Advanced Engineering Mathematics
Lecture 34
Matrix Representation of a Linear Map

Let V and W be two vector spaces, and T : V' — W is a linear map. Let (aq,ag,...,a,) be the
ordered basis in V and (81, B2, . .., Bn) be the ordered basis in W. Then, each T'(«;) can be written
as the linear combination of 3;’s, Vi, i.e.,

y1 =T (1) =anfi+a2fe+ ...+ amifm
y2 = T'(2) = a1281 + aef2 + ... + am2fm

Yn = T(an) = alnBl + a2nﬁ2 +...+ amnﬁm

where a;5, Vi = 1,2,...,m, j = 1,2,...,n can be uniquely determined. then, the corresponding
matrix A is given by
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We see that y = A'B, where B = (81,52, - -, Bm)-

Example 1. A linear map T : R?® — R? is given by T'(x1, z2, 23) = (321 — 229 + 23, 71 — 372 — 273).
Find the matrix representation of 7" with respect to the ordered/standard basis in R3.

Solution. Lets us take the ordered basis in R? as {(1,0,0), (0,1,0),(0,0,1)}. We now write:

T(ay) = T(1,0,0) = (3,1)
T(ay) = T(0,1,0) = (-2, —3)
T(as) = T(0,0,1) = (1,-2)
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Example 2. For the same linear transformation as the previous example, find the matrix repre-
sentation of T' with respect to the ordered basis {(1,1,0),(1,0,1),(0,1,1)} of R? and {(1,0), (0,1)}
of R2.
Solution. We have: 7'(1,1,0) = (1,-2), 7(1,0,1) = (4,-1),7(0,1,1) = (—1,—5). So, we can
write:

The corresponding matrix representation of 1" will be: A = [ 32 1 ] .
2x3



and hence, the matrix representation will be A = [ _12 _41 :é } .
2x3

Example 3. Let the transformation 7 : R? — R? be given by T'(z1, 2, 23) = (221 + 72 — 73,72 +
4x3,x1 — x2 + 3x3). Find the matrix representation of 7" with respect to the ordered basis in R3.

Solution. Choose the basis: S = {(1,0,0),(0,1,0),(0,0,1)} and proceed as previous examples.

Example 4. The matrix representation of a linear map 7 : R?> — R? with respect to the ordered

0 3 O
basis {(0,1,1),(1,0,1),(1,1,0)} of R3 is given by A= | 2 3 —2 | . Find the linear transfor-
2 -1 2

mation of A.

Solution. We observe that:

T(0,1,1) = 0(0,1,1) +2(1,0,1) + 2(1,1,0) = (4,2,2)
T(1,0,1) = 3(0,1,1) + 3(1,0,1) — (1,1,0) = (2,2,6)
T(1,1,0) = 0(0,1,1) — 2(1,0,1) + 2(1,1,0) = (0,2, —2)

Let (z,y,2) be in R3 such that (z,y,2) = ¢1(0,1,1) + c2(1,0,1) + ¢3(1,1,0). Which gives: ¢; =

UEEZ2 ey = THETY o = ZHYZE
Therefore,
(2,9, 2) = er%(o, L)+ 252 7Y 0,1) + 25V T 2001, 0)
T(z,y,2) — “%T(o, 1,1) + L;_yT(l, 0,1) + %ﬂT(l, 1,0)
- H%(Zlﬂj) L IR Y9 0 6) 4 TV 20,9, ~2)

=(—zx4+y+3z,2+y+z,2—3y+52)

which certainly is the required linear map.
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