Advanced Engineering Mathematics
Lecture 17

1 Integral Calculus
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Example 1.1. Show that // V4a? — 2?2 —y2drdy = §(37T — 4)a®, taken over the upper
D
half of the circle 22 4 y? = 2ax.

Sol. The given circle is 22 + y? = 2az = (z — a)?> + y*> = a®. Center = (a,0) and
radius=a. Putting z = rcosf and y = rsinf in 22 + y? = 2ax then,

r2cos? 0 + r2sin? 6 = 2ar cos = r2 = 2arcosf = r = 2a cosf

Thus for the given upper half of the circle our 6 varies from 0 to 7 and r varies from 0 to
2a cos@. Then

I—// Va2 — 22 —y2dxdy
D
m  r2acosf
= / / Vda? —r?rdrdf (Substitute 41 — a? =t = —2rdr = dt)
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Example 1.2. Using the transformation x+y = u and y = uw, find the value of / dx / ety dy.
0 0

Sol. z+y = u,y = uv, Now,

y=l—-or=>ov4+y=1= u=1,
y=0=>w=0=>u=0,v=0

Again,zr=0=y=u=>u=uw=v=1land x =u — w,y = uwv
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Integartion in R3. Consider a curve C in R? : @ = f(t),y = g(t),z = h(t),a <t < b.
Let P, @, R be three functions of x, v, z defined on domain D C R? containing C. Let f,g,h
posses continuous derivatives on (a,b). Also suppose P, @, R are continuous on D. Then

the line integral I = /(de + Qdy + Rdz) exists and [ = /(P dr + Qdy + Rdz) =
C C

b
/ (Pf' + Qg + Rh')dt
t

Alternatively ' = (P,Q,R) and 7 = (z,y,2) = di = (dz,dy,dz) then line integral
b —
I:F-dF:/ (ﬁ-@>dt
) dt

=a



Example 1.3. Evaluate I = / (2%y?® dz+dy+ 2 dz) where C is the circle 22 +y? = R%, 2z = 0.
C

Sol. Putting x = Rcost,y = Rsint,z =0 = %f = —Rsint, % = Rcost, % =0

27
I= / [R5 cos® tsin?t(—Rsint) + Rcost + 0 - 0] dt
t=0

27 27
=—RS / cos® t sin*t dt + / costdt
t= t=0
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= 4R cos? t sin*t dt
t=0
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Example 1.4. Evaluate I = / (xydx + yz dy + zx dz) where C is curve given by x = ¢,y =
C
12,z =13, where —1 <t <1

Sol.
I= / (zydr + yzdy + zx dz)
C

1
:/ (121 + 12432t + 3.4.3t) dt
-1

1
= / (% + 2% 4 3t%) at
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Integral of bounded function over a parallelopiped R = [a,b] X [c,d] X [e, f].
Let Py, P>, P3 are the partitions of three intervals,

P n

U(P, f) = Z Z Z M'rst(xr - x?"—l)(ys - ys—l)(zt - Zt—l)

t=1 s=1r=1
P n m

U, f) = Z szrst(mr — 2p-1)(Ys — Ys—1) (2t — 2t-1)

t=1 s=1r=1

where, M,s; = Upper bound of f on R and m,s = Lower bound of f on R.

lim U(P,f)= lim L(P,f). Then f is integrable over R.
||P[|—0 [[P[]=0

flz,y,2z)dedydz = dx dy flz,y,z)dz
I, fofwf

Calculation of integral in a bounded domain bounded by D. If f is continous on a
domain D bounded by z = ¢(z,y),z = ¥(x,y);y = g(x),y = h(z);x = a,x = b. Then,

b rh(z) po(y)
/// f(x,y,Z)dwdydzz/ / / f(z,y,2)dvdydz
D a Jg(x) Jé(zy)

Example 1.5. Evaluate, I = ///(x+y+z+ 1) dx dy dz, over the region z > 0,y > 0,z >
O,z+y+2z<1.



Sol. The region is bounded by z =0,z =1 — z — y. It’s projection on D in zy—plane a
triangle bounded by x = 0,y =0,y = 1 — x. Then

I—///(x+y+z+1)2dxdydz
11—z l—z—y
:/ / / (x+y+2z+1)2dedydz
=0
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1
/ [(:z:—l—y—kz—i—lg} dx dy
=0 0 0
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