
Advanced Engineering Mathematics

Lecture 49

The three vectors t̂, n̂, and b̂ are perpendicular to each other. The plane corresponds to each
pair forms three mutually perpendicular planes.

(i) Osculating Plane: The osculating plane to a curve at a point P is the plane containing
the tangent and principle normal at P . The equation of osculating plane is

(R⃗− r⃗) · b̂ = 0,

where R⃗ is the position of any point on the plane, and r⃗ is the position vector of the
point P .

(ii) Normal plane: It is a plane to a curve at a point P containing n̂ and b̂, and perpen-
dicular to t̂. The equation of the normal plane is

(R⃗− r⃗) · t̂ = 0.

(iii) Rectifying plane: It is a plane to a curve at a point P containing b̂ and t̂, and
perpendicular to n̂. The equation of the rectifying plane is

(R⃗− r⃗) · n̂ = 0.

Example 1. Find t̂, b̂, n̂, κ and τ for the curve x = 2t, y = t2 and z = 1
3 t

3 at t = 1. Also
find the equation of osculating plane, normal plane, and rectifying plane.

Solution: The given equation of the curve can be put into the vector form as

r⃗ =x î+ y ĵ + z k̂

=2t î+ t2 ĵ +
1

3
t3 k̂

dr⃗

dt
= 2 î+ 2t ĵ + t2 k̂,

d2r⃗

dt2
= 2 ĵ + 2t k̂,

d3r⃗

dt3
= 2 k̂.

At t = 1:

r⃗ = 2̂i+ ĵ +
1

3
k̂,

dr⃗

dt
= 2̂i+ 2ĵ + k̂,

d2r⃗

dt2
= 2ĵ + 2k̂,

d3r⃗

dt3
= 2k̂.

Also, ˙⃗r × ¨⃗r = (2̂i+ 2ĵ + k̂)× (2ĵ + 2k̂) = 2̂i− 4ĵ + 4k̂, and ( ˙⃗r × ¨⃗r) ·
...
r⃗ = 8.

(i) t̂ = dr⃗
dt

/∣∣dr⃗
dt

∣∣ = 2̂i+2ĵ+k̂√
22+22+1

= 1
3(2̂i+ 2ĵ + k̂).

(ii) As ¨⃗r = κn̂ṡ2 + t̂s̈, and
...
r⃗ = (

...
s − κ2ṡ)t̂+ (3ṡs̈κ+ ṡ2κ)n̂+ ṡ3κτ b̂, we obtain

˙⃗r × ¨⃗r =t̂ṡ× (κn̂ṡ2 + t̂s̈) = κb̂ṡ3

κb̂ =
˙⃗r × ¨⃗r

ṡ3

The binormal vector can be chosen as b̂ = 1
3 (̂i− 2ĵ + 2k̂) such that b̂ · t̂ = 0.

(iii) n̂ = b̂× t̂ = 1
3 (̂i− 2ĵ + 2k̂)× 1

3(2̂i+ 2ĵ + k̂) = 1
3(−2̂i+ ĵ + 2k̂).
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(iv)

κb̂ =
˙⃗r × ¨⃗r

ṡ3

κ =
| ˙⃗r × ¨⃗r|
|ṡ3|

=
| ˙⃗r × ¨⃗r|
| ˙⃗r|3

=
|2̂i− 4ĵ + 4k̂|
|2̂i+ 2ĵ + k̂|3

=
2

9
.

(v) τ = ( ˙⃗r×¨⃗r)·
...
r⃗

| ˙⃗r×¨⃗r|2
= 8

|2̂i−4ĵ+4k̂|2
= 2

9 .

Let R⃗ = X î+ Y ĵ + Z k̂ be the position of any point on the plane.

(i) The equation of osculating plane:

(R⃗− r⃗) · b̂ = 0(
(X î+ Y ĵ + Z k̂)− 2̂i+ ĵ +

1

3
k̂
)
· 1
3
(̂i− 2ĵ + 2k̂) = 0

(X − 2)− 2(Y − 1) + 2
(
Z − 1

3

)
= 0

X − 2Y + 2Z =
2

3

(ii) The equation of normal plane:

(R⃗− r⃗) · t̂ = 0(
(X î+ Y ĵ + Z k̂)− 2̂i+ ĵ +

1

3
k̂
)
· 1
3
(2̂i+ 2ĵ + k̂) = 0

2(X − 2) + 2(Y − 1) +
(
Z − 1

3

)
= 0

2X + 2Y + Z =
19

3

(iii) The equation of rectifying plane:

(R⃗− r⃗) · n̂ = 0(
(X î+ Y ĵ + Z k̂)− 2̂i+ ĵ +

1

3
k̂
)
· 1
3
(−2̂i+ ĵ + 2k̂) = 0

−2(X − 2) + (Y − 1) + 2
(
Z − 1

3

)
= 0

2X − Y − 2Z =
7

3
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