Advanced Engineering Mathematics
Lecture 4

1 Higher Order Derivatives
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Sometimes, y, = y" is denoted by y(™ or D™ where D = %.

Example 1.1. Let y = f(z) = 2", n € N. Then find D™y = %'
Sol.

Dy = nz" !

D?y = d(dy) = n(n — 1)z" 2

D"y=n(n—-1)---(n—m+ 1)z"™ ™,
when m = n, then D™y =n(n —1)---1 20 =n!

Example 1.2. Let y = log,(ax + b), a,b >0

Sol.
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Theorem 1.1. (Leibnitz Rule Differentiation for Product of Functions) If w and v be two
functions of x defined on an interval [a,b] and each is differentiable n times w,r,t, "x”, the
n—th derivative of the product is given by

(UU)n = Dn(uv) = upv + "Crup—1v1 + "Coup_2v2 + - - + "Crtp_pvy + - - - + uvy,

where the suffixes denote the order of derivative.



Example 1.3. If y = cos(msin~! z), then show that

(1 - ﬂjz)yn+2 - (2n + 1)$yn+1 + (m2 - nz)yn =0
Soln.

m

V1 —z?

= (1 -2%)y? = m?sin®(msin~ ' z) = m?[1 — cos?(msin™ )] = m*(1 — y?)
(differentiating w.r.t. x)

y = cos(msin~!z) = y; = Dy = —sin(msin~! z)

= (1 — 2%y — 22y} = —2myy,
= (1—a)ys — oy +my =0
Differentiating w.r.t. « on both sides n times,

(1 — 2H)ynt2 + "C1yni1(—22) + "Coyn(—2) + "C3yn—-1(0) + - -+ — 2Yns1 — "C1yy — - - + m?y, = 0
= (1= 2)yns2 — 20+ Daype1 + (m? —n?)y, =0

T ant+1

Example 1.4. If y = °82  then prove that y, = (=L)n! [log:v —1-1-1

Sol. Let us take u = % and v = logx. Then

n
Yn = (’LL’U)n = Up¥ + Z "Crn_rvr
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