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So, welcome back and this is lecture number 41 on Fourier Integral Representation of a

Function.
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CONCEPTS COVERED

» Fourier Integral Representation of a Function

» Worked Problems

So, today we will discuss what is the Fourier Integral Representation that is analogous to
what we have the Fourier series, but now instead of that series, that some we will have an



Integral representation of a given function and then some worked problems will be

demonstrated for the Fourier Integral Representation.
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Fourier Integral Representation of a Function

Consider any function f (x) defined on [[, [] that can be represented by
i i
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For a more general case we can replace left hand side of the above equation by the average value:

(Fad) +fx-))/2

We now see what will happen if we let [ - o

It should be mentioned that as [ approaches to o, the function f(x) becomes

non-periodic defined on the real axis.
e =

So, coming to the Fourier Integral Representation, we consider a function f x which is
defined here on this interval minus | to | and that can be represented by the Fourier series, so
that part we have already discussed and the corresponding Fourier series will be given as a
naught by 2 and then we have these Fourier coefficients and cos and sin. And this equality we
have already discussed the convergence in case of the continuity of the function and the

existence of left and right derivatives we have indeed the equality of the series to the f x.

So, for a more general case, we can replace left hand side of the above equation by the
average value that is also discussed so when we do not have the continuity at some points, in
that case, the f x will be replaced by this average value and now the question is that what will
happen if we let this | to infinity. If we increase this I, then what will happen to this
representation which is the Fourier series representation of a function and that is the topic of

this today’s lecture.

So, it should be mentioned that as this | approaches to infinity, the function that is f x
becomes non periodic because the function f may not be a periodic function, this is what we
have discussed in the Fourier series. However, when a Fourier series converges, it converges

to a periodic function.

So, the idea was that we take for instance a function minus I to | in this interval defined by for
example this mode x or any other function and then we take this portion which is given in



minus | to | and then write its Fourier series, then Fourier series will converge to the function
whose period will be exactly defined by these two I and it will represent this function in this

interval and it will have the periodic extension in the whole real axis.

But now the question is that if we let this I to infinity, then this function may not be a periodic
function naturally, if may be periodic but it may not be periodic function and now we are
talking about the whole real axis because if | goes to infinity, so we are covering this f x in
the range minus infinity to plus infinity and the question is that what kind of representation

now we will have instead of this Fourier series when | is very very large.

Because then there is no question of the convergence to a periodic function because this | is
no more finite, so if | is finite and we are talking about the function which is given in minus |
to I, then the Fourier series will converge to a periodic function and in one period, the

function will be defined exactly the given function in the range minus | to I.

But if we are letting this | to infinity, then naturally this is not going to be periodic anymore
even that representation will not converge to something which is periodic because initially

itself we have taken this | from minus infinity to plus infinity the range of the function.
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Substituting a,, and b, in the Fourier series:

18 < 1 nmu nmx 1 [t nmu nmx
f(x)=—ff(u)du+z —J f (u)cos—du cos—+—f f (u)sin—du sin—
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So, now if we substitute these coefficients in the Fourier series, that is a starting point now
for going to this transition from the Fourier series to so called Fourier Integral Representation
and finally we will introduce Fourier Transform. So, this lecture is actually the transition
where we have from Fourier series to this Fourier integral and then Fourier integral we will

represent the Fourier transform.



So, substituting the values of the a naught, so this is here a n and then here we have this b n. a
n and this red portion here a 0. So, we have substituted, we have plugged these values in to

the Fourier series and then we will proceed now, so this is equal to f x.
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Substituting a,, and b, in the Fourier series:

f= Zf u) du + Z (u)c&du cof — + u)sin —du sin #)

Using the identity cos cosy + sinx siny = cos(x — y), we get

—

:

And then we can use this inequality that cos x cos y plus sin x sin y is equal to cos X minus y
because here we have exactly this cos x and then here we have cos something y and then if
we merge these two integral then we have here plus sin and then again sin. So, we have this

structure and then this can be merged to have this cos and this x and minus this y term.
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Substituting a,, and b, in the Fourier series:

1
f(x) -—f u) du +Z( j f (Wco u cosn—f——i.-%f_lf(u)singdusing)

Using the identity cosx cosy + sinx siny = cos(x — y), we get

! .
fx)== J’f(u du+IZ[lf(u)cou—x)du

N=]




So, we have this f x is equal to 1 over 2I, the first term as it is and the second one is clubbed
now in to this integral minus | to |, we have f u and cos this minus this one, so we have n pi

over | as common and then u from here and minus x from there.
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Substituting a,, and b, in the Fourier series:

1
fx) ——f f () du +Z( f f(u)cos—du cos%+iLf(u)smgdusmn—T)
—_—eee

Using the identity cosx cosy + sinx siny = cos(x — y), we get

)

1 1 .
f(x):zf f(u)du+TXIf(u)coslzz(u—x)du
-1 -1

n=1 \_’\/

| ()| dueonverges,

So, we have clubbed these two, we have joined these two integrals in to one and then using
this trigonometric identity we have written this f u cos n pi over | and u minus x du. So, now
if we assume that this fu du, so basically, we are talking about this first integral and we are

assuming that if this integral converges indeed with the absolute value, then what will happen

now?
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Substituting a,, and b, in the Fourier series:

nmx 1

f(X)‘Zf f @) du+Z( ff(u cosml[ du cos—+—

Using the identity cosx cosy + sinx siny = cos(x — y), we get

f(x) Z f(u)cos— u—x)du
If we assume tha |”u)|d converges, the first term on the right hand side approaches to 0
— :

as | - oo since




So with this assumption with this assumption that this integral converges we will see the first
term on this right hand side, so this term here will approach to 0 as | approached to infinity
because 1 over | is sitting outside and then this integral is bounded as a finite quantity
because we have the convergence, the absolute convergence of that integral.

(Refer Slide Time: 7:32)
B 432

Substituting a,, and b, in the Fourier series:

1
f(x)——f f @) du+Z( ff(u)cos—du cos%+}Lf(u)smgdusmn—rlu)

Using the identity cosx cosy + sinx siny = cos(x — ), we get

f(x). Z u)cos—-u x)

If we assume that |f(u)| du converges the first term on the right hand side approaches to 0

as | - oo since

So, in that case. This will go to 0, because we have this relation now, this is even bigger and
this convergence, so we have some value there and then 1 over | is sitting when | approaches
to infinity, so something finite divided by I, | is approaching to infinity and this will go to 0.
So this term here will tend to 0 as | approaches to infinity. So, in the limiting situation now,

this f x will not have this term because this will vanish.
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Letting | - o0 in equation, we get

© @

i fl _(f” nn - n\ 1% nm p
f(x)= zl'gf V_mf(u)cos—[-(u—x) ”_zLToT ;j_ f(u)cosT(u—x) u

)

For simplifications, we define
e




So, what we have when | approaches to infinity? We have only that a second term of that
Fourier series basically which we can write down, so we can multiply here by pi and then we
can divide by pi there, so this is exactly the expression here pi over | and then we have 1 over
pi and minus infinity to infinity and exactly the same term.
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Letting | - o0 in equation, we get

o

1 - nn
fx) =}L";;Zf f(u)cos—r(u—x) du =

n=1

@

o 1
IILrg ;Lof (w)cos4—fu —x) du

n=1

For simplifications, we define

So, for simplifications now because this, by introducing some notations we can simplify this
term, so the Delta alpha, if we denote by pi over |, so for instance this pi over | is sitting here

and also this pi over | is sitting there.
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Letting | - oo in equation, we get

© ®

n=1

For simplifications, we define

o

|/’)Aa=¥ and —Fﬁ?:%i f (u) cos a(u - x) du

o — —
—

—

So, we can introduce this pi over | to a new a number Delta alpha and the F alpha, the big F

we can introduce so that we can also simplify this integrand there, so this is exactly 1 over pi



minus infinity to plus infinity, fu and cos and then we have introduced here this alpha instead

of n pi over I. This is our alpha there, so alpha is n pi over | and then u minus x du.
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Letting | - oo in equation, we get

© @

f(x)= lllrg%Zf_if(u)cos?(u -x)du= l]ﬂ%Z%f"f@kgg?(u -x)du

)
n=1 n=1

For simplifications, we define

1 o
and F(a) = EJ f () cos a(u—x) du
With these definitions and notinas [ - oo, we have

So, with this notation, we can now write down this integral, this Fourier series indeed in this

form and then we also notice that when Delta | approaches to 0, that means this | approaches
to infinity.
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Letting | - oo in equation, we get

[ o«

fx) =[]lrg%2f_mf(u)cos%z(u—x) du =llmgz7l—[j:f(u)cos$(u—x) du

n=1 n=1

For simplifications, we define

i and F(a)= lfmf(u) cos a(u—x) du
@ o M)

With these definitions and noting Aa — 0 as [ — oo, we have

So, as | approaches to infinity, this Delta alpha will go to 0 with this relation. If this goes to

infinity, then naturally Delta alpha will go to 0.
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Letting | - o0 in equation, we get

© o«

f(x) =l]ln;%2f_mf(u)cos¥(u—x) du =}L@%Zj—[[if(u)cos$(u—x) du

n=1 n=1

For simplifications, we define & Ai)
T il @ p—
Aa i and | F(a) :EJ f (u) cos a(u - x) du
\ -0

With these definitions and noting Aa — 0 as [ — co, we have

o

— n=1
—_—

So, now this integral we can rewrite, so we have the f x and we have the limit instead of
saying this | goes to infinity because | we will not see now in this tern here in this Fourier
series, but we have changed this | to kind of this delta alpha. So, this delta alpha will now go

to 0 instead of saying | goes to infinity and then we have this sum n 1 to infinity.

The term here with this integral 1 over pi and so on, we have this f, indeed f and n delta
alpha. F n delta alpha is precisely this integral, so f n delta alpha and then this pi over | we
have delta alpha. And then this n goes from 1 to infinity.
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Letting | - oo in equation, we get

0

1 oz nn
fx)= lh—rgTZI f(u)cosT(u—x) du

n=1

@

1= nm d
E[mf(u)cosT(u—x) u

n=1
A

For simplifications, we define
T 1*
Aa == nd\ F(a) = Ef f (u) cos a(u—x) du
With these definitions and noting Aa — 0 as [ — oo, we have
f(x) o lim ZAa F(nda)
Aa=0 g
= n=1




So, finally this integral here which was coming exactly from the Fourier series, letting this |
to infinity, we have written in a more compact form introducing these two notations delta |

and defining this function f alpha.
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F(a)=—fmf(u)cosa(u—x)du

f(x)= Allilr_r.loz Aa F(nda)

- n=1

So, now we will move to this, so what we have? We have this f alpha as per the definition
and the f x can be written now in terms of delta alpha and this function f which we have just
defined
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And now if we take a close look at this term here right hand side of this f x where we have

the limit delta alpha goes to 0 and again delta alpha is sitting and then we have f, the function



f evaluated or f n delta alpha. So, let us take a look at this picture, suppose that this is the

function f alpha and now what is happening here.

So, if we have, if we divide this domain in to these small sections, so from here to here we
have the delta alpha and then from here to here we have two times delta alpha, then three
times, then four times delta alpha and so on and then take a look that what is happening in
this summation, so we have for instance the first term is delta alpha into f delta alpha. Then

we have again delta alpha in to f 2 times delta alpha and so on, this will continue.

So, what is this delta alpha? F delta alpha. So, the delta alpha is this distance and f delta alpha
will be this height here, so this product the first product is nothing but the area of this

rectangle here. So, we have this rectangle and that is the area defined by this product.

Similarly, the next term six again delta alpha but f is evaluated at 2 alpha that means this here
and this product will give the area of the second rectangle and so on, the third term will be the

area of the third rectangle, etc.
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So, in the limiting situation when this delta alpha goes to 0, this area of these rectangles will
converge to the area under this curve and which we know from the definition of the integrals
that we can write down then in terms of the integral of this function f alpha d alpha. So,
exactly as per the definition of the integral this limit, when it exist of course this will be this

integral O to infinity f alpha and d alpha
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®

1
F(a) :;f f (u) cos a(u - x) du

f(x) = lim ZAa F(nda)
4a~0
n=1

So, this is exactly the point where we have this Fourier series and but letting this | to infinity,
we have another representation which is in terms of the integral now that 0 to infinity, f
alpha, d alpha.
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]

1
F(a) = ;f f (u) cos a(u - x) du

o

f@)= Jlimoz Aa F(nda)
n=1

fx) 5 (a)da—1wawf(lt)cosa(u—x)duda
== JEL RS )

So, now again we can substitute this f alpha back to this integral so we have 1 over pi, 0 to
infinity, the first integral and then for f alpha we have this integral.
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1 "]
F(a) = ;f f (u) cos a(u - x) du

)

f(x) = lim ZAa F(nda)

Aa-0
n=1

0 4 24 3

z(’x?=J:F(a)dazljowfof(u)cosa(u—x) du do*

n

So, this is the representation of f x in terms of the integral. There are no more summations

there or the discrete values of these coefficients which were denoted by a’s and b’s.
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1 e
F(a) = ;f f () cos a(u - x) du

f(x) = lim ZAa F(nda)
4a~0
n=1

0 da 24 3da

o 1 {*e] o0
)= J F(a)da= EJ f f(w) cos a(u —x) du de
o 0 J-o
Fourier Integral Representation of f|on the real line.

But we have this integral now and this is called the Fourier Integral Representation of f which

This is called

is the transition from the Fourier series to this continuous setting now, where we have an

integral representation instead of that discrete representation given in terms of the series.
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Fourier Integral Representation (Rewrite)

fa=z[ [ wf(u)@uda

de

fx)= %f [U_mf (u) cos au du ' cos ax + (fof(u) sin au du | sin ax

0

So, now we can rewrite this integral representation in a slightly better form, so this is the
integral representation now and again we can use this identity cos a minus cos b to have again
in a expanded form so we have the two terms then so two integrals, so the cos and cos and

then sin and sin for this cos a minus b.
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Fourier Integral Representation (Rewrite)

o

1 00
fx) =;L Lof(u) cos a(u —x) du da

f(x) @f [Uwf (u) cos au du) cos ax + (fw f () sin au du) sin ax
\/—\/

K AL

f(x) = Lm[A‘(a’)Eos ax + B(a)sin ax] da

————

da

So, we have this integral now instead of this written in this expanded form for this cos a u
minus cos, cos a u minus alpha x, alpha u minus alpha x. We have written now in terms of the
cos and sin and then we have the integral over this u, so this integral if you note and we will
define these terms with the another function then we can have a slightly compact form. So, if

we say that this is a alpha with 1 over pi of course and if we call this b alpha, then we have



this integral representation O to infinity a alpha cos alpha x and then b alpha sin alpha x d

alpha which is already there.
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Fourier Integral Representation (Rewrite)

=3[ | rwwsau-ndd

da

fix)= %f [Umf (u) cos au du) cos ax + (F f () sin au du) sin ax

0

So, having this integral representation where this a alpha is given by this integral, b alpha will
be given by this integral and then we have this f x which is given by this integral here. So, if
we note, if we take a closer look at this integral representation, then we will realise that this is
similar to what we have for the Fourier series and in the Fourier series we have something

here in the form of the summation and there were Fourier coefficients a n and b n.
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Fourier Integral Representation (Rewrite)

f@) :H:fcf(u) cos a(u—x) duda

fix)= % K f (w) cos au du) cos ax + ([mf(u) sin au du) sin ax | du

fx) [A(a)cos ax + B(a)sin ax]
A~ N

1 ] 1 0
f f(u)cosaudu ) and  B(a) ;f f (w)sin au du

e

In this case we have instead of those coefficients again we have a and b. These coefficients

which are defined again in terms of integral whereas earlier also it was in terms of these a n



and b n were defined terms of the integral, but this summation here for the Fourier series is

replaced by this integral.
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Fourier Integral Representation (Rewrite)

f(X)=%J:£mf(u)cosa(u—x) du de

fix)= %j [Umf (u) cos au du) cos ax + (rc f () sin au du) sin ax | du
o

L)

f(x)= J; [A(a)cos ax + B(a)sin ax] da

®

[t m s@=1] wsnad

-o

So, it is analogous to what we have the representation in terms of the Fourier series but now,
we have integral representation when we let this period of this I, the period of the function
which was denoted by | and if we let that | to infinity then we are ending up with such a
representation which is called integral representation of the function.
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REMARKS:

It should be mentioned that above derivation is not rigorous proof of convergence of the Fourier Integral

to the function. This is just to give some idea of transition form Fourier series to Fourier Integral.

In addition to all conditions required for the convergence of Fourier series we need one

more condition, namely,jabsdlute integrability of f;

Further, note that Fourier integral representation of f (x) is entirely analogous to a Fourier

series representation of a function on finite interval (summation is replaced with integral),

Well, so we have some remarks here, so it should be mentioned that above derivation is not
the rigorous proof of the convergence of the Fourier integral. We have just gone through

assuming smoothness on the function because we have written f x equal to the Fourier series



and then we have done some kind of convergence results which was not very rigorous proof
in terms of the mathematics but it was just to give the idea that how this transition is taking

place from the Fourier series to Fourier transform.

So, this is just to give you some idea about this transition and in addition, all conditions
required for the convergence of the Fourier series, we have also included their absolute
integrability of f because with this absolute integrability of f, you were able to set the first

term to 0 when | approaches to infinity.

And not that this Fourier representation of f s is entirely analogous to the Fourier series
representation of the function which was defined in finite interval and now we are talking
about this infinite interval and there the summation is mainly is replaced by the integrals
otherwise the structure of the integral representation is just analogous to what we have for the

Fourier series representation.
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Convergence Result:

Assume that f is(piecewise smooth gn every finite interval on the x axis (or piecewise continuous and
one sided derivatives exfeTand let f be absolutely integrable over the entire real axis. Then for each x
ONE Sided derivatives exly

on the entire axis we have

Well, just to summarise this result again in terms of this convergence theorem, so let this F be
piecewise smooth, so that is sufficient now, so we are talking about piecewise smooth again
on every interval on the x axis or we can replace by piecewise continuous and one sided

derivative. So, similar conditions what we have discussed for the Fourier series.
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Convergence Result:

Assume that f is piecewise smooth on every finite interval on the x axis (or piecewise continuous and

one sided derivatives exist) and let f be absolutely integrable over the entire real axis. Then for each x

on the entire axis we have

And on the top, we have an additional condition here that f be absolutely integrable that

means the integral here is minus infinity to plus infinity of this f x d x that is finite that
converges
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Convergence Result:

Assume that f is piecewise smooth on every finite interval on the x axis (or piecewise continuous and

one sided derivatives exist) and let f be absolutely integrable over the entire real axis. Then for each x
i el

on the entire axis we have
e —

©

%jﬂw":wf(u) cos a(u—x) du de R

So, with that condition, we have then for each x on for the entire axis, we have the following
result that this integral representation of the function f will be equal to again the average
value so because that is the same as the Fourier series that was the starting point here in our
derivation, we have taken this f x but in the more general setting we could have taken this

average value and finally this integral will converge to this average value.
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Convergence Result:

Assume that f is piecewise smooth on every finite interval on the x axis (or piecewise continuous and
one sided derivatives exist) and let f be absolutely integrable over the entire real axis. Then for each x

on the entire axis we have

1 o« L &
Ejo ":wf(u)cosa(u—x)duda x)
P —

As in the convergence of Fourier series if f is continuous and all other conditions are

e T —
satisfied then the Fourier integramergesfo f(x).
—— _—

So, in the convergence of the Fourier series if f is continuous and all other conditions are met,
then the Fourier integral converges to f x, so obviously if f is continuous at some point x
there, then this will be equal to this f x for that point x. So, that is again similar to what we
have discussed for the Fourier series.
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Convergence Result:

Assume that f is piecewise smooth on every finite interval on the x axis (or piecewise continuous and
one sided derivatives exist) and let f be absolutely integrable over the entire real axis. Then for each x

on the entire axis we have

%LMJ::f(u) cos a(u - x) du da .—

As in the convergence of Fourier series if f is continuous and all other conditions are

satisfied then the Fourier integral converges to f(x).

So, if the function is not continuous, then we will take this average value, if the function is

continuous, this will become the function value itself.
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EXAMPLE: Let q be a real constant and the function f is defined as
Fsaies

Okay, lest go through some examples now. So, we let a be a real number, a real constant and
the function f is defined by this function here, where x is less than 0, the value is 0, 0 to a
only, this value is x and then x greater than a again the value is 0.
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EXAMPLE: Let g be a real constant and the function f is defined as

0, x<l;
f)=1{x, 0<x<a
0, x>a

(i) Find the Fourier integral representation of f

\

(ii) Determine the convergence of the integral at x = a

(iii) Find the value of the integra j 1-cosa o

a2
WO

So, now we want to find the Fourier integral representation of f and we want to determine the
convergence of this integral representation at x is equal to a and finally we want to find the
value of this integral. So, like earlier in case of the Fourier series, we have noticed that we
could get the sum of the series using that convergence result of the Fourier series and now
with the convergence result of this Fourier Integral representation, we will be able to find

some integrals which may be very difficult to evaluate without using this convergence result.
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EXAMPLE: Let g be a real constant and the function f is defined as

0, <0
fx)=1{x, 0<x<a
0, x>a

(i) Find the Fourier integral representation of f

(ii) Determine the convergence of the integral at x = a

(iii) Find the value of the integra

So, here also we will see that how to get the value of this integral 1 minus cos alpha over
alpha square and as you notice here that this integral is not a trivial integral to get the value
but using this Fourier integral representation and using this convergence theorem, this can
easily be obtained.
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The integral representation of /1~ f (x)~J‘ [A(@)cosax + B(a)sinax] du
0

e e )

1 o 1 a
Ale) = —f @cosau du = J' ucos au du
Moo~ _— (1 fd

So, the integral representation of this f will be given by this term here, a alpha cos alpha x
and b alpha sin alpha x where a alpha is given by this integral and this we can evaluate now,

so the fu is u in the range 0 to a.
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)

[A(@)cosax + B(a)sinax] da

a (%sinqu
- | —— dul
0o Jp @

The integral representation of {1 f(x)~

~ —1

0

/l_u\si'n au

1™ 150s
Ala) = —f f(u)cosaudu:—f ucos au du =
). Tl

—_—

s

R

So, this integral deduces to 0 to a with the u cos alpha u and that can now be integrated easily,
so we have u and then the integral of this cos is sin alpha u over alpha and again here sin
alpha, u over alpha and this u the derivative will be 1.
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The integral representation of f:  f (x)~f [A(a)cosax + B(a)sinax] da
0

a

1

1 © 1 a .
Ala) = —f f (u)cos au du:—f ucos au du = — (usmau)
1 I Ty T a

_ 1[asinaa (cosaa—1) _1[c05aa+aasinaa—1]

_n[ a i a? l @ ]

a

sin au
dul

o)y @

So, integration by parts can easily be done here and then substituting these limits and again
doing this integral there, we ended up with a sin alpha a and then here we will have this cos
alpha a minus 1 and over this alpha square. So, then we have here 1 over pi, coming from

here this can be just merged to have this alpha square there
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The integral representation of f: ~ f (x)~f [A(a)cosax + B(a)sinax] da

0
a (%sinqu
-| —du
0o Jp @

4 1 1 1[u sin au
‘f f(u)cosaudu:—f ucosaudu:—( )
Tl g Ty T a

_ 1[asinaa (cosaa—l)]_1[cosaa+aasinaa—1

T o« 2 | al 2
10 1 N h
E@:E[wﬁi)sinaudu=mdlif%{(_”£l‘:s_a'%2+
—

b

1 I- acosea sinaa

a a?

So, this is the term for this a alpha, this coefficient and then similarly we can compute this b
alpha with this formula f u sin alpha u where this f u is again u in this range 0 to a and we
have sin alpha u and then du. So, this can be again integrated with the help of the idea of this
integration by parts and then here we have this cos alpha u this time, so when we put u, so we
have cos alpha a and then cos 0 will be 1 so we have finally this will be sin and then in both
the cases that will be computed at O that will be 0, but at a we will have here also sin alpha a
which is coming already there.
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The integral representation of {1~ f(x)~ [m[A(a)cosax + B(a)sinax] da
0
Tk 1562 usinaquyj@ (*sinau
Ala) = ;f_mf(u)cosaudu:;J; ucos au du s ( - ) °_fo — du]

_ 1[asinaa+(cosaa—1) _1[cosaa+aasinaa—1]
- n[ a a? ml a?

15> . 0 |
B(a) = —J f(u)smaudu:—f usin aqu du = -
) ie T T

0

1

(—u cos (IU)

a (%cosau
+ du
a o iy, @

m a?

1 I— acosea sinaa sin aa — aa cos aa]

a



The integral representation of f:  f (x)~f [A(a)cosax + B(a)sinax] du
0

a (%sinqu
- | —— du
0o J @

1

17® 1.1% i
Ala) = —f f(u)cosaudu:—f ucosau du =— (usmau)
) . Tl T a

_ 1[a sinaa  (cos aa—l)]_ 1[cos aa+aasinaa—1]
Ta| o« @ |l a? |

15 . 1:r% |
B(a) = —J f(u)smaudu:—f usinau du=—
) o ) T a

1-acosaa sinaay” 1[sinaa - aacosaa
= - + 3 =— —2
b8 a a T a

(—u cos (IU)

a [%cosau
o du
0o J «a

So, we have the expression for a alpha and then we also have for b alpha which can be further
simplified to have this alpha square, so both the coefficients are computed.
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B 494

[
1 cos aa +aasinaa—1 sinaa — aacosaay .
flx)~- ——5 | cosax + (——————sinax
o a a
- 0 \_/-\/_J

"z D)

do

And then we can substitute this a alpha and this is b alpha and this is a alpha in this f x in this

integral representation.



(Refer Slide Time: 25:11)

o

1 cos aa + aasinaa —1 i
fl)~ = ———(cosay)+
T [

0
cosa(a—x) +aasina(a—x)— cos ax
da
o

So, that can now be simplified, so this alpha square and then we can just write down this with
the help of the trigonometric identity because here again we have cos a cos b, then sin a sin b,
and here sin a this cos b and cos a sin b, etc.
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o

i cosaa+aasinaa—1 sinaa — aacosaay .
fx)~ = ———)cosax + (—) sinax

du
a? a?

0

1 cos a(a—-x)+aasina(a—x) — cos ax 0,
E= ) da f(x)=
o ,

(ii) The function is not defined at x = a.

So, that can be simplified to give this expression for this f x and you just recall that f x was
defined in this way so in 0 to 1, the value was X, otherwise it was 0, so we are precisely

getting now the function is not defined here at x is equal to a
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o

1 cos aa + aasinaa — 1 sin @a — aacosaay
fx)~ - ————)cosax + (—) sinax

du
a? a?

0

SR

0
cosa(a—x)+ aasina(a - x) — cos ax
> da
a
]

(ii) The function is not defined at x = a.
e

So, we should note that the function is not defined at x is equal to a, however when the
question is about the convergence of this Fourier integral, then that will converge to the
average value of the limits so at a we can take the average value and that can be like from the
left side the limit is a and then the right side it is 0 by 2. So, this Fourier integral at x is equal

to a will converge to this a by 2.
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®
1i cos aa +aasinaa—1 sin @a — aacosaay
f@~=| ||————)cosax+ (—2) sinax| da
T 14 a
0
o
1| (cosala-x) aasinmd) 0, . x< 2
m e = fl)=4{x 0<x<g
] 0, x>a

(ii) The function is not defined at x = a. The value of the Fourier integral at x = a is given as
‘hevaie of e roll 2

1(®1-cosaa
—f da
0

a?

n

So, the value of this Fourier integral at x is equal to a is given as, so x is equal to a if we put
there, this is going to be 1 there then this will vanish and then we have cos alpha over alpha
square.
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[
1 cos aa + aasinaa—1 sin @a — aacosaay
fl)~-= ———5—|cosax + (—z—)smax da
T a a
0
. 0 <0
1| cosa(a-x)+aasina(a—x)- cosax e XS
== > da fx)=5x, 0<x<a
T a
o 0 x>a

(ii) The function is not defined at x = a. The value of the Fourier integriven as

1J'°°1—cosaada_f(a+)+f(a-)_0+_a
0

a? 2 ® 2
==y

T

So, this is at x is equal to a, x is equal to a we have this Fourier integral and this will converge

to this average value which is a by 2.
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du
a 2

[
1 cos aa + aasinaa — 1 sin @a — aacosaay
flx)~ = ——— | cosax + (———— | sinax
T a
0

1 cos a(a—-x)+aasina(a—x) — cos ax 0, x<0
== > da fx)=1x, 0<x<a
T o & 0 x>a

(ii) The function is not defined at x = a. The value of the Fourier integral at x = a is given as

1J’°°1—cosaa _f(at) +f 0+a a
ml, @

(iii) Substituting a = 1 in the above integral we get
——

So we have here that the value of this integral is a by 2 for any a now. And we want to get the
value of this integral which is 1 minus cos alpha over alpha square d alpha and then we can
notice that if we put this a is equal to 1 there, we are exactly getting this integral which was

asked in the question.

So, substituting this a equal to 1 what we get? We get this desired value of this integral and
the value is just half. So, we got this pi by 2, so there was a 1 by pi factor there, so the value

of this integral is pi by 2.
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EXAMPLE: Determine the Fourier integral representing

sina
Further, find the value of the integra f —da
e a

o]
Solution: The Fourier integral representation of f is f(x)~ f [A(a)cosax + B(a)sinax] de
R — 0

—_—

cos au du

The another example where we will determine the Fourier Integral of this function which is
defined in 0 to 2 as 1 and then in the rest when x is less than 0 or x is greater than 2, the value
is 0. So, we want to, further we want to find the value of this integral again the convergence
result will be used to get the value of this integral. The Fourier Integral Representation of f
again will be given by this formula where the a alpha we can compute by substituting this fu

which is defined as 1 only in the range 0 to 2.
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EXAMPLE: Determine the Fourier integral representing

1, << 2
f(")‘{o, x<0andx>2
sina
Further, find the value of the integral f —da
a
0

o
Solution: The Fourier integral representation of f is f(x)~ f [A(a)cosax + B(a)sinax] de
0

1re il 1sinqu 2

Ale) = —f f (u)cos au du =—f cosaudu=—smau|
nl, Ty T oa l
bear— e o

1 o
;J f (u)sin au du

So, we can easily perform this integral and we will get the value 1 over pi sin 2 alpha over
alpha.
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EXAMPLE: Determine the Fourier integral representing

1, 0<x<2
f(")‘{o, x<0andx>2
sina
Further, find the value of the integral f —da
a

0

0
Solution: The Fourier integral representation of f is f(x)~ f [A(a)cosax + B(a)sinax] de
0

1> 12 1sinqu;2 1sin2a
Alw) = ;j f (u)cos au du =Ef cosau du = — | =——
firt o

T a lo T @

@

0= (®

) 1% 1-cosauj2 1(1-cos2a)
maudu=—f sinau du = |=
th— 1 a b1 «a

Second for b alpha again we can use this function to have sin, then again cos and then we can

find this value as 1minus cos 2 alpha over alpha, 1 over pi.
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f(x)~ J’M[A(a)cos ax + B(a)sin ax| du Ala) = l% = 1(1 — cos 2a)

T oa @ m a

1 § in2 1-cos2 1 m .@
fl)~ _j [%;H%da: _f Mda
T a a T a

—_— 0 0

So, this was the Fourier Integral Representation, we have computed a alpha, we have
computed b alpha that means this Fourier Integral representation by substituting this a alpha
and b alpha into this Fourier Integral Representation we will get this value which again can
be simplified, so the sin alpha term is a single term which will remain there and then we have
a sin a cos b and then there is cos a sin b term which can be merged in to this sin a minus b

type of identity.
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®

f(x)~J" [A(a)cos ax + B(a)sin ax] da Aa) =%w B(a :1(1 — cos 2a)
o

a T a

1 & sin2a 1-cos2a 1 m si
fl)~ ;j [Tcosax + (a—)sinaxl da = ;f AT ao
; @

0

Substitute x = 1 in the above Fourier Integral

So, here we have now the compact form sin alpha 2 minus x sin alpha x over alpha d alpha
that is the integral representation of the given function. And in the question this was asked
that what is the value of sin alpha over alpha d alpha, so we have already here alpha and see
if we put x is equal to 1 for instance, this will be sin alpha, this will be sin alpha, so we can
get this desired integral just by substituting this x is equal to 1 in this above integral. So, if

you put x is equal to, that will be 2 over pi and sin alpha over alpha d alpha.
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f(x)~ Jm[A(a)cos ax + B(a)sin ax| du Ale) = l% (@)= 1(1 ~ cos 2a)
0 T oa m a

a

1
Substitute x = 1 in the above Fourier Integral fx)= [0’

2 [ sina “sina - Dosina
-J —w=f1)=1 =\ —de== dea:?
0

a _— — |, « 2

1 [sin2a (1-cos2a) . 1 [ sin a(2-x)+sinax
f)~=| |——cosax + ————sinax|dt = - | ————  —ada
T a a n
o 0

=

And now the question is that to what value this integral will converge because at x is equal to
1, the function is continuous there, so at x is equal to 1, the function value is 1, so this integral

will converge to the function value, the function is continuous there, so there will be no



averaging done there, so we have f1 which is exactly 1 there, so this integral sin alpha over

alpha d alpha, it will be pi by 2.
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Well, so there are the references we have used for preparing this lecture.
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Fourier Integral Representation of a Function Fourier Series

——

f@)= Iw[A(a) cos ax + B(a) sin ax] da f= a70+ Z[akcos Bx + bysin fx] B =’%
k=1

S s )

o 1
A(a)=1J. f () cos au du ak=lf f (x) cos Bx dx
an L e e

® 1 1
B(a)=%f f (u) sinau du . by =7Lf(x)sin{3xdx

And just to conclude that this Fourier Integral Representation of a function is given by this
integral where a alpha and b alpha are these coefficients computed using this integral and b

alpha can be computed with this integral.
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Fourier Integral Representation of a Function Fourier Series

fx)= j:[A(a) cos ax + B(a) sin ax] da fi= 70 Z a,cos fx + bksm px]

A(a)=%fmf(u)cosaudu ay

B(a) = %fwf (u) sin au du

What is interesting to note down that if we look at the Fourier series which was defined as the
sum from 1 to infinity with a k and this b k, the coefficients a k and b k were defined as 1
over | minus 12l and minus 12I, etc. Where this beta we have just replaced for k pi over |,
otherwise it was cos k pi x over | sin k pi x over | and here also k pi x over | at this place also

it was k pi x over |. So, we can just relate this.
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Fourier Integral Representation of a Function Fourier Series

So, here we have this integral 0 to infinity, here we have this summation from 1 to infinity.
We have a k, here also we have a then cos, then cos, here also b sin and then we have there
also b sin and this a alpha is going to be computed with this minus infinity to plus infinity
though here it was minus | to | and obviously in the process here we let this 12 infinity, | mean



that was the whole idea of this transition and here also we have a similar result that these

minus | to plus | is just replaced by the minus infinity to plus infinity.
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Fourier Integral Representation of a Function Fourier Series
0 ; < 4 C . km
f(x) [A(e) cos ax + B(a) sin ax] de if 7 + Z[akcos Bx + bysin fx] B= T
° k=1 5
il = 1
Aa) =;j f () cos au du ay =7f f (x) cos Bx dx
-0 -l

1

b . inBx d
k—TLf(x)smﬂx X

o

B(a) = %f f () sin qu du

So, both the representations are analogous but remember that this Fourier series if it
converge, it will converge to a periodic function whereas this integral will may not converge
to a periodic function because if the given function is not periodic, we can write down its
integral representation but for the Fourier series we should have a function defined in a finite
interval and then we can write its Fourier series and that Fourier series will converge to a
periodic function defined in each period to the function which was used for writing the

Fourier series.

So, there is the difference between the two and this is the transition period where we will
move to in next lectures about the what is the so called Fourier transform. Well so that is all
for this lecture and | thank you for your attention.



