Advanced Engineering Mathematics
Lecture 7

1 Functions of two or more than one variable
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Example 1.1. Let, f(z,y) = 2?4y
Show that lim lim f(z,y) exists but neither of lim  f(x,y) nor lim lim f(z,y) exists.
y—02—0 (z,y)—(0,0) z—0y—0
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Sol. We shall show that lim 1:27@/ does not exist. Since (z,y) — (0,0), let,
(2,9)—(0,0) T + y?
y = mx be the path.

w2—y2 . 2 — m?z? o 1—m? 1 =m?
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im ——= lim ——— =Ilim
(29)—0,0) 22 + Y% (29)—0,0) 22 +m?2? 2014+ m? 14 m?

So, the limit is path dependant, i.e., the limit is different for different values of m.
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Again, 11m sin — does not exist, then lim lim x sin — does not exist therefore,lim lim f(z,y)
—0 Yy z—=0y—0 Y "20 y—0

does not exist.
. 1 . .
Now, lim zsin — = 0 and lim f(x,y) = —1, then lim(0 — 1) = —1
z—0 Yy T—a y—0
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ie., lim 1im(xsinf+m Y )=-1

y—0z—0 Y z2 + y2
Partial Derivatives for functions of two or more variables. D C R is usual
domain of f and let P(a,b) € D be arbitrary. Let N be an nbd and Q(a + h,b + k) € N.
Then if o be an angle that the line joining P_Q makes with positive r—axis, then the direction
cosines of P_Q are [ = cosa,m = sina. If p = Vh?+ k2. Then h = pcosa,k = psina and
p— 0as @ — P. Now if,

lim fla+pcosa,b+ psina) — f(a,b)
p—0 P

exists.

Then, it is called derivative of f(z,y) at (a,b) in direction of o and it is denoted by D, f(a,b).
If & = 0, then derivative is denoted by % and if a = 7, then the derivative is denoted by
%' These derivatives are called partial derivatives.

Continuity of f(z,y). Let N ¢ D C R?, where D is the domain of and N is the nbd of

a point (a,b) € D. Then f is said to be continuous at (a,b) if( lim( b)f(x,y) = f(a,b).
x,y)—(a,

Equivalently, Ve > 0 3 6 > 0 such that |f(z,y) — f(a,b)| < & whenever |z — a|] < § and

ly —b| < §or (x —a)®+ (y—b)? < d?

or,
I hb+k) = f(a,b) wh hb+k)€D.
(h,k)lin(o,o)f(a+ + k) = f(a,b) where (a + h,b+ k)
vyt (2,y) # (0,0
Example 1.2. Verify the continuity of f(x,y) = Vary? Y " at (0,0)
0 (z,y) = (0,0)
Sol. Here,
22— y? 22— y? 22— y? 22 + 2

|f(z,y) — f(0,0)] = |xym - 0] = |$ym| = \$||y||m| <lzlly| <

if 22 + y? < 0%(= 2¢) = f is continuous at (0, 0).
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at (0,0).
0 zy =0 (0,0

Example 1.3. Verify the continuity of f(z,y) = {
Sol. Here,
1 1 ! !
|f(z,y) — f(0,0)] = |zsin = +ysin — — 0] < |xf[sin — + |y|sin — < [z +|y| <e
Y T Y T
if [z —0[ < 4, and |y — 0] < (= §) = fis continuous at (0,0).
T 2422

Example 1.4. Verify the continuity of f(z,y) = { **+v°
0 > +y* =0

at (0,0).
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Partial Derivatives (Computations). If ]llim fathy) = f@y) exists, then it is

—0 h
f(x,y+k)—f(x,y)
k

denoted by g—ﬁ or f, similarly, if llin% exists, then it is denoted by % or
—

fy-
Example 1.5. Let, f(z,y) = 2%y + 3zy. Find f,, f,.

Sol. f, =2zy + 3y and f, = 22 + 3.
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