Advanced Engineering Mathematics
Lecture 41

1 Scalar and Vector functions

A function f is a scalar function if its maps from R"™ to R, i.e., the range of the function is
some subset of real number.

Example 1. Let f : R — Rbedefined by (i) f(z) =22, (ii) f(z) =%, (iii) f(z) = sinz.

Definition 1. Let D C R" be a non-empty set. A function f: D CR" — E CR™is called
vector function if there exist scalar functions fi, fo,..., fin defined on D such that

f(l') = (fl(x)a f?(x)v R fm(fﬂ))
Through out the lecture we consider vector functions which are defined on real line, i.e.,
n=1.

Example 2. Let f: R — R? defined by f(t) = (t, 3 — 10t + 7). This implies at time ¢,
position of the particle with respect to first coordinate is t and second coordinate is 3> —1047.
The sketch of the vector function is the following.

Example 3. Let f : R — R? defined by f(t) = (6cost,3sint). Value of the f at time

t=0,3,m, 37” are (6,0),(0,3),(—6,0),(0,—3). The vector function is periodic with the

period of 27. So, in this case the vector function is an ellipse.

Example 4. The position of a particle on the unit circle at time ¢ can be defined by a vector

—

function f(t) = (cost,sint). This can also be written as

F(t) = costi+sint .



Similarly, for m = 3, the vector function f :R — R? is of the form
Flt) =(4cost,4sint,t)
—4costi+4sint] + tk.
In this case, along the  and y coordinate function forms a circle. The only change is in the z

component and as t increases the z coordinate will increase. So the vector function is forms
a spiral.

Scalar field: If to each point p(z,y, z) of a region R in space there corresponds a unique
scalar f(p), then f is called a scalar point function and we say that a scalar field f is defined
on R.

Example: f(z,y, z) = 2% + y? — 422 is a scalar field.

Vector field: If to each point p(z,y, z) of a region S in space there corresponds a unique
vector f(p), then f is called a vector point function and we say that a vector field f is defined
onS.

Example 5. Let the vector point function f on R? be defined by

fla,y) = —yi+aj.
The graph of the vector field is given by the following sketch
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This gives the direction of particle movement at each points in R?
Similarly, the vector field of the vector function

f(:v,y,z) =2i—2yj—2zk
is given by the following graph.
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2 Limit and Continuity

The definitions of limits and continuity for vector functions are simple modifications of the
analogous concepts for scalar functions. Using the component functions, we deal with these
computations and the idea of continuity in practice.

Definition 2. Let I be an open interval, and let f : I — R™ be a vector function defined by
(&) = (f1(t), f2(t), ..., fn(t)). The limit of f(¢) is £ = (¢1,a,...,4y) as t approaches to a
if for each scalar function f;, i =1,2,...,m, %im fi(t) = £;. Then we expressed as

—a

—

lim () = (lim f1(2), lim fo(2), ..., lim fiu(t)) =7

—

Alternatively, we say f(t) approaches to Cast approaches to a, if for £ > 0, there exists § > 0
such that

—

F(t) =

)
(D)

whenever 0 < |t —a| < 0.

Properties:

1. lim (f(¢) £ g(t)) = lim f(t) & lim g(1).

t—a

2. for any c € R, %gnc F(t) = ¢ - lim f(t).

t—a

Definition 3. Let I be an open interval. A vector function f : I — R™ is continuous at a if

(i) f(a) is defined.

(ii) for any € > 0, there exists § > 0 such that

— —

|f(t) = fa)] <e whenever |t — a| < 6.

—

Alternatively, f is continuous at a, if

— —

lim f(t) = f(a).

t—a



—

Example 6. Let f(t) = <an7§ .2 =3t + 3, cos t).

lim f(t) = (hm st hmt2 3t + 3, limcost)
t—0 t—0 t t—=0

=(1,3,1).

While the second and third components of f are defined at ¢ = 0, the first component %nt
is not. Hence, f is not defined at ¢ = 0. Therefore, f is not continuous at ¢ = 0. However,

limit of f(t) exist as ¢ approaches to 0.

3 Partial Derivative

Suppose 7'is a vector function depending on more than one scalar variable. Let 7= f (z,y,2),
i.e., ¥ is a function of variable x, y and z. Thus partial derivative of 7 with respect to x is
defined by

Ox h—0 h

C or or 0%*7
Similarly, we can defined 9y 05 Dwdg

o Ao + h,y, 2) — 7
7 .m?“(fv+ Y, 2) — Ty, 2)

Vector Differential Operator: The vector differential operator V (nabla) and it is defined
as

8A8 0

Gradient of a scalar function: Let f be defined and differentiable at each point (z,y, 2)
in a certain region of space. Then the gradient of f is denoted by

Vf= i+ i+ ==k
x z
Example 7. Let the scalar function f(x,y, ) = 23y22. Then the gradient of f is

Vf(x,y.2) =322yz2i + 2322 ] + 223yz k
Vf(1,1,2) =12i + 45 + 4k.

Properties: Let f and g be a multi-variable scalar function.
1. V(f+g)=Vf+Vyg

2. V(fg) =gV f+ fVg

Definition 4. Let f(z,y, z) be a scalar field over a region R. Then the points satisfying an
equation of the type

flz,y,2) = ¢

constitute a family of surface in 3-dimensional space is called level surface.

Lemma 3.1. Let f be a scalar function. Then 6]“ is a vector normal to the surface
f(x,y, z) = ¢, where ¢ is a constant.
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