it means is that alpha 1 V1 is 0 all the other scalars are 0 so alpha 1 V1 0 V1
is not 0 this would mean that alpha 1 is 0 a contradiction so k cannot be equal to 1 k has to be at

least 2 but it can be n.

In any case what does this tell you? You go back to this equation k is the largest which means
alpha k plus 1 alpha k plus 2 etcetera alpha n they are all 0, okay so let us just exploit that so I
will simply say that it now follows by the definition of k that alpha 1 V1 plus alpha 2 V2 plus
etcetera plus alpha k Vk equal to 0 because the other coefficients the other scalars alpha k plus 1
etcetera they are all 0 we also know that alpha k is not 0 all that you have to do is divide by alpha
k keep Vk on the left push the other vectors on the right and then you have the linear
combination for Vk in terms of the preceding vectors subsets so you can divide so I will simply
say Vk can now be written as minus 1 by alpha k into alpha 1 V1 etcetera alpha k minus 1 Vk
minus 1 that is I have written Vk as a linear combination of the preceding vectors VI, V2

etcetera V minus 1, okay.
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That completes the proof of this theorem, let us look at an example, okay a numerical example
let us take the two vectors V1 as 1, 1 V2 as 1, 2 and V3 1, 3 for instance these are vectors in R2,
okay now what is a guess about these three vectors, can they be linearly independent? See the
answer is no they cannot be linearly independent so we will prove a more general result a little
later this are three vectors in R2 so we will be able to show that such a set cannot be linearly
independent, okay but let us try and prove that they are linearly dependent by using the previous
result for instance, so we will do the actual calculation and then show that they are linearly
dependent but however observe that any two of them any two vectors taken at a time are linearly
independent because V2 is not a multiple of V1, V3 is not a multiple of V1 V3 is not a multiple
of V2 either and so you take two of them they are linearly independent we will show that three of

them taken together will form a linearly dependent subset, okay.

So what is clear is that see appealing to the previous theorem, I am sorry this statement is here by
appealing to the previous theorem which we can actually show that the third vector is a linear
combination of the first two vectors, okay. So let us do that quickly it is essentially solving linear
equations so I am seeking let us say alpha beta such that b3 is a linear combination let me write
this V3 is a linear combination of V1 and V2 where the scalars are alpha and beta, so let us say I
have 1, 3 this is alpha into V1 1, 1 so I will write it as alpha alpha plus beta two beta so this gives
rise to two equations in two unknowns that is alpha plus beta equals 1 alpha plus 2 beta equals 3

so you subtract 1 from the other this minus this gives me beta equals to and alpha equals minus 1



beta equals to alpha equals minus 1 and so V3 we can actually verify that it is a linear

combination minus 1 into 1, 1 plus 2 into 1, 2, okay so we can actually verify that this is true.

So we have written V3 as a linear combination of preceding two vectors and so this set is a

linearly dependent set, okay.

(Refer Slide Time: 22:42)

Let us now look at another notion called spanning subset, a subset let us say S of a vector space
V is called a spanning subset of V if for every V element of V there are, okay say I need so I will
make the following assumption this set S could be infinite but for practical see for all the subsets
in this course we will have S to be finites we will be looking at so called finite dimensional
vector space so let me just assume that a subset S equals so this S is V1, V2 etcetera Vs or maybe
Vk this is a spanning subset for every V element of V there are scalars alpha 1 alpha 2 etcetera
alpha k such that this V is a linear combination of those vectors, okay such that this V is alpha 1
V1 plus alpha 2 V2 etcetera plus alpha k Vk this is the linear combination of the vectors V1, V2
etcetera Vk all that we are saying is that any vector in the vector space V that we started with can
be written as a linear combinations of the vectors V1, V2 etcetera Vk if that happens then we say
that the set of vectors V1, V2 etcetera Vk that is S is a spanning subset, okay this is called a

spanning subset of V, okay.
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So let us look at some examples, so get some examples let us say first one let us take S to be (1,
0, 0), (0, 1, 0), (0, 0, 1) so this be an trivial example this is a subset of R3 does it follow that this
is a spanning subset of R3, okay that is almost immediate you take any X in R3 let us use the
notation that X equal to X1, X2, X3 in this manner like a row vector then it is easy to see that X
equals by the way I can call this el, this as €2 and this as €3 then I can write this X as X1 times
el plus X2 times €2 plus X3 times e3 and so this is trivially a spanning subset of R3 of the vector

space R3, okay.
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Let us look at S as the set consisting of the polynomials p not pl etcetera pn where p not of tis 1

pl of t equal to t etcetera pn of t equals t to the n with t in 0, 1 for instance or this could be even
the entire R. So I have this n plus 1 vectors in a vector space V is pn 0, 1 in a vector space of all
polynomials with real coefficients where the variable t where is in the interval 0, 1 we have seen
that this is a vector space is this a spanning subset of V, is this a spanning subset of V? The
answer is yes immediately it follows from the way we write a polynomial the way we write an

element in pn 0, 1, okay.

So I will simply leave it as an exercise for you to show that S spans V, okay. On the other hand if
you take a subset of this for instance p not pl etcetera pn minus 1 then obviously it cannot
generate a polynomial whose degree is n precisely that is the coefficient of t to the n is not 0 then
1t t square etcetera t to the n minus 1 cannot any linear combination of those cannot give you a
constant times t to the n. So you take any subset then that cannot be a spanning subset of this

vector space V, okay.

So what is the basis then so these two notions form part of the definition of a basis, so what is a
basis definition? Let V be a vector space a subset [ will use script b a subset V is called a basis of
V for V etcetera a subset b of V is called a basis of V if it satisfies these two condition the first

condition is that b is a linearly independent subset so [ will say that b is linearly independent the



second condition is that it must be a spanning subset of the vector space b script b spans the

vector space V, so this is the definition of a basis of a vector space, okay.

Let us know look at examples, examples of vector spaces maybe a couple of them and examples
of basis in those vector space without writing the details, let us go back to the previous two
examples of spanning subsets is this a basis of R? Is this set S a basis of R3? See it must satisfy
the two constraints that it is linearly independent and that it spans R3 that it spans R3 is what we
have proved here and linear independence of these three vectors we have proved in the previous
lecture that is all one has to do is to look at a linear combination alpha 1 el plus alpha 2 e2 plus
alpha 3 e3 equal to 0 then that will give us alpha 1 equal to alpha 2 equal to alpha 3 equal to 0,
okay so this is clearly linearly independent and spanning subset and so it is a basis come to the
second example in the last lecture we have shown that these vectors are linearly independent by

differentiating for instance it is also discussed why this is a spanning, okay.

So this is a definition of a basis, okay a subset of a vector space must satisfy both these
conditions it is a spanning subset and that it is a linearly independent subset. Let us look at two
examples the previous two examples of subsets which we have argued must be spanning subsets
so the first one is this consisting of el, e2, €3 this has been shown to be a spanning subset of R3
in the last lecture we have also shown that this is a linearly independent subset, okay that is one
looks at alpha 1 el plus alpha 2 e2 plus alpha 3 e3 and equate that to 0 then it can be shown it is
a trivial thing to show that alpha 1 alpha 2 alpha 3 must be 0.

So this is a basis of R3 let us look at this example this is spanning subset that is what we
discussed a while ago this is linearly independent also was proved in the last lecture when we for
instance looked at differentiating the polynomials sufficiently many times to show that these
scalars are all 0. So this is also a basis this is a basis for pn 0, 1, okay what about the previous
example I have these three vectors in R2 is this a basis you look at these three vectors V1, V2,
V3 do they form a basis for R2 the answer is no because we have shown that these are linearly
dependent see it is a spanning subsets that something you can show, okay I will leave it as an
exercise for you to show that this is spanning subset but this is not linearly independent so this
does not form a basis for R2, okay you can have more than one basis in fact there are infinitely

many basis for any vector space let me just give one example, okay.



(Refer Slide Time: 32:56)

-‘Sré 0 (h')k - lfg—"/‘

d{..u;nrn "

P
A %= (g € ®.

1) <()+0)

So I am really looking at example 4, okay example 4 let us look at 1, 0 and 0, 1 from what we
discussed in the first example for R3 it follows that this is the basis for R3, okay this is a basis
for, I am sorry R2, okay this is basis for R2 I am claiming that the vectors consisting of 1, 1 and
2, 1 this is also a basis for R2, okay this is another claim this is also a basis for R2 for one thing
linear independence is immediate one is not a multiple of the other so this is linearly independent
subset so that is not a problem. So this is linearly independent all that we need to show is that
this is a spanning subset of R2 that is any vector in R2 can be written as a linear combination of

these two vectors.

So let us verify that fact so the claim is span of these vectors is R2, so let us take a vector in R2
let X equal let us say for instance alpha beta this is the general form of a vector in R2, okay
maybe I should take X1, X2 and then I want X1, X2 and then I will take the scalars to be alpha
beta, okay then I have I am looking for alpha beta such that this X1, X2 can be written as alpha
times 1, 1 plus beta times 2, 1 so the question is given numbers X1, X2 real numbers can I find
real numbers alpha beta such that this equation has a solution it would then follow that this

vector X is a linear combination of these vectors, okay.

So this is what alpha plus two beta and the other one is alpha plus beta X1, X2 the question is
can | obtain alpha beta in terms of X1 and X2 that is all. So I am really solving for alpha and beta

X1, X2 is given so this is like a linear system the left hand side vector is given I must solve for



the unknowns alpha and beta alpha and beta are the unknowns it is easy to see that one could
immediately solve subtract this from this you get beta equals X1 minus X2, yeah beta X1 minus
X2 and alpha is X2 minus beta 2X2 minus X1, okay can we just quickly verify alpha plus beta is
X1 gets canceled X2 so alpha plus beta is X2 alpha plus 2 times beta is 2X2 that gets canceled
minus X1 plus 2 X1 X1, okay.

So we have solved for the unknowns alpha and beta in terms of the known numbers X1, X2 and
so this shows that this statement is true, okay and so this is another basis this is another basis of
R2, okay we will show that any linearly independent subset of R2 consisting of two elements
will be a basis, okay though there are infinitely many choices, okay. Let us now look at one of
the consequences of the result that I proved a little early that a set of vectors a set of non-zero
vectors V1, V2 etcetera Vn is linearly dependent if and only if at least one of them is a linear
combination of the preceding vectors we will use that result to show the following important

theorem.
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This theorem establishes a relationship between the number of elements in a linearly independent
subset on the one hand and a spanning subset on the other, okay what is a number of enough,
okay the number of elements in a what is a relationship between the number of elements in a
linearly independent subset and a spanning subset of a vector space let us say that X equals X1,
X2 etcetera Xn suppose that this let X be this and Y be let me say Y1, Y2 etcetera Yn, okay so |
have m elements here I have m I have m elements here I have n elements here such that X is
linearly independent and Y is spanning subset of course these are subsets of a vector space, okay
subsets of vector spanning subset in V means that V can be written as a linear combination of the

vectors Y1 etcetera Yn any element in V can be written as a linear combination of elements in Y.

Then the claim is that m is less than or equal to n the claim is that m is less than or equal to n the
number of elements in a linearly independent subset of a vector space cannot exceed the number
of elements in a spanning subset of the vector space, okay. So let us see how the proof goes, see
this is a spanning subset and this is linearly independent, okay let us now consider a subset Xm
Y1, Y2 etcetera Yn now what we know is that Y1, Y2 etcetera Yn they these vectors form a
spanning subset of V so in particular Xm can be written as a linear combination of these vectors,

okay.

And so this is the linearly dependent subset this is the linearly dependent subset by the previous
result that I quoted just now at least one of the Yj’s is a linear combination of the vector

preceding that Yj, okay there is at least one Yj which has the property that it is a linearly



combination of the preceding vectors including Xm and remember that in that theorem the k is at
least 2 so you cannot include the first vector, okay so that is where this the fact that k is at least 2

is important.

And so what follows is that there is one Yj which is a linear combination of the preceding
vectors and so I will remove that Yj from this let us call so there exists Yj which is a linear
combination it is a linear combination of Y1, Y2 etcetera Yj minus 1, what I will do now is I will
remove this Yj from this set and call it as Y1 I will define Y1 as Xm Y1, Y2 etcetera Yn and then
delete this Yj which is a linear combination of the preceding j minus 1 vectors, then what is a
number of elements is Y1 the number of elements in this Y1 in this set Y1 has again n vectors I
have included and then deleted 1 so Y1 has n vectors and Y1 is linear Y1 spans V, how is a
second part true I am claiming that this Y1 spans V that is because of the following you take any
vector X in V then that is the linear combination of Y1 etcetera Yn look at Yj, Y] is not present
here and so Yj I know is a linear combination of Y1 etcetera Yj minus 1 so for that coefficient of
Y] in the representation of X I will substitute the linear combination for Yj in terms of Y1
etcetera Yj minus 1 then it follows that the X that I started with is a linear combination of Y1, Y2

etcetera Yj minus 1 Yj plus 1 etcetera Yn.

So this remains a spanning subset, okay we started with Y which was a spanning subset Y1
remains a spanning subset it also has a property that it has precisely the same number of
elements as Y, okay. So we will know consider as before X m minus 1 Xm yl etcetera Yn
difference Yj so I have included 1 extra element the previous element Xm minus 1 from the
subset X, okay. Now this set must be linearly this set is linearly dependent what is a reason for
that look at Xm minus 1 X1 minus 1 is a vector in V that can be written as a linear combination

of Y1 etcetera Yn because Y1 etcetera Yn to begin with is a spanning subset, okay.

So Xm minus m can be written as Y1 etcetera Yn but there is a coefficient corresponding to Y]
which can intern be rewritten in terms of Y1, Y2 etcetera Yj minus 1 so I have so both Xm and
Xm minus 1 can be written as a linear combination of the vectors here, okay so this is a linearly
dependent subset in particular Xm minus 1 can be written as a linear combination of these

vectors, okay by the argument that I have given just now.



So this is a linearly combination of these elements and so this is linearly dependent again appeal
to that theorem that we proved today there is at least one vector which is a linear combination of
the preceding vectors, okay now you must observe that so what will do in the next step is to
delete that vector and claiming that it is one of the y’s that I will delete and not one of the X’s I
am claiming that when I go to the next step for deletion it is one of the Y’s that we will delete
and not the Xm’s because of the reason that Xm minus 1 Xm for instance is a subset of the
linearly independent set X1 etcetera Xn and so these are linearly independent so you cannot

write 1 as a linear combination of the other.

So this means that when you write when you apply the theorem for this linearly dependent subset
you are deleting only some Y some Yi for instance, okay and not Xm minus 1 or Xm. So I will
simply say then you look at Y2 as X1 minus 1 Xm Y1 etcetera Yn difference Yj and then let me
just say difference Yr, okay so I am deleting two vectors now I have included two vectors I have
deleted two vectors the number of elements here i1s Y2 has n vectors by the same argument as
above it follows that Y2 spans V is the same argument as above it follows that Y2 spans V, okay
so this is Yr this is Yr you repeat this procedure m times then Ym has, okay you repeat this
procedure m times then look at Ym, Ym has n vectors and it spans V Ym has m n vectors and it

spans V.

This means what also when you do this what it means is that after the n steps what follows is that
once you have once you are in the n steps once you have (())(46:22) what follows is that you
have all these vectors X1 etcetera Xm with a few Y’s left probably you have all the vectors X1
etcetera Xm with a few Y’s left probably and so what follows is that Ym is, I am sorry what
follow is that X is contained in Y, I am sorry what follows is that Y yeah what follows is that X is
contained in yeah, okay this is correct what follows is that X is contained in Ym, Ym has n
vectors X has m vectors this as n vectors so m is less than or equal to n, okay that is the idea of

the proof.

So the number of linearly independent vectors cannot exceed the number of vectors in a in any
spanning subset of a vector space, okay is this step clear? X has m vectors Ym at every stage the
way we construct Y1, Y2 etcetera they have precisely n vectors m n elements so Ym also has n
elements so m is less than or equal to n, okay. Now the idea is that in this process we do not

exhaust Y1 etcetera Yn there is always some Y that remains here that is the idea of the proof.



So this is an important result that will be useful for us in proving in a defining the dimension of a
vector space, okay. So let me stop here in the next lecture we will discuss the notion of the

dimension of a vector space.



