Advanced Engineering Mathematics
Lecture 55

Example. Verify Stokes theorem for F (z,y) = (22 +y?) i — 22y J taken around the rectangle
bounded by x = +a, y =0, y = b.

Solution:
/ﬁ-d?"://curlﬁ nds
C
/ / kds = —4ab®.

Example. By converting the surface integral into a volume integral, evaluate
// (23 dy dz + y° dz dx + 22 dx dy),
S
where S is the surface of 22 4+ 3% + 22 = 1.

Solution: By divergence theorem,

P OF F:
// Fidydz + Fydzdx + Fydx dy) = /// 5 ! 2—|—883)da:dydz.
z

Cleatly, F(x,y,2) = 2%i +y*j + 2%k, then 951 = 322, 68];2 = 3y?, and %53 = 3.2,

Iz3///($2+y2+z2)dxdydz.
v

V is the closed unit sphere x2 + y? + 22 < 1. Consider the parametric form of the region by
T = rcosfcos o, y = rcosfsin ¢, z=rsinb,

where 0 <r <1,0<60 <7, and 0 < ¢ < 27. By the change of variable, we have
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Example. Evaluate

// (2% dy dz + 2y dz dx + 2%z dz dy),
S

where S is the closed surface bounded by the plane z = 0, z = b, and the circle 22 + y? = a?.

Solution: Using Gauss divergence theorem, we have

Is :/// (322 + 22 + 2?) dx dy d=
Va2—z2 5
—5/ / / 22 dx dydz = Swa’b.
=—a Jy=—Va2—22 J2=0 4



Example. Evaluate
// (% dydz + y* dz dx + 22(xy — x — y) dz dy),
S
where S is the surface of the cube 0 <2 <1,0<y<1l,and 0 <2< 1.

Solution: Using Gauss divergence theorem, we have
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Example. Evaluate [/, S F - ds over the entire surface of the region above xy-plane bounded
by the curve 22 = x? + y? and the plane z = 4 if ﬁ(z, y,2) = 4dxzi+ xyz?j + 32 k.

Solution: Using Gauss divergence theorem, we have

//ﬁ.ﬁds:///(4z+xz2+3)dxdydz
S
z2—y
/ / / (42 + 222 + 3) dow dy dz
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Example. Evaluate by Green’s theorem f [ 2?2 — coshy) dz + (y +sinx) dy] where C' is the
rectangle with vertices (0,0), (7, 0), (m, 1), and (0,1).

Solution: With the comparison with Green’s theorem, we have

M = 2% — coshy, %—Aj = —sinhy,
N =y +sinz, %—g:cosx.

Therefore, by Green’s theorem

%(Mda:—k]\fdy // (@—8—]\4 ) dady
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™
= / (cosz + sinh y) dz dy
z=0 Jy=0

=m(cosh1 —1).



